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CHAPTER 1
Manifolds and Vector Fields

1. Differentiable Manifolds

1.1. Manifolds. A topological manifold is a separable metrizable space M which
is locally homeomorphic to R™. So for any x € M there is some homeomorphism
u: U — u(U) C R", where U is an open neighborhood of  in M and «(U) is an
open subset in R™. The pair (U, u) is called a chart on M.

From algebraic topology it follows that the number n is locally constant on M; if
n is constant, M is sometimes called a pure manifold. We will only consider pure
manifolds and consequently we will omit the prefix pure.

A family (U,, uq)aca of charts on M such that the U, form a cover of M is called
an atlas. The mappings uag 1= uq © ugl tug(Uag) — ua(Uap) are called the chart
changings for the atlas (U, ), where Uyp := Uy N Usg.

An atlas (Uy, Uq )ac for amanifold M is said to be a C*-atlas, if all chart changings
Uap : ug(Uap) — ua(Usp) are differentiable of class C*. Two C*-atlases are called
C*-equivalent, if their union is again a C*-atlas for M. An equivalence class of C*-
atlases is called a C*-structure on M. From differential topology we know that if M
has a Cl-structure, then it also has a C'-equivalent C*®-structure and even a C'-
equivalent C¥-structure, where C* is shorthand for real analytic, see [Hirsch, 1976).
By a C*-manifold M we mean a topological manifold together with a C*-structure
and a chart on M will be a chart belonging to some atlas of the C*-structure.

But there are topological manifolds which do not admit differentiable structures.
For example, every 4-dimensional manifold is smooth off some point, but there are
such which are not smooth, see [Quinn, 1982], [Freedman, 1982]. There are also
topological manifolds which admit several inequivalent smooth structures. The
spheres from dimension 7 on have finitely many, see [Milnor, 1956]. But the most
surprising result is that on R? there are uncountably many pairwise inequivalent
(exotic) differentiable structures. This follows from the results of [Donaldson, 1983]
and [Freedman, 1982], see [Gompf, 1983] for an overview.

Note that for a Hausdorff C'**°-manifold in a more general sense the following prop-
erties are equivalent:

(1) It is paracompact.
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2 Chapter I. Manifolds and Vector Fields 1.3

(2) Tt is metrizable.

(3) It admits a Riemannian metric.

(4) Each connected component is separable.
In this book a manifold will usually mean a C°°-manifold, and smooth is used
synonymously for C'°°, it will be Hausdorff, separable, finite dimensional, to state
it precisely.
Note finally that any manifold M admits a finite atlas consisting of dim M + 1 (not
connected) charts. This is a consequence of topological dimension theory [Nagata,
1965], a proof for manifolds may be found in [Greub-Halperin-Vanstone, Vol. I].

1.2. Example: Spheres. We consider the space R*t!, equipped with the stan-
dard inner product (z,y) = > x'y’. The n-sphere S™ is then the subset {x € R*+! :
(x,x) = 1}. Since f(z) = (z,z), f : R""! — R, satisfies df (x)y = 2(x,y), it is of
rank 1 off 0 and by (1.12) the sphere S™ is a submanifold of R"*!.

In order to get some feeling for the sphere we will describe an explicit atlas for S™,
the stereographic atlas. Choose a € S™ (‘south pole’). Let

Uy := 8"\ {a}, ug Uy — {a}*, uy () = wl_—<<wr’iz>>a’
U_i=5"\{-a}, u_:U-—{a}}, u_(z)= im0

From an obvious drawing in the 2-plane through 0, z, and a it is easily seen that
uy is the usual stereographic projection.

-a
x
1
0 Z=u_(x)
Y= X-<x,2>a
a
We also get
_ 2_1q
ui'(y) = e+ gy fory € {a}t\ {0}

and (u_oul')(y) = # The latter equation can directly be seen from the drawing

using ‘Strahlensatz’.

1.3. Smooth mappings. A mapping f: M — N between manifolds is said to be
C* if for each z € M and one (equivalently: any) chart (V,v) on N with f(x) € V
there is a chart (U,u) on M with x € U, f(U) CV,and vo fou™! is C*. We will
denote by C*(M, N) the space of all C*-mappings from M to N.
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1.5 1. Differentiable Manifolds 3

A C*-mapping f : M — N is called a C*-diffeomorphism if f~' : N — M exists and
is also C*. Two manifolds are called diffeomorphic if there exists a diffeomorphism
between them. From differential topology (see [Hirsch, 1976]) we know that if there
is a C1-diffeomorphism between M and N, then there is also a C*°-diffeomorphism.

There are manifolds which are homeomorphic but not diffeomorphic: on R* there
are uncountably many pairwise non-diffeomorphic differentiable structures; on ev-
ery other R” the differentiable structure is unique. There are finitely many different
differentiable structures on the spheres S™ for n > 7.

A mapping f : M — N between manifolds of the same dimension is called a local
diffeomorphism, if each * € M has an open neighborhood U such that f|U : U —
f(U) C N is a diffeomorphism. Note that a local diffeomorphism need not be
surjective.

1.4. Smooth functions. The set of smooth real valued functions on a manifold
M will be denoted by C°°(M), in order to distinguish it clearly from spaces of
sections which will appear later. C*°(M) is a real commutative algebra.

The support of a smooth function f is the closure of the set, where it does not
vanish, supp(f) = {& € M : f(x) # 0}. The zero setof f is the set where f vanishes,
Z(f) = {w € M : f(z) = 0}.

1.5. Theorem. Any (separable, metrizable, smooth) manifold admits smooth par-
titions of unity: Let (Uy)aca be an open cover of M.

Then there is a family (po)aca of smooth functions on M, such that:

(1) @alz) >0 for allz € M and all « € A.

(2) supp(pa) C Uy for all o € A.

(3) (supp(@a))aca is a locally finite family (so each x € M has an open neigh-
borhood which meets only finitely many supp(¢q)).

(4) >, ¢a =1 (locally this is a finite sum).

Proof. Any (separable metrizable) manifold is a ‘Lindeldf space’, i. e. each open
cover admits a countable subcover. This can be seen as follows:

Let U be an open cover of M. Since M is separable there is a countable dense
subset S in M. Choose a metric on M. For each U € U and each z € U there is an
y € S and n € N such that the ball By, (y) with respect to that metric with center
y and radius 1
many of these balls; for each of them we choose an open set U € U containing it.

This is then a countable subcover of U.

contains = and is contained in U. But there are only countably

Now let (Uy)aca be the given cover. Let us fix first @ and = € U,. We choose a
chart (U, u) centered at x (i. e. u(x) = 0) and € > 0 such that eD"” C w(U NU,),
where D" = {y € R™ : |y| < 1} is the closed unit ball. Let

YVt fort>0
h(t)::{e or ,

0 for t <0,
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4 Chapter I. Manifolds and Vector Fields 1.7

a smooth function on R. Then

{ h(e? — |u(2)|?) for z €U,

Joa(2) 1= 0 for z ¢ U

is a non negative smooth function on M with support in U, which is positive at x.

We choose such a function f, , for each « and = € U,. The interiors of the
supports of these smooth functions form an open cover of M which refines (U, ), so
by the argument at the beginning of the proof there is a countable subcover with
corresponding functions fi, fa,.... Let

W,={z€M: fy(z)>0and fi(z) <L forl<i<n},

and denote by W, the closure. Then (W,,),, is an open cover. We claim that (W),
is locally finite: Let x € M. Then there is a smallest n such that x € W,,. Let
Vi={yeM: f,(y) > if.(2)}. If y € VN Wy then we have f,(y) > 3 fn(z) and
fily) < % for i < k, which is possible for finitely many & only.

n

fn—1(x)) for each n. Then obviously supp(gn) = W,. So g := >, gn is smooth,
since it is locally only a finite sum, and everywhere positive, thus (¢,/g)nen is a

Consider the non negative smooth function g, (z) = h(f,(x))h(: — fi(z))... h(E -

smooth partition of unity on M. Since supp(g,) = W, is contained in some Uan)
we may put o, = Z{n:a(n):a} 9?" to get the required partition of unity which is
subordinated to (Uy)aca-

1.6. Germs. Let M and N be manifolds and € M. We consider all smooth
mappings f : Uy — N, where Uy is some open neighborhood of x in M, and we
put f ~ g if there is some open neighborhood V of = with f|V = ¢|V. This is an

equivalence relation on the set of mappings considered. The equivalence class of a
mapping f is called the germ of f at x, sometimes denoted by germ, f. The set of
all these germs is denoted by C°(M, N).

Note that for a germs at = of a smooth mapping only the value at x is defined. We
may also consider composition of germs: germy, g o germ, f := germ,(g o f).

If N = R, we may add and multiply germs of smooth functions, so we get the
real commutative algebra C2°(M,R) of germs of smooth functions at z. This
construction works also for other types of functions like real analytic or holomorphic
ones, if M has a real analytic or complex structure.

Using smooth partitions of unity ((1.4)) it is easily seen that each germ of a smooth
function has a representative which is defined on the whole of M. For germs of real
analytic or holomorphic functions this is not true. So C$°(M,R) is the quotient of
the algebra C'*°(M) by the ideal of all smooth functions f : M — R which vanish
on some neighborhood (depending on f) of .

1.7. The tangent space of R". Let a € R™. A tangent vector with foot point a
is simply a pair (a, X) with X € R”, also denoted by X,. It induces a derivation
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1.8 1. Differentiable Manifolds 5

X, : C®(R") = R by X,(f) =df(a)(X,). The value depends only on the germ of
f at a and we have X,(f-g) = Xo(f)-9(a)+ f(a)- Xa(g) (the derivation property).
If conversely D : C*°(R™) — R is linear and satisfies D(f - g) = D(f) - g(a) + f(a) -
D(g) (a derivation at a), then D is given by the action of a tangent vector with
foot point a. This can be seen as follows. For f € C*°(R"™) we have

f@g:fmy+/ 4 fla+t(x—a))dt

—|—Z/ sar(a+t (z —a))dt (z' —a*)

JrZh x—a

D(1)=D(1- 1) = 2D(1), so D(constant) = 0. Thus

70+§:D )(a! — a') + }:m@xpgﬁfm

_Zawl

where z is the i-th coordinate function on R™. So we have

D(f) :ZD(xi)a(Zi|a(f)7 D:ZD(xi)aii‘w

Thus D is induced by the tangent vector (a,> ., D(z")e;), where (e;) is the stan-
dard basis of R"™.

1.8. The tangent space of a manifold. Let M be a manifold and let x € M
and dim M = n. Let T, M be the vector space of all derivations at x of C°(M,R),
the algebra of germs of smooth functions on M at z. (Using (1.5) it may easily be
seen that a derivation of C°°(M) at x factors to a derivation of C°(M,R).)

So T, M consists of all linear mappings X, : C*°(M) — R with the property
Xe(f-9) =X (f) g(x)+ f(x) - Xz(g). The space T, M is called the tangent space
of M at x.

If (U, u) is a chart on M with z € U, then u* : f — fow induces an isomorphism of
algebras C;‘(’w) (R™,R) = C°(M,R), and thus also an isomorphism T u : T, M —
Tuz)R", given by (T,u.X,)(f) = Xo(f ou). So T, M is an n-dimensional vector
space.

We will use the following notation: u = (u',... ,u"), so u’ denotes the i-th coordi-

nate function on U, and

— (L) (e luw) = (Tow) M (ula), ey).

0
8’U.i x
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6 Chapter I. Manifolds and Vector Fields 1.10

So %h € T, M is the derivation given by

a(fou™t)
% +(f) = T(U(CE»
From (1.7) we have now
T,uX, = Z(T:CUXQ,)(:L’Z)% w(z) = ZXx(xl ou) 6‘21. u(z)

=1

«
Il
-

I
M=

o
Il
_

=1

1.9. The tangent bundle. For a manifold M of dimension n we put TM :=
||, as T M, the disjoint union of all tangent spaces. This is a family of vector spaces
parameterized by M, with projection mpr : TM — M given by 7 (T, M) = x.
For any chart (U,,us) of M consider the chart (7, (Us), Tus) on TM, where
Tug : WJT/[l(Ua) — ua(Ua) x R™ is given by Tuq. X = (ua(mr (X)), Ty (x)Ua-X).
Then the chart changings look as follows:

Tug o (Tua) ™" : Tua (73} (Uag)) = ta(Uag) x R™ —
— ug(Uap) X R" = Tug(my (Uap)),
(Tug o (Tua) ™)y, Y))(f) = (Tua) " (5, Y))(f 0 up)
= (y,Y)(fougoug') =d(fougoug')(y).Y
= df (ug o ug " (y))-d(ug oug ') (y).Y
= (ug o ug' (y), d(ug oug ") (y).Y) ().
So the chart changings are smooth. We choose the topology on T'M in such a
way that all T'u, become homeomorphisms. This is a Hausdorff topology, since X,
Y € TM may be separated in M if 7(X) # 7(Y), and in one chart if 7(X) = n(Y).

So T'M is again a smooth manifold in a canonical way; the triple (T'M,myr, M) is
called the tangent bundle of M.

1.10. Kinematic definition of the tangent space. Let C§°(R, M) denote the
space of germs at 0 of smooth curves R — M. We put the following equivalence
relation on C§°(R, M): the germ of ¢ is equivalent to the germ of e if and only if
¢(0) = ¢(0) and in one (equivalently each) chart (U,u) with ¢(0) = e(0) € U we
have 4 |o(uoc)(t) = %]o(uoe)(t). The equivalence classes are also called velocity
vectors of curves in M. We have the following mappings

Co* (R, M)/ ~ Co° (R, M)
|
B
™ M,

™™
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1.13 1. Differentiable Manifolds 7

where a(c)(germ, ) f) = 40 f(c(t)) and B : TM — C§°(R,M) is given by:
B((Tu)"1(y,Y)) is the germ at 0 of t +— u"l(y +tY). So TM is canonically
identified with the set of all possible velocity vectors of curves in M.

1.11. Tangent mappings. Let f : M — N be a smooth mapping between
manifolds. Then f induces a linear mapping T’ f : Ty M — T,y N for each x € M
by (Tof.Xz)(h) = Xa(ho f) for h € C7, (N,R). This mapping is well defined
and linear since f* : C37, (N, R) — C2°(M,R), given by h — ho f, is linear and
an algebra homomorphism, and 7. f is its adjoint, restricted to the subspace of
derivations.

If (U,u) is a chart around x and (V,v) is one around f(z), then

(Tlf% :L‘)(Uj) = a?yﬁ w('Uj of)= azi ('Uj of ou_l)(u(x))’
Tof gole = 3 (Tuf 5% 1) (07) 525 [ ) by (1.8)

A(viofou?!
=2 (#i)(u(ﬂf))%bf(x)-

So the matrix of T, f : T, M — Ty, N in the bases (% «) and (%b‘(w)) is just
the Jacobi matrix d(v o f o u™1)(u(z)) of the mapping v o f o u™! at u(z), so
TrzyvoTypfo (Tyu)™t =d(vo fout)(u(z)).

Let us denote by T'f : TM — TN the total mapping, given by Tf|T, M :=T,f.
Then the composition Tvo Tf o (Tu)™! : u(U) x R™ — o(V) x R" is given by
(y,Y) = ((vo fou N (y),dvo fout)(y)Y), and thus Tf : TM — TN is again
smooth.

If f: M — Nandg: N — P aresmooth mappings, then we have T'(gof) = T'goT f.
This is a direct consequence of (go f)* = f*og*, and it is the global version of the

chain rule. Furthermore we have T (Idy) = Idrays.

If feC®M), then Tf : TM — TR = R x R. We then define the differential
of fbydf =prooTf:TM — R. Let t denote the identity function on R, then
(Tme)(t) = Xw(t o f) = ng(f), so we have df(Xw) = Xﬂc(f)

1.12. Submanifolds. A subset N of a manifold M is called a submanifold, if for
each x € N there is a chart (U,u) of M such that w(U N N) = u(U) N (R* x 0),
where R x 0 < RF x R"™* = R". Then clearly N is itself a manifold with
(UNN,u|(UNN)) as charts, where (U, u) runs through all submanifold charts as
above.

1.13. Let f : R™ — R? be smooth. A point x € R? is called a regular value of f
if the rank of f (more exactly: the rank of its derivative) is ¢ at each point y of
f~Y(x). In this case, f~1(x) is a submanifold of R™ of dimension n — ¢ (or empty).
This is an immediate consequence of the implicit function theorem, as follows: Let
x = 0 € R?%. Permute the coordinates (z',...,z") on R" such that the Jacobi

matrix ‘ 1<i< 1<i
(o8 Y ar VI
df (y) = <(8xj (y)) 1<j<q (81:1 (y)) q+1§j§”>
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8 Chapter I. Manifolds and Vector Fields 1.13

has the left hand part invertible. Then w := (f,pr,_,) : R® — R? x R"7 has
invertible differential at y, so (U,u) is a chart at any y € f~1(0), and we have
fout(zt, ... 2") = (2%,...,29), so u(f~1(0)) = u(U) N (0 x R*79) as required.

Constant rank theorem. [Dieudonné, I, 10.3.1] Let f : W — RY be a smooth
mapping, where W is an open subset of R™. If the derivative df (x) has constant
rank k for each x € W, then for each a € W there are charts (U,u) of W centered
at a and (V,v) of R? centered at f(a) such that vo fou™t:u(U) — v(V) has the
following form:

(1,...,2pn) — (z1,...,2,0,...,0).

So f~1(b) is a submanifold of W of dimension n — k for each b € f(W).
Proof. We will use the inverse function theorem several times. df(a) has rank

k < n,q, without loss we may assume that the upper left k£ x k submatrix of df (a)
is invertible. Moreover, let a = 0 and f(a) = 0.

We consider u : W — R™, u(x!,...,2") = (f'(2),..., f¥(z), 21, ... 2"). Then

9fi\1<i<k Aft\1<i<k
du = (3zj)1§j§k (azj)k+1§jén
0 Idpn-—*

is invertible, so u is a diffeomorphism U; — Us for suitable open neighborhoods of
0 in R™. Consider g = fou™!: Uy — RY. Then we have

9(21, e 7zn) = (Zla .. '7zkagk+1(z)u e agq(z))a

Idpx 0
dg(z) = ( N 8g* \k+1<i<q ) ,
* (35 )kt1<i<n

rank(dg(z)) = rank(d(f o uil)(z)) = rank(df(ufl(z).dufl(z))
= rank(df(z)) = k.

Therefore,
(2)=0 fork+1<i<gandk+1<j<n;
gz ... 2" =g'(zh, ..., 2%,0,...,0) fork+1<i<gq.

Let v : U3 — RY, where Us = {y € R? : (y',...,y*,0,...,0) € Uy C R"}, be given
by

y! yt
1 :
y k yk
v . = = = )
’ Yt — gk Lyt yk,0,...,0) Yt — gk (g)
y . .
vl —gi(y',...,y",0,...,0) v —g9(y)
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1.15 1. Differentiable Manifolds 9
where § = (y!,...,y9,0,...,0) € R" if ¢ < n, and § = (y,...,9y") if ¢ > n. We

have v(0) = 0, and
 (Idge O
dv = < * Id]Rq_k)

is invertible, thus v : V' — R? is a chart for a suitable neighborhood of 0. Now let
U:=fY(V)UU;. Thenvo foul=vog:R" Du(lU)— v(V) C R? looks as
follows:

x! x! !
1 : : :
" N I S 7" | o
a 9" (@) g @) =g @) | T o
X
9(x) g4(z) — g%(x) 0

Corollary. Let f: M — N be C* with T, f of constant rank k for all x € M.
Then for each b € f(M) the set f~1(b) C M is a submanifold of M of dimension
dimM —k. O

1.14. Products. Let M and N be smooth manifolds described by smooth atlases
(Uasta)aca and (Va,vg)gen, respectively. Then the family (U, X Vg, uq X vg :
Ua x Vg — R™ xR") (4 g)cax B is a smooth atlas for the cartesian product M x N.
Clearly the projections

MM x NN
are also smooth. The product (M x N, pry, pr2) has the following universal property:

For any smooth manifold P and smooth mappings f: P — M and g : P — N
the mapping (f,g) : P — M x N, (f,9)(z) = (f(x),g(x)), is the unique smooth
mapping with pri o (f,9) = f, prao (f,9) = g-

From the construction of the tangent bundle in (1.9) it is immediately clear that

™ Z® o Ny EP, N
is again a product, so that T(M x N) =TM x TN in a canonical way.
Clearly we can form products of finitely many manifolds.

1.15. Theorem. Let M be a connected manifold and suppose that f : M — M is
smooth with f o f = f. Then the image f(M) of f is a submanifold of M.

This result can also be expressed as: ‘smooth retracts’ of manifolds are manifolds.
If we do not suppose that M is connected, then f(M) will not be a pure manifold
in general, it will have different dimension in different connected components.

Proof. We claim that there is an open neighborhood U of f(M) in M such that
the rank of T, f is constant for y € U. Then by theorem (1.13) the result follows.
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10 Chapter I. Manifolds and Vector Fields 1.17

Forx € f(M)wehave T, foT,f =T,f, thusim T, f = ker(Id—T, f) and rank T}, f +
rank(Id — T, f) = dim M. Since rank T, f and rank(Id — T, f) cannot fall locally,
rank T, f is locally constant for x € f(M), and since f(M) is connected, rank T, f =
r for all z € f(M).

But then for each « € f(M) there is an open neighborhood U, in M with rank T, f >
rforall y € U,. On the other hand rank T}, f = rank T),(fo f) = rank T,y fo T, f <
rank Ty, f = r since f(y) € f(M). So the neighborhood we need is given by

U=Ueran Vs O

1.16. Corollary. 1. The (separable) connected smooth manifolds are exactly the
smooth retracts of connected open subsets of R™’s.

2. f: M — N is an embedding of a submanifold if and only if there is an open
neighborhood U of f(M) in N and a smooth mapping r : U — M with ro f = Idyy.

Proof. Any manifold M may be embedded into some R, see (1.19) below. Then
there exists a tubular neighborhood of M in R™ (see later or [Hirsch, 1976, pp.
109-118]), and M is clearly a retract of such a tubular neighborhood. The converse
follows from (1.15).

For the second assertion repeat the argument for N instead of R™. [

1.17. Sets of Lebesque measure 0 in manifolds. An m-cube of width w > 0
in R™ is a set of the form C' = [z1,21 + w] X ... X [Tm,ZTm + w]. The measure
u(C) is then p(C) = w™. A subset S C R™ is called a set of (Lebesque) measure 0
if for each £ > 0 these are at most countably many m-cubes C; with S C (J;2,C;
and >, 1(C;) < e. Obviously, a countable union of sets of Lebesque measure 0
is again of measure 0.

Lemma. Let U C R™ be open and let f : U — R™ be C'. If S C U is of measure
0 then also f(S) C R™ is of measure 0.

Proof. Every point of S belongs to an open ball B C U such that the operator
norm ||df (x)|| < Kp for all x € B. Then |f(z) — f(y)| < Kplx —y| for all z,y € B.
So if C' C B is an m-cube of width w then f(C) is contained in an m-cube C’ of
width /mKpw and measure u(C') < m™/?Kju(C). Now let S = (J72, S; where
each S; is a compact subset of a ball B; as above. It suffices to show that each
f(S;) is of measure 0.

For each € > 0 there are m-cubes C; in B; with S; C |J, C; and ), u(C;) < e. As
we saw above then f(X;) C J, C; with >, u(C}) < mm/zK}?je. O

Let M be a smooth (separable) manifold. A subset S C M is is called a set of
(Lebesque) measure 0 if for each chart (U,u) of M the set u(S NU) is of measure
0 in R™. By the lemma it suffices that there is some atlas whose charts have this
property. Obviously, a countable union of sets of measure 0 in a manifold is again
of measure 0.

A m-cube is not of measure 0. Thus a subset of R™ of measure 0 does not contain
any m-cube; hence its interior is empty. Thus a closed set of measure 0 in a
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1.18 1. Differentiable Manifolds 11

manifold is nowhere dense. More generally, let S be a subset of a manifold which
is of measure 0 and o-compact, i.e., a countable union of compact subsets. Then
each of the latter is nowhere dense, so S is nowhere dense by the Baire category
theorem. The complement of S is residual, i.e., it contains the intersection of a
countable family of open dense subsets. The Baire theorem says that a residual
subset of a complete metric space is dense.

1.18. Regular values. Let f: M — N be a smooth mapping between manifolds.

(1) z € M is called a singular point of f if T, f is not surjective, and is called
a regular point of f if T, f is surjective.

(2) y € N is called a regular value of f if T, f is surjective for all x € f~1(y).
If not y is called a singular value. Note that any y € N\ f(M) is a regular
value.

Theorem. [Morse, 1939], [Sard, 1942] The set of all singular values of a C* map-
ping f: M — N is of Lebesgue measure 0 in N, if k > max{0,dim(M) — dim(N)}.

So any smooth mapping has regular values.

Proof. We proof this only for smooth mappings. It is sufficient to prove this
locally. Thus we consider a smooth mapping f : U — R"™ where U C R™ is
open. If n > m then the result follows from lemma (1.17) above (consider the set
U x0CR™xR"™ of measure 0). Thus let m > n.

Let X(f) C U denote the set of singular points of f. Let f = (f!,..., f"), and let
E(f) = 21 U 22 @] 23 where:
¥, is the set of singular points  such that Pf(x) = 0 for all linear differential
operators P of order < %
Y5 is the set of singular points x such that Pf(xz) # 0 for some differential
operator P of order > 2.

af

Y3 is the set of singular points = such that =~

We first show that f(X:) has measure 0. Let v = [ + 1] be the smallest integer
> m/n. Then each point of 3; has an open neigborhood W C U such that
|f(z) — fly) < K|z —yl” for all z € ¥y N W and y € W and for some K > 0, by
Taylor expansion. We take W to be a cube, of width w. It suffices to prove that
f(XZ1NW) has measure 0. We divide W in p™ cubes of width %; those which meet
Siy will be denoted by C1,...,Cy for ¢ < p™. Each C} is contained in a ball of
radius %\/Tn centered at a point of £1 N W. The set f(C%) is contained in a cube
C}. C R” of width 2K(%\/E)". Then

(z) = 0 for some 1, j.

S wr(cy) < pm@K)“(%MV” — p" " (2K) ™ — 0 for p — oo,
k
since m — vn < 0.

Note that 3(f) = £; if n = m = 1. So the theorem is proved in this case. We
proceed by induction on m. So let m > 1 and assume that the theorem is true for
each smooth map P — @ where dim(P) < m.
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12 Chapter I. Manifolds and Vector Fields 1.20

We prove that f(3a \ 33) has measure 0. For each z € X5 \ X3 there is a linear
differential operator P such that Pf(x) = 0 and gg]; () # 0 for some i,j. Let W
be the set of all such points, for fixed P,i,j. It suffices to show that f(W) has
measure 0. By assumption, 0 € R is a regular value for the function Pf?: W — R.
Therefore W is a smooth submanifold of dimension m —1 in R™. Clearly, X(f)NW
is contained in the set of all singular points of f|W : W — R"™, and by induction

we get that f((Z2\ Z3)NW) C f(E(f)NW) C f(E(f|W)) has measure 0.

It remains to prove that f(Xs) has measure 0. Every point of X3 has an open

neighborhood W C U on which 24 ' # 0 for some i, j. By shrinking W if necessary

oI
and applying diffeomorphisms we may assume that

R™IxRDOW, x Wo=W LRI xR,  (y,t) — (g(y, 1), ).

Clearly, (y,t) is a critical point for f iff y is a critical point for g( ,¢). Thus
S(HNOW = Uew,(E(g( 1)) x {t}). Since dim(W;) = m — 1, by induction we
get that u"~1(g(2(g( ,t),t))) =0, where u"~! is the Lebesque measure in R"~1.
By Fubini’s theorem we get

(U (Sl ) x (1)) = /

W (g(S(g( 1), 1)) dt = / 0dt=0. O
tEWs W

Wa

1.19. Embeddings into R™’s. Let M be a smooth manifold of dimension m.
Then M can be embedded into R™, if
(1) n=2m+ 1 (this is due to [Whitney, 1944], see also [Hirsch, 1976, p 55] or
[Brocker-Jénich, 1973, p 73]).
(2) n =2m (see [Whitney, 1944]).
(3) Conjecture (still unproved): The minimal n is n = 2m — a(m) + 1, where
a(m) is the number of 1’s in the dyadic expansion of m.
There exists an immersion (see section 2) M — R", if
(4) n = 2m (see [Hirsch, 1976]),
(5) n=2m — 1 (see [Whitney, 1944]).
(6) Conjecture: The minimal n is n = 2m — a(m). [Cohen, 1982]) claims to
have proven this, but there are doubts.

Examples and Exercises

1.20. Discuss the following submanifolds of R™, in particular make drawings of

them:

The unit sphere S"~! = {z € R" :< z,x >= 1} C R".

The ellipsoid {z € R™ : f(z):=Y 1, i—z =1}, a; # 0 with principal axis a1, ..., ap.
2

The hyperboloid {x € R™ : f(x) := > 1" ei5% = 1}, g; = £1, a; # 0 with principal

axis a; and index = ) ¢;.
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1.27 1. Differentiable Manifolds 13

The saddle {x € R3 : x5 = x122}.
The torus: the rotation surface generated by rotation of (y — R)? + 22 = r%, 0 <

r < R with center the z—axis, i.e. {(z,y,2) : (\/22 + 92 — R)? + 22 = r?}.

1.21. A compact surface of genus g. Let f(z) :=z(z—1)*(z—2)?...(x—(g—
1))?(x — g). For small r > 0 the set {(z,y,2) : (y? + f(x))? + 2% = r?} describes a
surface of genus g (topologically a sphere with g handles) in R3. Visualize this.

1.22. The Moebius strip.

It is not the set of zeros of a regular function on an open neighborhood of R"™. Why
not? But it may be represented by the following parametrization:

cos p(R + rcos(p/2))
f(rip) = | sinp(R+rcos(p/2)) |, (r¢) € (=1,1) x[0,27),
rsin(p/2)

where R is quite big.

1.23. Describe an atlas for the real projective plane which consists of three charts
(homogeneous coordinates) and compute the chart changings.

Then describe an atlas for the n-dimensional real projective space P"(R) and com-
pute the chart changes.

1.24. Let f : L(R",R") — L(R™,R") be given by f(A) := A'A. Where is f of
constant rank? What is f~1(Id)?

1.25. Let f: L(R",R™) — L(R™,R™), n < m be given by f(A) := A*A. Where is
f of constant rank? What is f~1(Idgn)?

1.26. Let S be a symmetric matrix, i.e., S(z,y) := 'Sy is a symmetric bilinear
form on R™. Let f: L(R™,R™) — L(R",R") be given by f(A) := A'SA. Where is
f of constant rank? What is f~1(9)?

1.27. Describe T'S? C RS.
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14 Chapter I. Manifolds and Vector Fields 2.6

2. Submersions and Immersions

2.1. Definition. A mapping f : M — N between manifolds is called a submersion
at x € M, if the rank of T, f : T, M — Ty, N equals dim N. Since the rank cannot
fall locally (the determinant of a submatrix of the Jacobi matrix is not 0), f is
then a submersion in a whole neighborhood of z. The mapping f is said to be a
submersion, if it is a submersion at each x € M.

2.2. Lemma. If f: M — N is a submersion at x € M, then for any chart (V,v)
centered at f(x) on N there is chart (U,u) centered at x on M such that vo fou™!
looks as follows:

(y17"' 7yn7yn+1)"' ’ym)'_) (ylﬁ"' ’yn)

Proof. Use the inverse function theorem once: Apply the argument from the be-
ginning of (1.13) to vo f ouj ' for some chart (Uy, u1) centered at z. [

2.3. Corollary. Any submersion f: M — N is open: for each open U C M the
set f(U) is open in N. O

2.4. Definition. A triple (M,p, N), where p: M — N is a surjective submersion,
is called a fibered manifold. M is called the total space, N is called the base.

A fibered manifold admits local sections: For each x € M there is an open neigh-
borhood U of p(z) in N and a smooth mapping s : U — M with po s = Idy and
s(p(x)) = .

The existence of local sections in turn implies the following universal property:

M

(N

f

N—P

If (M,p,N) is a fibered manifold and f : N — P is a mapping into some further
manifold, such that fop: M — P is smooth, then f is smooth.

2.5. Definition. A smooth mapping f: M — N is called an immersion at x € M
if the rank of T f : Ty M — Ty, N equals dim M. Since the rank is maximal at x
and cannot fall locally, f is an immersion on a whole neighborhood of x. f is called
an immersion if it is so at every x € M.

2.6. Lemma. If f: M — N is an immersion, then for any chart (U,u) centered
at x € M there is a chart (V,v) centered at f(x) on N such that vo fou™! has the

form:
1

(y LA 7ym)'_)(y17"‘ ?ym70,"' ’0)

Proof. Use the inverse function theorem. O
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2.12 2. Submersions and Immersions 15

2.7. Corollary. If f : M — N is an immersion, then for any x € M there
is an open neighborhood U of x € M such that f(U) is a submanifold of N and
fIU :U — f(U) is a diffeomorphism. O

2.8. Corollary. If an injective immersion i : M — N is a homeomorphism onto
its image, then i(M) is a submanifold of N.

Proof. Use (2.7). O

2.9. Definition. If i : M — N is an injective immersion, then (M, i) is called an
immersed submanifold of N.

A submanifold is an immersed submanifold, but the converse is wrong in gen-
eral. The structure of an immersed submanifold (M, ) is in general not deter-
mined by the subset i(M) C N. All this is illustrated by the following example.
Consider the curve y(t) = (sin®¢,sint.cost) in R?. Then ((—,7),v|(—=, 7)) and
((0,27),7](0,27)) are two different immersed submanifolds, but the image of the
embedding is in both cases just the figure eight.

2.10. Let M be a submanifold of N. Then the embedding i : M — N is an
injective immersion with the following property:

(1) For any manifold Z a mapping [ : Z — M is smooth if and only if i o f :
Z — N is smooth.

The example in (2.9) shows that there are injective immersions without property
(1).

We want to determine all injective immersions ¢ : M — N with property (1). To
require that ¢ is a homeomorphism onto its image is too strong as (2.11) below
shows. To look for all smooth mappings i : M — N with property (2.10.1) (initial
mappings in categorical terms) is too difficult as remark (2.12) below shows.

2.11. Example. We consider the 2-dimensional torus T? = R?/Z?. Then the
quotient mapping 7 : R? — T2 is a covering map, so locally a diffeomorphism. Let
us also consider the mapping f : R — R?, f(t) = (¢, a.t), where « is irrational.
Then 7o f : R — T2 is an injective immersion with dense image, and it is obviously
not a homeomorphism onto its image. But 7o f has property (2.10.1), which follows
from the fact that m is a covering map.

2.12. Remark. If f : R — R is a function such that fP and f¢ are smooth for
some p, ¢ which are relatively prime in N, then f itself turns out to be smooth, see
[Joris, 1982]. So the mapping i : ¢t — (i), R — R?, has property (2.10.1), but i is
not an immersion at 0.

In [Joris, Preissmann, 1987] all germs of mappings at 0 with property (2.10.1)
are characterized as follows: Let g : (R,0) — (R™,0) be a germ of a C'*°-curve,
g(t) = (g1(t), ..., gn(t)). Without loss we may suppose that g is not infinitely flat
at 0, so that g1(t) = t" for r € N after a suitable change of coordinates. Then g
has property (2.10.1) near 0 if and only if the Taylor series of g is not contained in
any R™[[t*]] for s > 2.
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16 Chapter I. Manifolds and Vector Fields 2.14

2.13. Definition. For an arbitrary subset A of a manifold NV and z¢y € A let
Cyo (A) denote the set of all z € A which can be joined to zy by a smooth curve in
M lying in A.
A subset M in a manifold N is called initial submanifold of dimension m, if the
following property is true:
(1) For each x € M there exists a chart (U,u) centered at x on N such that
u(C(UNM)) =u(U)N(R™ x0).

The following three lemmas explain the name initial submanifold.

2.14. Lemma. Let f: M — N be an injective immersion between manifolds with
the universal property (2.10.1). Then f(M) is an initial submanifold of N.

Proof. Let x € M. By (2.6) we may choose a chart (V,v) centered at f(x) on N
and another chart (W, w) centered at z on M such that (vo fow™1)(y!,... ,y™) =
(y',...,y™,0,...,0). Let » > 0 be so small that {y € R™ : |y| < 2r} C w(W) and
{zeR":|z| < 2r} Co(V). Put

U:=v'({z€eR":|z|] <r}) CN,
Wi:=wl{yeR™: |y <r}) c M.

We claim that (U, u = v|U) satisfies the condition of 2.14.1.

u (@) N (R™ x0)) =u ({(", ... ,y™,0...,0): |y| <7r}) =
=fow to(uofow H T {(y' ...,y 0...,0): |yl <7r}) =
=fow  ({y eR™: |yl <r}) = f(W1) C Cpoy(U N f(M)),

since f(W1) CUN f(M) and f(W;) is C*°-contractible.

Now let conversely z € Cyy(U N f(M)). Then by definition there is a smooth
curve ¢ : [0,1] — N with ¢(0) = f(z), ¢(1) = z, and ¢([0,1]) C U N f(M). By
property 2.9.1 the unique curve ¢ : [0,1] — M with f o ¢ = ¢, is smooth.

We claim that ¢([0,1]) € Wi. If not then there is some ¢ € [0,1] with &(t) €
w™({y € R™ : 7 < |y| < 2r}) since € is smooth and thus continuous. But then we
have

(vo f)(et)) € (o fow ({y eR™:r <yl <2r}) =
={(y,0) eR" x0:r<|y[<2r}f C{zeR":r <|z| <2r}.

This means (vo fo@)(t) = (voc)(t) € {z € R" : r < |z] < 2r},s0c(t) ¢ U, a
contradiction.

So &([0,1]) € Wh, thus ¢(1) = f~1(z) € Wi and z € f(W;). Consequently we have
Ciy(UN f(M)) = f(Wy) and finally f(W1) = v~ (u(U) N (R™ x 0)) by the first
part of the proof. [
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2.16 2. Submersions and Immersions 17

2.15. Lemma. Let M be an initial submanifold of a manifold N. Then there is
a unique C°°-manifold structure on M such that the injection i : M — N is an
injective immersion with property (2.10.1):
(1) For any manifold Z a mapping f : Z — M is smooth if and only ifio f :
Z — N is smooth.

The connected components of M are separable (but there may be uncountably many
of them,).

Proof. We use the sets C,. (U, N M) as charts for M, where x € M and (U, u,) is
a chart for N centered at & with the property required in (2.13.1). Then the chart
changings are smooth since they are just restrictions of the chart changings on N.
But the sets C, (U, N M) are not open in the induced topology on M in general. So
the identification topology with respect to the charts (C (U, N M), uy)enr yields a
topology on M which is finer than the induced topology, so it is Hausdorff. Clearly
i : M — N is then an injective immersion. Uniqueness of the smooth structure
follows from the universal property (1) which we prove now: For z € Z we choose a
chart (U,u) on N, centered at f(z), such that u(Cr.)(UNM)) =u(U)N(R™ x0).
Then f~1(U) is open in Z and contains a chart (V,v) centered at z on Z with v(V)
a ball. Then f(V) is C°-contractible in U N M, so f(V) C Cy(U N M), and
(u|Cp(UNM))o fov ' =uo fov™t is smooth.

Finally note that N admits a Riemannian metric (see (22.1)) which can be induced
on M, so each connected component of M is separable, by (1.1.4). O

2.16. Transversal mappings. Let M;, Ms, and N be manifolds and let f; :
M; — N be smooth mappings for i = 1,2. We say that f; and fy are transversal
aty € N, if

imT,, fi +imT,, fo = TyN whenever fi(z1) = fa(z2) =v.

Note that they are transversal at any y which is not in f;(M;) or not in fo(Ms).
The mappings f; and fy are simply said to be transversal, if they are transversal
at every y € N.

If P is an initial submanifold of N with embedding i : P — N, then f: M — N is
said to be transversal to P, if ¢ and f are transversal.

Lemma. In this case f=(P) is an initial submanifold of M with the same codi-
mension in M as P has in N, or the empty set. If P is a submanifold, then also
f7Y(P) is a submanifold.

Proof. Let z € f~!(P) and let (U, u) be an initial submanifold chart for P centered
at f(x) on N, ie. u(Cp)(UNP))=u(U)N(RP x0). Then the mapping
MDY U) LU % wU) CRP x RPP 22 Rr-p

is a submersion at x since f is transversal to P. So by lemma (2.2) there is a chart
(V,v) on M centered at = such that we have

n

(prgouofovfl)(yl,... WPy = (yl,... Yyt TP
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18 Chapter I. Manifolds and Vector Fields 3.1

But then z € C.(f~1(P)NV) if and only if v(z) € v(V) N (0 x R™="*P) 50
U<Cw(f_1(P) n V)) = ’U(V) N (0 X Rm—n-&-p). 0

2.17. Corollary. If fi : M7 — N and fa : My — N are smooth and transversal,
then the topological pullback

My  x  My=M Xy My :={(x1,22) € M1 x My : fi(z1) = fox2)}
(f1,N, f2)

is a submanifold of My x Ms, and it has the following universal property:

For any smooth mappings g1 : P — My and g3 : P — My with f1 091 =
fa0go there is a unique smooth mapping (g1, 92) : P — My X n Ms with
prio(g1,92) = g1 and pra o (g1,92) = ga-

P g2
\gl‘: 92)
r
g1 M1 XN Mg L Mg
Jprl f2
M, h N.

This is also called the pullback property in the category M f of smooth manifolds
and smooth mappings. So one may say, that transversal pullbacks exist in the
category M f. But there also exist pullbacks which are not transversal.

Proof. M, xnx My = (fl X fg)il(A), where f1 X fg : My x My — N x N and
where A is the diagonal of N x N, and f1 X fs is transversal to A if and only if f;
and f, are transversal. [

3. Vector Fields and Flows

3.1. Definition. A wvector field X on a manifold M is a smooth section of the
tangent bundle; so X : M — T'M is smooth and 7y o X = Idys. A local vector
field is a smooth section, which is defined on an open subset only. We denote the
set of all vector fields by X(M). With point wise addition and scalar multiplication
X(M) becomes a vector space.

Example. Let (U,u) be a chart on M. Then the 821 U - TM|U, z— %u,
described in (1.8), are local vector fields defined on U.

Lemma. If X is a vector field on M and (U,u) is a chart on M and x € U, then
we have X (z) = 310 | X (2)(u?) 52 | We write X|U = 310 X (ul) 52, O
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3.4 3. Vector Fields and Flows 19

3.2. The vector fields (52:)™ on U, where (U, u) is a chart on M, form a holonomic
frame field. By a frame field on some open set V' C M we mean m = dim M vector
fields s; € X(U) such that s1(z),..., sm(z) is a linear basis of T, M for each x € V.
A frame field is said to be holonomic, if s; = % for some chart (V,v). If no such
chart may be found locally, the frame field is called anholonomic.

With the help of partitions of unity and holonomic frame fields one may construct
‘many’ vector fields on M. In particular the values of a vector field can be arbitrarily
preassigned on a discrete set {z;} C M.

3.3. Lemma. The space X(M) of vector fields on M coincides canonically with
the space of all derivations of the algebra C*° (M) of smooth functions, i.e. those
R-linear operators D : C*° (M) — C*>°(M) with D(fg) = D(f)g + fD(g).

Proof. Clearly each vector field X € X(M) defines a derivation (again called X,
later sometimes called Lx) of the algebra C*° (M) by the prescription X (f)(z) :=
X(z)(f) = df (X (x)).

If conversely a derivation D of C*°(M) is given, for any * € M we consider D,, :
C*®(M) — R, Dy(f) = D(f)(z). Then D, is a derivation at x of C*°(M) in the
sense of (1.7), so D, = X, for some X, € T, M. In this way we get a section X :
M — TM. If (U,u) is a chart on M, we have D, = 31" | X (2)(u?) 52 |- by (1.7).
Choose V openin M,V C V C U, and ¢ € C*°(M,R) such that supp(y) C U and
©|V =1. Then ¢-u' € C®°(M) and (pu?)|V = u'|V. So D(pu?)(z) = X (z)(pu’) =
X(z)(u') and X|V = 37| D(ou)|V - 52|V is smooth. [

3.4. The Lie bracket. By lemma (3.3) we can identify X(M) with the vec-
tor space of all derivations of the algebra C°°(M), which we will do without any
notational change in the following.

If X, Y are two vector fields on M, then the mapping f — X(Y(f)) — Y(X(f))
is again a derivation of C°°(M), as a simple computation shows. Thus there is a
unique vector field [X,Y] € X(M) such that [X,Y](f) = X(Y(f)) =Y (X(f)) holds
for all f € C°°(M).

In a local chart (U,u) on M one immediately verifies that for X|U = " X* 8?#‘ and
YU =Y Y52 we have

(S X T = 3 (XY - V(X)) o
i J

.3

since second partial derivatives commute. The R-bilinear mapping
[, ]:X(M)xX(M)— X(M)

is called the Lie bracket. Note also that X(M) is a module over the algebra C'*° (M)
by pointwise multiplication (f, X) +— fX.
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Theorem. The Lie bracket [ , | : X(M) x X(M) — X(M) has the following
properties:

(X, Y] = —[Y, X],

(X, [Y,Z]] = [[X,Y],Z) +[Y,[X, Z]], the Jacobi identity,

FX Y] = fIX, Y] - (Y )X

(X, fY] = fIX, Y]+ (XS )

The form of the Jacobi identity we have chosen says that ad(X) = [X, ]is a
derivation for the Lie algebra (¥(M),[ , ]). The pair (X(M),[ , ]) is the
prototype of a Lie algebra. The concept of a Lie algebra is one of the most important
notions of modern mathematics.

Proof. All these properties are checked easily for the commutator [X,Y] = X o
Y — Y o X in the space of derivations of the algebra C>*°(M). O

3.5. Integral curves. Let ¢: J — M be a smooth curve in a manifold M defined
on an interval J. We will use the following notations: ¢’(t) = é(t) = Lc(t) := Tye.l.
Clearly ¢ : J — TM is smooth. We call ¢’ a vector field along ¢ since we have
myoc =ec.

TM

T

J—F—>M
A smooth curve ¢: J — M will be called an integral curve or flow line of a vector
field X € X(M) if ¢/(t) = X (c(t)) holds for all t € J.

3.6. Lemma. Let X be a vector field on M. Then for any x € M there is an open
interval J,, containing 0 and an integral curve c; : J, — M for X (i.e. ¢}, = Xocy)
with ¢, (0) = z. If J, is mazimal, then c, is unique.

Proof. In a chart (U,u) on M with 2 € U the equation ¢/(t) = X (c(t)) is a system
ordinary differential equations with initial condition ¢(0) = . Since X is smooth
there is a unique local solution which even depends smoothly on the initial values,
by the theorem of Picard-Lindelof, [Dieudonné I, 1969, 10.7.4]. So on M there
are always local integral curves. If J, = (a,b) and lim;_;— ¢, (t) =: ¢, (b) exists
in M, there is a unique local solution ¢; defined in an open interval containing b
with ¢1(b) = ¢;(b). By uniqueness of the solution on the intersection of the two
intervals, ¢; prolongs ¢, to a larger interval. This may be repeated (also on the left
hand side of J,) as long as the limit exists. So if we suppose J, to be maximal, J,
either equals R or the integral curve leaves the manifold in finite (parameter-) time
in the past or future or both. [

3.7. The flow of a vector field. Let X € X(M) be a vector field. Let us write
FI¥ (z) = FI¥ (t,2) := c,(t), where ¢, : J, — M is the maximally defined integral
curve of X with ¢;(0) = z, constructed in lemma (3.6).
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3.7 3. Vector Fields and Flows 21

Theorem. For each vector field X on M, the mapping FIX D(X) — M is
smooth, where D(X) = J ¢ J= X {2} is an open neighborhood of 0 x M in R x M.
We have

FI*(t + 5,2) = FI* (¢, F1¥ (s, x))

in the following sense. If the right hand side exists, then the left hand side exists
and we have equality. If both t, s > 0 or both are < 0, and if the left hand side
exists, then also the right hand side exists and we have equality.

Proof. As mentioned in the proof of (3.6), FI* (¢, z) is smooth in (¢, ) for small
t, and if it is defined for (¢, ), then it is also defined for (s,y) nearby. These are
local properties which follow from the theory of ordinary differential equations.

Now let us treat the equation FI1¥ (¢t + s, x) = FI* (¢, F1*(s,z)). If the right hand
side exists, then we consider the equation

Xt + s,2) = L FIY (0, @) lupss = X(FIX (¢ + 5, 7)),
FlX(t + S, x)|t=0 = FIX(S7 x)

But the unique solution of this is FI* (¢, F1* (s, z)). So the left hand side exists and
equals the right hand side.

If the left hand side exists, let us suppose that ¢, s > 0. We put

e0(u) = F1* (u, z) ifu<s

S FI¥ (v — s, F1% (s,2)) ifu>s.
() = %le(u,x):X(FlX(u,x)) for u <s 7
P AR (u— 5, F1Y (5,2)) = X(FIX (u— 5, F1X (s,2))) |

= X(cz(u)) for0<u<t+s.

Also ¢,(0) = x and on the overlap both definitions coincide by the first part of
the proof, thus we conclude that c,(u) = F1* (u,z) for 0 < u < ¢ + s and we have
FIX (£, F1% (s,2)) = cu(t + s) = FIX (t + s, 2).

Now we show that D(X) is open and FI* is smooth on D(X). We know already
that D(X) is a neighborhood of 0 x M in R x M and that FI* is smooth near
0x M.

For © € M let J. be the set of all ¢ € R such that FI¥ is defined and smooth
on an open neighborhood of [0,t] x {z} (respectively on [¢,0] x {z} for ¢ < 0) in
R x M. We claim that J, = J,, which finishes the proof. It suffices to show that
J!. is not empty, open and closed in J,. It is open by construction, and not empty,
since 0 € J.. If J, is not closed in J,, let to € J, N (J. \ J.) and suppose that
to > 0, say. By the local existence and smoothness FIX exists and is smooth near
[—e, €] x {y := FI* (to, )} in R x M for some & > 0, and by construction F1* exists
and is smooth near [0, tg—e] x {z}. Since FI*(—¢,y) = FI* (to—e, ) we conclude for
t near [0, to—e], 2’ near x, and ¢’ near [—¢, €], that F1* (t4#', 2') = FI* (¢/, FI* (¢, 2'))
exists and is smooth. So ¢y € J., a contradiction. O
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22 Chapter I. Manifolds and Vector Fields 3.9

3.8. Let X € X(M) be a vector field. Its flow F1¥X is called global or complete, if
its domain of definition D(X) equals R x M. Then the vector field X itself will be
called a “complete vector field”. In this case FltX is also sometimes called exptX;
it is a diffeomorphism of M.

The support supp(X) of a vector field X is the closure of the set {x € M : X (z) #

0}.
Lemma. A vector field with compact support on M is complete.

Proof. Let K = supp(X) be compact. Then the compact set 0 x K has positive
distance to the disjoint closed set (Rx M)\D(X) (if it is not empty), so [—¢,e]x K C
D(X) for some ¢ > 0. If z ¢ K then X(z) = 0, so FI*(t,z) = x for all ¢
and R x {z} € D(X). So we have [—¢,e] x M C D(X). Since FI*(t +¢,2) =
FI* (¢, F1* (e, z)) exists for |t| < e by theorem (3.7), we have [—2¢, 2¢] x M C D(X)
and by repeating this argument we get R x M = D(X). O

So on a compact manifold M each vector field is complete. If M is not compact and
of dimension > 2, then in general the set of complete vector fields on M is neither
a vector space nor is it closed under the Lie bracket, as the following example on
R? shows: X = y% and Y = I—;a% are complete, but neither X + Y nor [X,Y]
is complete. In general one may embed R? as a closed submanifold into M and

extend the vector fields X and Y.

3.9. f-related vector fields. If f: M — M is a diffeomorphism, then for any
vector field X € X(M) the mapping Tf~! o X o f is also a vector field, which we
will denote by f*X. Analogously we put f, X :=TfoXo f~! = (f1)*X.

But if f: M — N is a smooth mapping and Y € X(N) is a vector field there may or
may not exist a vector field X € X(M) such that the following diagram commutes:

v Ly
(1) XI [Y
f

M ——— N.

Definition. Let f: M — N be a smooth mapping. Two vector fields X € X(M)
and Y € X(N) are called f-related, if Tf o X =Y o f holds, i.e. if diagram (1)
commutes.

Example. If X € X(M) and Y € X(N) and X xY € X(M x N) is given (X x
Y)(z,y) = (X(x),Y(y)), then we have:
(2) X xY and X are pri-related.
(3) X xY and Y are pra-related.
(4) X and X xY are ins(y)-related if and only if Y (y) = 0, where the mapping
ins(y) : M — M x N is given by ins(y)(z) = (z,y).
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3.13 3. Vector Fields and Flows 23

3.10. Lemma. Consider vector fields X; € X(M) and Y; € X(N) fori = 1,2,
and a smooth mapping f : M — N. If X; and Y; are f-related for i = 1,2, then
also M1 X1+ A Xs and MY, + \oYa are f-related, and also [ X1, X2] and [Y1,Y3] are
f-related.

Proof. The first assertion is immediate. To prove the second we choose h €
C°(N). Then by assumption we have T'f o X; = Y; o f, thus:

(Xi(ho 1)(@) = Xi(@)(ho f) = (T Xi(x)) () =
= (Tf o Xi)(x)(h) = (Yio f)(z)(h) = Yi(f(2))(h) = (Yi(h))(f()),
so X;(ho f) = (Y;(h)) o f, and we may continue:
(X1, X5](ho f) = X1(Xa(ho f)) = Xo(Xi(ho f)) =

= X1 (Ya(h)o f) = Xao(Yi(h)o f) =
=Y1(Y2(h)) o f = Ya(Yi(R)) o f = [V1,Y2](R) o f.

But this means Tf ] [Xl, XQ] = [Yl, }/2} o f O

3.11. Corollary. If f : M — N s a local diffeomorphism (so (T,.f)~ makes
sense for each x € M), then for Y € X(N) a vector field f*Y € X(M) is defined
by (f*Y)(x) = (Tof)"L.Y(f(x)). The linear mapping f* : X(N) — X(M) is then
a Lie algebra homomorphism, i.e. f*[Y1,Ys] = [f*Y1, f*Y2].

3.12. The Lie derivative of functions. For a vector field X € X(M) and
f € C®(M) we define Lx f € C°(M) by

Lxf(z) = Lof(FLX(t,2)) or
Lxf:=Lo(FL) f = L]o(f o FLY).

Since FI¥ (t,x) is defined for small ¢, for any x € M, the expressions above make
sense.

Lemma. %(Fltx)*f = (FIX)*X(f) = X((FL,Y)*f), in particular for t = 0 we have
Lxf=X(f)=df(X).

Proof. We have
(L) fa) = df (G FI¥ (t,)) = df (X (FI¥ (£, 2)) = (FI)* (X ) (=),
From this we get Lx f = X(f) = df(X) and then in turn
S FIE)F = o (FIF o FIT) f = o (FIT)" (FIF)* f = X ((FI7)*f). O
3.13. The Lie derivative for vector fields. For XY € X(M) we define LxY €

X(M) by . . .
LY o= LIo(FI)Y = £1o(T(FX,) 0 ¥ o FIY),

and call it the Lie derivative of Y along X.
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24 Chapter I. Manifolds and Vector Fields 3.15
Lemma. We have
LyY =[X,Y],

L)Y = (FY) LxY = (FIY)*[X,Y] = Lx(FIY)'Y = [X, (F*)*Y].

Proof. Let f € C°°(M) and consider the mapping a(t, s) := Y (F1* (¢, z))(f o F1),
which is locally defined near 0. It satisfies

a(t,0) = Y (FI* (t,2))(f),

a(0,5) = Y (z)(f o FI),
5a(0,0) = G| Y EX (t,2))(f) = &, Y NHE(t2)) = X(@)(Y ),
£2a(0,0) = Lo (2)(f o FIIY) = Y (2) &o(f o FIIY) = Y (2)(X ).

But on the other hand we have
g loa(u, —u) = FiloY (FI (u,2))(f o FIZ,)
= &0 (TOFIX,) 0 Y 0 FIY) (f) = (£xY)al),

x

so the first assertion follows. For the second claim we compute as follows:
2F)Y = 2, (T(Fl)ft) oT(FIX) oY o FI¥ o Flf()
FIX,) 0 21, (T(Fl)f JoY o Fljf) o FIX

X))o [X,Y] o FIX = (FIX)*[X,Y].
Z(FL)Y = Zo(FL)*(FI)Y = Lx (FI)*Y. O

=1T(
= T(Fl1

3.14. Lemma. Let X € X(M) and Y € X(N) be f-related vector fields for a
smooth mapping f : M — N. Then we have fOFlf( = Flzl of, whenever both sides
are defined. In particular, if f is a diffeomorphism, we have Fl{ Y= ft oFlzf of.

Proof. We have &(foFLY) = Tfo LFI¥ = Tfo X o FI¥ = Y o f o FI¥
and f(F1X(0,2)) = f(z). So t — f(FI*(t,)) is an integral curve of the vector
field Y on N with initial value f(z), so we have f(FI1¥(t,z)) = FIY (¢, f(z)) or
foFI¥ =F1Y of. O

3.15. Corollary. Let X,Y € X(M). Then the following assertions are equivalent
(1) LxY =[X,Y]=0.
(2) (FIX)*Y =Y, wherever defined.
(3) FI* oF1Y = F1¥ o FL,Y, wherever defined.

Proof. (1) & (2) is immediate from lemma (3.13). To see (2) < (3) we note that
FIX o F1Y = FIY o FI¥ if and only if FIY = FI*, o FIY o FIY = FI®)™Y by lemma
(3.14); and this in turn is equivalent to Y = (FIX)*Y. O
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3.16 3. Vector Fields and Flows 25

3.16. Theorem. Let M be a manifold, let ¢ : R x M D Uy, — M be smooth
mappings for i = 1,...,k where each Uy is an open neighborhood of {0} x M
in R x M, such that each i is a diffeomorphism on its domain, ¢ = Idyr, and

2|, 01 =Xi € X(M). We put [¢", 7], = [0}, 1] := (¢]) "o (i) Lol opl. Then
for each formal bracket expression P of length k we have
14
0:%|0P(<ptl,...,gaf) for1 <t <k,

in the sense explained in step 2 of the proof. In particular we have for vector fields
X, Y e X(M)

0= 2|, (F1¥, o F1¥, o FI} o F1Y),

(X, Y] = L2 |y (F1Y, o FIX, o FIY o FIY).

Proof. Step 1. Let ¢: R — M be a smooth curve. If ¢(0) = z € M, ¢(0) =
0,...,c*=1(0) = 0, then ¢®)(0) is a well defined tangent vector in T, M which is
given by the derivation f — (f oc)*(0) at .

For we have

k
((£:9) 2 )2(0) = (o €)-(g0) M (0) = 3 (5)(F 0 )P (0)(g 0 ) *(0)

since all other summands vanish: (f o ¢))(0) =0 for 1 <j < k.

Step 2. Let ¢ : Rx M D U, — M be a smooth mapping where U, is an open
neighborhood of {0} x M in R x M, such that each ¢; is a diffeomorphism on its
domain and ¢o = Idy;. We say that o, is a curve of local diffeomorphisms though
Idyy.

From step 1 we see that if %b% =0 foral 1<j <k, then X := %%bgpt
is a well defined vector field on M. We say that X is the first non-vanishing
derivative at 0 of the curve ¢; of local diffeomorphisms. We may paraphrase this

as (OF|low})f = k!Lx f.

Claim 3. Let ¢, ¥; be curves of local diffeomorphisms through Id; and let
f € C(M). Then we have

k
Oflo(pr o) f = Flo(¥; 0 ¥})f = Z @ o) (0 o) -
7=0

Also the multinomial version of this formula holds:

| . .
Bloleio. o0 f= 3 @ ho(eD)) - B lo(eD))

I
httemk T I
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26 Chapter I. Manifolds and Vector Fields 3.16

We only show the binomial version. For a function h(t, s) of two variables we have

k
=Y (5oL n(t, 8)]s=1,

Jj=0

since for h(t,s) = f(t)g(s) this is just a consequence of the Leibnitz rule, and linear
combinations of such decomposable tensors are dense in the space of all functions
of two variables in the compact C'°°-topology, so that by continuity the formula
holds for all functions. In the following form it implies the claim:

k

Oflof (et (t,2)) =Y (5)0] 05 Fl(t, (s, 2)))li=s=0-

j=0

Claim 4. Let ¢; be a curve of local diffeomorphisms through Id,; with first non-
vanishing derivative k!X = 9 |op;. Then the inverse curve of local diffeomorphisms
¢; ! has first non-vanishing derivative —k!X = 9F|op; !

For we have <p;1 oy = Id, so by claim 3 we get for 1 < j <k

0=lole; " o) f = Z @ loe)) (@ (e 1)) f =
=0
= lowi (00 )" f + 501 ol )" £

ie. d|ogrf = —87|o(er )" f as required.

Claim 5. Let ¢; be a curve of local diffeomorphisms through Id,; with first non-
vanishing derivative m!X = 9]"|p¢¢, and let ¢, be a curve of local diffeomorphisms
through Idp; with first non-vanishing derivative n!Y = 9} |gt)s.

Then the curve of local diffeomorphisms [y, ;] = ;> 0 @7t 0 1)y o @, has first
non-vanishing derivative

(m+n)I[X,Y] = 8Zn+n|0[$0ta¢t]-

From this claim the theorem follows.

By the multinomial version of claim 3 we have

Anf =0 o(; T o ot op) f
N! ) .
= > W(@ﬂwi)(@i\own(af|o(so;1>*)<af|o<w;1)*)f.

i+j+k+l=N

Let us suppose that 1 < n < m, the case m < n is similar. If N < n all summands
are 0. If N = n we have by claim 4

ANF = (O logi) f + (O o) f + (0 1o(er 1)) f + (97 lo (v )) f = 0.
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If n < N < m we have, using again claim 4:
N! j * —1\* m m * m —1\*
Anf= ) S @ o) @ lo( 1)) + % (07" 09?) S + (9" lo(i 1)) )
jte=n 7"
=@t o)) f +0=0.

Now we come to the difficult case m,n < N < m + n.

AN =0 oy oo o) f+ () (07 o) (0 ™ o(y oot o)) f
(1) + @Nowi) .

by claim 3, since all other terms vanish, see (3) below. By claim 3 again we get:

Mot oprtov) = S o @lou) @ lo(er )@ ) f
Jj+k+l=N Jlite!
2 = > ()@ O )+ () @F ™ ow) @ o(wr ) f

JjH=N
+ (W@ ol )@ o)) + Voo )"
=0+ () (0 ™ot )mILx |+ () mlLox (87 ™ |o(¥; 1))
+0o(er ' f
= O (m+m)(Lx Ly = Ly Lx)f + 0 |o(er 1) f
= Oman(m+n)Lixy1f+ 0 oler ) f
From the second expression in (2) one can also read off that
(3) A L Y O A

If we put (2) and (3) into (1) we get, using claims 3 and 4 again, the final result
which proves claim 3 and the theorem:

Anf =6 (m+n)Lixyf+ 0 lo(er ) f
+ (N0 100r) OF ™ ol ) f + (0N lowi)
= 8N ) Lix vy f + O (i o )" f
= 0N (m+n)Lixy f+0. O

3.17. Theorem. Let X1,...,X,, be vector fields on M defined in a neighborhood
of a point x € M such that X:(z),..., Xpn(x) are a basis for T, M and [X;, X;] =0
for alli,j.

Then there is a chart (U,u) of M centered at x such that X;|U = 52;.

Proof. For small t = (t!,... ™) € R™ we put
ft .. 1) = (FI¥ o o FIm)(2).
By (3.15) we may interchange the order of the flows arbitrarily. Therefore
%f(tl, Lt = ait(Flff oFlff1 o - )(x) = X ((FL o=+ )(x)).
So Ty f is invertible, f is a local diffeomorphism, and its inverse gives a chart with
the desired properties. [
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3.18. The theorem of Frobenius. The next three subsections will be devoted to
the theorem of Frobenius for distributions of constant rank. We will give a powerfull
generalization for distributions of nonconstant rank below ((3.21) — (3.28)).

Let M be a manifold. By a wvector subbundle E of TM of fiber dimension k& we
mean a subset £ C TM such that each E, := ENT,M is a linear subspace of
dimension k, and such that for each xim M there are k vector fields defined on an
open neighborhood of M with values in F and spanning F, called a local frame for
E. Such an F is also called a smooth distribution of constant rank k. See section
(8) for a thorough discussion of the notion of vector bundles. The space of all vector
fields with values in E will be called T'(E).

The vector subbundle E of T'M is called integrable or involutive, if for all XY €
I'(E) we have [X,Y] € T'(E).

Local version of Frobenius’ theorem. Let E C TM be an integrable vector
subbundle of fiber dimension k of TM.

Then for each x € M there exists a chart (U,u) of M centered at x with w(U) =
V x W C RF x R™* such that T(u=Y(V x {y})) = E|(u=*(V x {y})) for each
yeW.

Proof. Let x € M. We choose a chart (U,u) of M centered at z such that there
exist k vector fields X, ..., Xy € I'(E) which form a frame of F|U. Then we have
X; = Z fJ 8‘3] for f/ € C>°(U). Then f = (f/) is a (k x m)-matrix valued
smooth functlon on U which has rank k on U. So some (k x k)-submatrix, say
the top one, is invertible at = and thus we may take U so small that this top
(k x k)-submatrix is invertible everywhere on U. Let g = (g/) be the inverse of this

submatrix, so that f.g = (14). We put

— j if —
@ Yi: Z%X >3 fio = o
j=11=1 p>kt1
We claim that [YZ-,YJ-] = 0 for all 1 < 4,5 < k. Since F is integrable we have
Y, Y;] = Zle Céle. But from (1) we conclude (using the coordinate formula in

(3.4)) that [Y;, Y] = >° ~p 0y apa%. Again by (1) this implies that cﬁj =0 for all
[, and the claim follows.
Now we consider an (m—k)-dimensional linear subspace W in R™ which is transver-
sal to the k vectors T,u.Y;(x) € ToR™ spanning R¥, and we define f: V x W — U
by

f . R y) = (Flz/f oFItYQ2 0...0 Flz;f) (w(y)),

where t = (t!,...,t*) € V, a small neighborhood of 0 in R¥, and where y € W,
a small neighborhood of 0 in Wj. By (3.15) we may interchange the order of the
flows in the definition of f arbitrarily. Thus

%f(t,y) O (i orio. ) (u ) = Vil f(ty))

5ol 0.0) = 55 ()
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3.20 3. Vector Fields and Flows 29

and so Ty f is invertible and the inverse of f on a suitable neighborhood of x gives
us the required chart. [

3.19. Remark. Any charts (U,u : U — V x W C RF x R™™F) as constructed
in theorem (3.18) with V' and W open balls is called a distinguished chart for
E. The submanifolds u=*(V x {y}) are called plaques. Two plaques of different
distinguished charts intersect in open subsets in both plaques or not at all: this
follows immediately by flowing a point in the intersection into both plaques with the
same construction as in in the proof of (3.18). Thus an atlas of distinguished charts
on M has chart change mappings which respect the submersion R* xR™~* — R™—k
(the plaque structure on M). Such an atlas (or the equivalence class of such atlases)
is called the foliation corresponding to the integrable vector subbundle E C TM.

3.20. Global Version of Frobenius’ theorem. Let E C T M be an integrable
vector subbundle of TM. Then, using the restrictions of distinguished charts to
plaques as charts we get a new structure of a smooth manifold on M, which we
denote by Mg. If E # TM the topology of Mg is finer than that of M, Mg has
uncountably many connected components called the leaves of the foliation, and the
identity induces a bijective immersion Mg — M. FEach leaf L is a second countable
initial submanifold of M, and it is a mazimal integrable submanifold of M for E
in the sense that T,L = E, for each x € L.

Proof. Let (Uy,uq : Uy — Vo x W, C R¥ x R™F) be an atlas of distuished charts
corresponding to the integrable vector subbundle £ C T'M, as given by theorem
(3.18). Let us now use for each plaque the homeomorphisms pr; oug|(uy'(Va x
{y}) : uz'(Va x {y}) — Vo C R™F as charts, then we describe on M a new
smooth manifold structure Mg with finer topology which however has uncountably
many connected components, and the identity on M induces a bijective immersion
Mg — M. The connected components of My are called the leaves of the foliation.

In order to check the rest of the assertions made in the theorem let us construct
the unique leaf L through an arbitrary point x € M: choose a plaque containing
x and take the union with any plaque meeting the first one, and keep going. Now
choose y € L and a curve ¢ : [0,1] — L with ¢(0) = z and ¢(1) = y. Then there
are finitely many distinguished charts (Uy,u1), ..., (Upn,u,) and ay, ..., a, € R™7F
such that = € u7 (Vi x {a1}), v € u;*(Vy, x {an}) and such that for each i

(1) u; (Vi x {ai}) Nuily (Viga x {aig}) # 0.

Given u;, u;11 and a; there are only countably many points a;41 such that (1) holds:
if not then we get a cover of the the separable submanifold u; *(V; x {a;}) N Uit1
by uncountably many pairwise disjoint open sets of the form given in (1), which
contradicts separability.

Finally, since (each component of) M is a Lindeldf space, any distinguished atlas
contains a countable subatlas. So each leaf is the union of at most countably many
plaques. The rest is clear. [
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3.21. Singular distributions. Let M be a manifold. Suppose that for each = €
M we are given a sub vector space FE, of T, M. The disjoint union FE = |_]9L,€ u B
is called a (singular) distribution on M. We do not suppose, that the dimension of
E, is locally constant in x.

Let X;,.(M) denote the set of all locally defined smooth vector fields on M, i.e.
Xioc(M) = JX(U), where U runs through all open sets in M. Furthermore let Xg
denote the set of all local vector fields X € Xj,.(M) with X (z) € E, whenever de-
fined. We say that a subset V C Xg spans E, if for each x € M the vector space E,
is the linear hull of the set {X (z) : X € V}. We say that E is a smooth distribution
if Xg spans E. Note that every subset W C X,.(M) spans a distribution denoted
by E(W), which is obviously smooth (the linear span of the empty set is the vector
space 0). From now on we will consider only smooth distributions.

An integral manifold of a smooth distribution F is a connected immersed subman-
ifold (IV,4) (see (2.9)) such that T,i(T,N) = E;(,) for all z € N. We will see in
theorem (3.25) below that any integral manifold is in fact an initial submanifold of
M (see (2.13)), so that we need not specify the injective immersion i. An integral
manifold of F is called mazimal, if it is not contained in any strictly larger integral
manifold of E.

3.22. Lemma. Let E be a smooth distribution on M. Then we have:

(1) If(N,4) is an integral manifold of E and X € Xg, then i* X makes sense and
is an element of Xjoc(N), which is ili~1 (Ux)-related to X, where Ux C M
is the open domain of X.

(2) If (N;,i;) are integral manifolds of E for j = 1,2, then iy (i1 (N1) Nig(Nz))
and iy (i1 (Ny) Niz(Na)) are open subsets in Ny and Ny, respectively; fur-
thermore i;l 011 s a diffeomorphism between them.

(3) Ifxz € M is contained in some integral submanifold of E, then it is contained
m a unique mazrimal one.

Proof. (1) Let Ux be the open domain of X € Xg. If i(x) € Ux for x € N, we
have X (i(x)) € Ejy) = Tyi(TyN), so i* X (x) := ((Tyi) "' o X o4)(z) makes sense.
It is clearly defined on an open subset of N and is smooth in x.

(2) Let X € Xp. Then i} X € Xj0c(V;) and is ij-related to X. So by lemma (3.14)
for 7 = 1,2 we have

. GX _ax
ijoFl = FIy oij.

Now choose x; € N; such that ¢;(z1) = i2(22) = 29 € M and choose vector fields
X1,..., X, € Xg such that (Xi(zo),...,Xn(xg)) is a basis of E,,. Then

FiEY ) = (FI o o FIE) (2y)

is a smooth mapping defined near zero R® — N;. Since obviously %bfj =
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3.24 3. Vector Fields and Flows 31
P (x;) for j = 1,2, we see that f; is a diffeomorphism near 0. Finally we have
(i ot i)t ... #7) = (iy" 0 o FIF " oo o FIIY" ) ()

Lo Fle 0.0 Flf,{” oiq)(z1)
Flt% 2107,1)( 1)

= (iy
= (FI2°%
ng(tl,... ).

So iy 164, is a diffeomorphism, as required.

(3) Let N be the union of all integral manifolds containing x. Choose the union of
all the atlases of these integral manifolds as atlas for N, which is a smooth atlas
for N by 2. Note that a connected immersed submanifold of a separable manifold
is automatically separable (since it carries a Riemannian metric). O

3.23. Integrable singular distributions and singular foliations. A smooth
(singular) distribution F on a manifold M is called integrable, if each point of M is
contained in some integral manifold of E. By (3.22.3) each point is then contained
in a unique maximal integral manifold, so the maximal integral manifolds form a
partition of M. This partition is called the (singular) foliation of M induced by the
integrable (singular) distribution E, and each maximal integral manifold is called
a leaf of this foliation. If X € X then by (3.22.1) the integral curve ¢ — FI¥ (¢, z)
of X through x € M stays in the leaf through x.

Let us now consider an arbitrary subset ¥V C Xo.(M). We say that V is stable if
for all X,Y € V and for all ¢ for which it is defined the local vector field (F1,¥)*Y
is again an element of V.

If W C Xi0c(M) is an arbitrary subset, we call S(W) the set of all local vector
fields of the form (Fl,ff1 o0---0 Flfi’“)*Y for X;,Y € W. By lemma (3.14) the flow
of this vector field is

FI(FIS o+ o FIX*)*Y,t) = FIX} o--- o FI*} oF1} oFL " 0. o FI\¥

tr 7

so S(W) is the minimal stable set of local vector fields which contains W.

Now let F' be an arbitrary distribution. A local vector field X € ¥;,.(M) is called
an infinitesimal automorphism of F, if T,(FIX)(F,) C Fpix (1,5) Whenever defined.
We denote by aut(F) the set of all infinitesimal automorphisms of . By arguments
given just above, aut(F) is stable.

3.24. Lemma. Let E be a smooth distribution on a manifold M. Then the fol-
lowing conditions are equivalent:

(1) E is integrable.

(2) Xg is stable.

(3) There exists a subset W C Xjoc(M) such that S(W) spans E.

(4) aut(E)NXg spans E.
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Proof. (1) = (2). Let X € Xg and let L be the leaf through x € M, with
i: L — M the inclusion. Then F1%, 0i = i o FI' X by lemma (3.14), so we have

T, (FIX)(E,) = T(FI1X,).Ti. T, L = T(FI¥, 0i).T, L
= 70T, (FI'X) T, L
= TZ"TFl’*X(—t,a:)L = Ele(ft,m)'

This implies that (FIX)*Y € Xp for any Y € Xp.
(2) = (4). In fact (2) says that Xp C aut(E).

(4) = (3). We can choose W = aut(E) N Xg: for X,Y € W we have (FLX)*Y €
Xg;s0 W C S(W) C Xg and E is spanned by W.

(3) = (1). We have to show that each point « € M is contained in some integral
submanifold for the distribution E. Since S(W) spans E and is stable we have

(5) T(FIY).Er = Erix ;0

for each X € S(W). Let dim E, = n. There are X;,...,X,, € S(W) such that
Xi(z),..., X, (x) is a basis of E,, since F is smooth. As in the proof of (3.22.2)
we consider the mapping

f ) = (Flff1 o-- o FIXn) (),

defined and smooth near 0 in R™. Since the rank of f at 0 is n, the image under f
of a small open neighborhood of 0 is a submanifold N of M. We claim that N is
an integral manifold of E. The tangent space Ty(;1,... =)V is linearly generated by

2 (FIX 0.+ o FIN" ) (2) = T(FIX 0+ o FIVA ) X3 (FLX 0+ - 0 FI ) ()
= ((FY¥L)* - (P ) X)) (f(E . ).

Since S(W) is stable, these vectors lie in Ey). From the form of f and from (5)
we see that dim Eyy = dim Ey, so these vectors even span Fy;) and we have
TyyN = Ey) as required. [

3.25. Theorem (local structure of singular foliations). Let E be an inte-
grable (singular) distribution of a manifold M. Then for each x € M there exists
a chart (U,u) with w(U) = {y € R™ : |[y!| < € for all i} for some e > 0, and a
countable subset A C R™~™ such that for the leaf L through x we have

wUNL)={yecul): [y, . .. ,y™) e A}

Each leaf is an initial submanifold.

If furthermore the distribution E has locally constant rank, this property holds for
each leaf meeting U with the same n.
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3.27 3. Vector Fields and Flows 33

This chart (U,u) is called a distinguished chart for the (singular) distribution or
the (singular) foliation. A connected component of U N L is called a plaque.

Proof. Let L be the leaf through x, dimL = n. Let Xi,...,X,, € Xg be local
vector fields such that X;(x),..., X, (z) is a basis of E,. We choose a chart (V,v)
centered at © on M such that the vectors
X1(x),..., X, (2), 81}%“, cey %LT
form a basis of T,,M. Then
ft ™) = (FLY o o FIX)(v™1(0,...,0,6" T ... t™))
is a diffeomorphism from a neighborhood of 0 in R™ onto a neighborhood of z in
M. Let (U,u) be the chart given by f~!, suitably restricted. We have
yeL <<= (FIY' o---oFLi")(y) €L
for all 4 and all t',...,t" for which both expressions make sense. So we have
ft .. t™) € L <= f(0,...,0,t" " ... t™) € L,

and consequently L NU is the disjoint union of connected sets of the form {y € U :
(u"t(y),...,u™(y)) = constant}. Since L is a connected immersive submanifold
of M, it is second countable and only a countable set of constants can appear in
the description of u(L NU) given above. From this description it is clear that L is
an initial submanifold ((2.13)) since u(Cy(LNTU)) = w(U) N (R™ x 0).

The argument given above is valid for any leaf of dimension n meeting U, so also
the assertion for an integrable distribution of constant rank follows. [

3.26. Involutive singular distributions. A subset V C X;,.(M) is called invo-
lutive if [X,Y] € V for all X,Y € V. Here [X,Y] is defined on the intersection of
the domains of X and Y.

A smooth distribution £ on M is called involutive if there exists an involutive
subset V C X,.(M) spanning E.

For an arbitrary subset W C Xjo.(M) let L(W) be the set consisting of all local
vector fields on M which can be written as finite expressions using Lie brackets

and starting from elements of W. Clearly £(W) is the smallest involutive subset of
Xioc(M) which contains W.

3.27. Lemma. For each subset W C Xjpc(M) we have

E(W) C E(L(W)) € E(S(W)).
In particular we have E(S(W)) = E(E( W))).
Proof. We will show that for X,Y € W we have [X,Y] € Xgs(w)), for then by
induction we get LOV) C Xg(sowy) and E(LOWV)) C E(S(W)).
Let « € M; since by (3.24) E(S(W)) is integrable, we can choose the leaf L through
x, with the inclusion 7. Then ¢*X is i-related to X, i*Y is i-related to Y, thus

by (3.10) the local vector field [i*X,i*Y] € Xjo(L) is i-related to [X,Y], and
[X,Y](z) € E(S(W))g, as required. O
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3.28. Theorem. LetV C Xj,.(M) be an involutive subset. Then the distribution
E(V) spanned by V is integrable under each of the following conditions.

(
(

1) M s real analytic and V consists of real analytic vector fields.
2) The dimension of E(V) is constant along all flow lines of vector fields in V.

Proof. (1). For XY € V we have %(Fltx)*Y = (FI)*LxY, consequently
;; (FIX)*Y = (FIX)*(Lx)*Y, and since everything is real analytic we get for

x € M and small ¢

k
(FI)Y Zk, dtk\ (FIX)Y (1) = 30 (L8 (2.

k>0 k>0

Since V is involutive, all (£x)*Y € V. Therefore we get (FIX)*Y (z) € E(V), for
small t. By the flow property of FI¥ the set of all ¢ satisfying (F1X)*Y (z) € E(V),
is open and closed, so it follows that (3.24.2) is satisfied and thus E(V) is integrable.

(2). We choose X;,...,X,, € V such that X;(z),...,X,(x) is a basis of E(V),.
For any X € V, by hypothesis, E(V)px ;) has also dimension n and admits the
vectors X1 (F1*(t,z)),..., X, (FI* (t,z)) as basis, for small t. So there are smooth
functions f;;(t) such that

(X, X:](F1X (¢, ) Zf” X;(FI¥ (¢, x)).
ATFX). X (FI¥ (t,2)) = T(Fl)ft).[X, X)) (F1¥ (t,2)) =

fi; OT(FIX,). X, (FIX (¢, x)).

Il

1

J

So the T, M-valued functions g;(t) = T(F1*,).X;(FI*(t,z)) satisfy the linear or-
dinary differential equation %gi(t) = Z?:l fij(t)g;(t) and have initial values in
the linear subspace E(V);, so they have values in it for all small ¢. Therefore
T(Fli(t)E(V)FIX(t’x) C E(V), for small ¢t. Using compact time intervals and the
flow property one sees that condition (3.24.2) is satisfied and E(V) is integrable. [

3.29. Examples. (1) The singular distribution spanned by W C Xj0c(R?) is
involutive, but not integrable, Where W consists of all global vector fields with
support in R?\ {0} and the field 2; the leaf through 0 should have dimension 1
at 0 and dimension 2 elsewhere.

(2) The singular distribution on R? spanned by the vector fields X (z!,z%) = 32
and Y (2!, 2%) = f(2')52 where f : R — R is a smooth function with f(z!) =
for ! < 0 and f(x') > 0 for 2! > 0, is involutive, but not integrable. Any leaf
should pass (0,22%) tangentially to %, should have dimension 1 for 2! < 0 and
should have dimension 2 for 2 > 0.
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3.30. By a time dependent vector field on a manifold M we mean a smooth mapping
X :Jx M — TM with mp; o X = pry, where J is an open interval. An integral
curve of X is a smooth curve ¢ : I — M with ¢(t) = X (¢, ¢(t)) for all ¢t € I, where
I is a subinterval of J.

There is an associated vector field X € X(Jx M), given by X (t,z) = (&, X (t,2)) €
TtR X TIM

By the evolution operator of X we mean the mapping ®X : Jx Jx M — M, defined
in a maximal open neighborhood of A; x M (where A is the diagonal of J) and
satisfying the differential equation

{ %(I)X(t, s,7) = X(t, 2% (t,s,2))

X (s,s,x) = .

It is easily seen that (t, ®X(t,s,2)) = le(t —s,(s,2)), so the maximally defined
evolution operator exists and is unique, and it satisfies

X _ X X
Qi =P, 0P

whenever one side makes sense (with the restrictions of (3.7)), where ® (z) =
D(t, s, ).

Examples and Exercises

3.31. Compute the flow of the vector field &y(x,y) := —y% + 1;8% in R%2. Draw
the flow lines. Is this a global flow?

3.32. Compute the flow of the vector field & (x, y) := y% in R2. Is it a global flow?
z2 9

Answer the same questions for & (z,y) := T 5~ Now compute [€1,&2] and investi-
gate its flow. This time it is not global! In fact, FZFI’&’] (z,y) = (2«2@@1‘,’ 4(te + 2)2).

Investigate the flow of & + &. It is not global either! Thus the set of complete
vector fields on R? is neither a vector space nor closed under the Lie bracket.

3.33. Driving a car. The phase space consists of all (z,y,0,¢) € R? x S x
(—=m/4,7/4), where

(z,y) ... position of the midpoint of the rear axle,
0 ...direction of the car axle,

¢ ...steering angle of the front wheels.

Draft from April 18, 2007 Peter W. Michor,



36 Chapter I. Manifolds and Vector Fields 3.34

There are two ‘control’ vector fields:

steer = 8%5
drive = cos(@)% + sin(@)% + tan(¢)%% (why?)
Compute [steer, drive] =: park (why?) and [drive, park], and interpret the results.

Is it not convenient that the two control vector fields do not span an integrable
distribution?

3.34. Describe the Lie algebra of all vectorfields on S in terms of Fourier expan-
sion. This is nearly (up to a central extension) the Virasoro algebra of theoretical
physics.
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CHAPTER 11
Lie Groups and Group Actions

4. Lie Groups I

4.1. Definition. A Lie group G is a smooth manifold and a group such that the
multiplication p : G x G — G is smooth. We shall see in a moment, that then also
the inversion v : G — G turns out to be smooth.

We shall use the following notation:

u: G x G — G, multiplication, p(x,y) = z.y.
te : G — G, left translation, u,(z) = a.x.

u® . G — G, right translation, pu*(z) = z.a.
v:G — G, inversion, v(r) = 271

e € (G, the unit element.

Then we have fiq 0 iy = fa.p, p@0 p° = pb, pgt = g1, (u) "1 = po ", ooy =
ppopu®. If o : G — H is a smooth homomorphism between Lie groups, then we also
have @ o i = fiy(a) 0, po U = u?(@ o, thus also T. T, = Tpp(ay-Tp, ete. So
T, is injective (surjective) if and only if Ty, is injective (surjective) for all a € G.

4.2. Lemma. T,y : T,G x TyG — TG is given by

Ttapypt-(Xa, o) = Ta(1")-Xa + Ty(pta)-Yo-
Proof. Let ri, : G — G x G, ris(x) = (a,z) be the right insertion and let I3 :
G — G x G, liy(z) = (z,b) be the left insertion. Then we have

Tapypt-(Xa, Yo) = Tiapyp-(Ta(lip) Xo + Tp(ria).Yp) =
= To(poliy).Xo + Ty(porig).Yy = Tu(ub). Xo + Tp(pta). Y. O

4.3. Corollary. The inversion v: G — G is smooth and

-1 -1

Tov = =Te(p* ) Ta(pa—) = =Te(pa—1) Ta(pn” ).

Proof. The equation u(x,v(z)) = e determines v implicitly. Since T.(u(e, )) =
T.(ne) = Id, the mapping v is smooth in a neighborhood of e by the implicit
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1,-1 a~?!

function theorem. From (v o p,)(z) =z '.a™ = (u*  ov)(x) we may conclude
that v is everywhere smooth. Now we differentiate the equation p(a, v(a)) = e; this

gives in turn

—1
0c = Tia,a-1)l-(Xa, Tav. Xo) = Ta(p ). Xa + To-1(pta) Tov. X,
—1 ot ot
TovXe=—Te(ua) " To(pu® )Xo =-Te(pg-1)Ta(p* )X, O

4.4. Example. The general linear group GL(n,R) is the group of all invertible
real n X n-matrices. It is an open subset of L(R™,R™), given by det # 0 and a Lie
group.

Similarly GL(n,C), the group of invertible complex n x n-matrices, is a Lie group;
also GL(n,H), the group of all invertible quaternionic n X m-matrices, is a Lie
group, since it is open in the real Banach algebra Ly(H", H") as a glance at the
von Neumann series shows; but the quaternionic determinant is a more subtle
instrument here.

4.5. Example. The orthogonal group O(n,R) is the group of all linear isometries
of (R™,( , 1)), where { , ) is the standard positive definite inner product on
R™. The special orthogonal group SO(n,R) := {4 € O(n,R) : det A = 1} is open
in O(n,R), since we have the disjoint union

O(n,R) = S0(n, R) L (‘1 0 ) SO(n,R),
0 Hn—l

where I}, is short for the identity matrix Idgr. We claim that O(n,R) and SO(n,R)
are submanifolds of L(R",R™). For that we consider the mapping f : L(R",R") —
L(R™,R"), given by f(A) = A.A'. Then O(n,R) = f~1(I,); so O(n,R) is closed.
Since it is also bounded, O(n,R) is compact. We have df (4).X = X.A! + A. X1
so kerdf(L,,) = {X : X + X' = 0} is the space o(n,R) of all skew symmetric
n X n-matrices. Note that dimo(n,R) = 1(n — 1)n. If A is invertible, we get
kerdf(A) = {Y : YA+ AY! = 0} = {V : Y.A" € o(n,R)} = o(n,R).(A71)"
The mapping f takes values in Lgy, (R™, R™), the space of all symmetric n x n-
matrices, and dimker df (A4) + dim Ly, (R", R") = L(n — 1)n+ in(n+1) =n? =
dim L(R™,R™), so f : GL(n,R) — Lgym(R™,R™) is a submersion. Since obviously
f4L,) € GL(n,R), we conclude from (1.12) that O(n,R) is a submanifold of
GL(n,R). It is also a Lie group, since the group operations are smooth as the
restrictions of the ones from GL(n,R).

4.6. Example. The special linear group SL(n,R) is the group of all n x n-matrices
of determinant 1. The function det : L(R™,R™) — R is smooth and ddet(A)X =
trace(C(A).X), where C(A)%, the cofactor of AJ | is the determinant of the matrix,
which results from putting 1 instead of Az into A and 0 in the rest of the j-th row
and the é-th column of A. We recall Cramers rule C(A).A = A.C(A) = det(A).1,.
So if C(A) # 0 (i.e. rank(A) > n — 1) then the linear functional df(A) is non zero.
So det : GL(n,R) — R is a submersion and SL(n,R) = (det)~!(1) is a manifold and
a Lie group of dimension n? — 1. Note finally that Ty, SL(n,R) = ker ddet(L,) =
{X :trace(X) = 0}. This space of traceless matrices is usually called sl(n, R).
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4.7. Example. The symplectic group Sp(n,R) is the group of all 2n x 2n-matrices
A such that w(Ax, Ay) = w(z,y) for all x,y € R*" where w is a (the standard) non
degenerate skew symmetric bilinear form on R?".

Such a form exists on a vector space if and only if the dimension is even, and on
R™ x (R™)* the form w((x,z*), (y,y*)) = (z,y*) — (y, z*) (where we use the duality
pairing), in coordinates w((z?)?",, (yj)?’;l) = > (afy"Tt — 2"y is such a
form. Any symplectic form on R?" looks like that after choosing a suitable basis.
Let (e;)?", be the standard basis in R?". Then we have

e = (g 5 )=

and the matrix J satisfies J* = —.J, J? = —Iy,, J(Z) = (¥) in R™ x R™, and

x
w(z,y) = (z,Jy) in terms of the standard inner product on R?".

For A € L(R?",R?") we have w(Az, Ay) = (Az, JAy) = (v, A'JAy). Thus A €
Sp(n,R) if and only if A*JA = J.

We consider now the mapping f : L(R?*",R?") — L(R?" R?") given by f(A) =
A'JA. Then f(A)! = (A'JA) = —A'JA = —f(A), so f takes values in the space
0(2n,R) of skew symmetric matrices. We have df(A)X = X'JA + A'JX, and
therefore

ker df (Io,,) = {X € L(R*,R*") : X' J + JX =0}
={X : JX is symmetric} =: sp(n, R).

We see that dimsp(n,R) = % = (*"1). Furthermore kerdf(4) = {X :
XtJA+ A'JX = 0} and the mapping X — A'JX is an isomorphism ker df (4) —
Lgym (R* R?™), if A is invertible. Thus dimkerdf(A) = (2";1) for all A €
GL(2n,R). If f(A) = J, then A*'JA = J, so A has rank 2n and is invertible, and we
have dim ker df(A) + dimo(2n,R) = (*%1) 4+ 222021 — 4p2 — dim L(R?>", R?").
So f : GL(2n,R) — o(2n,R) is a submersion and f~!(J) = Sp(n,R) is a manifold
and a Lie group. It is the symmetry group of ‘classical mechanics’.

4.8. Example. The complex general linear group GL(n,C) of all invertible com-
plex n x n-matrices is open in L¢(C™, C™), so it is a real Lie group of real dimension
2n?; it is also a complex Lie group of complex dimension n?. The complex special
linear group SL(n,C) of all matrices of determinant 1 is a submanifold of GL(n,C)
of complex codimension 1 (or real codimension 2).

The complex orthogonal group O(n,C) is the set
{A € L(C",C") : g(Az, Aw) = g(z,w) for all z,w},

where g(z,w) = >, z'w’. This is a complex Lie group of complex dimension
w, and it is not compact. Since O(n,C) = {A : A'A = 1,,}, we have 1 =
detc(l,) = detc(A'A) = detc(A)?, so detc(A) = +£1. Thus SO(n,C) := {A €
O(n,C) : detc(A) = 1} is an open subgroup of index 2 in O(n, C).

Draft from April 18, 2007 Peter W. Michor,



40 Chapter II. Lie Groups and Group Actions 4.10

The group Sp(n,C) = {A € Lc(C?*,C?") : A'JA = J} is also a complex Lie group
of complex dimension n(2n + 1).

The groups treated here are the classical complex Lie groups. The groups SL(n,C)
forn > 2, SO(n,C) for n > 3, Sp(n,C) for n > 4, and five more exceptional groups
exhaust all simple complex Lie groups up to coverings.

4.9. Example. Let C" be equipped with the standard hermitian inner product
(z,w) = >i, Z'w’. The unitary group U(n) consists of all complex n x n-matrices
A such that (Az, Aw) = (z,w) for all z, w holds, or equivalently U(n) = {A :
A*A =1,}, where A* = A"

We consider the mapping f : L¢(C™?,C") — L¢(C™,C™), given by f(A) = A*A.
Then f is smooth but not holomorphic. Its derivative is df (4)X = X*A + A* X,
so kerdf(I,) = {X : X*4+ X = 0} =: u(n), the space of all skew hermitian
matrices. We have dimg u(n) = n?. As above we may check that f : GL(n,C) —
Lperm(C™,C") is a submersion, so U(n) = f~1(L,) is a compact real Lie group of

dimension n?2.

The special unitary group is SU(n) = U(n) N SL(n,C). For A € U(n) we have
|detc(A)| = 1, thus dimg SU(n) = n? — 1.

4.10. Example. The group Sp(n). Let H be the division algebra of quaternions.
We will use the following description of quaternions: Let (R3 ( | ), A) be the
oriented Euclidean space of dimension 3, where A is a determinant function with
value 1 on a positive oriented orthonormal basis. The vector product on R? is then
given by (X x Y, Z) = A(X,Y,Z). Now we let H := R3 x R, equipped with the
following product:

(X,s)(Y, 1) := (X xY +sY +tX,st — (X,Y)).

Now we take a positively oriented orthonormal basis of R3, call it (i, 7, k), and
indentify (0,1) with 1. Then the last formula implies visibly the usual product
rules for the basis (1,1, 7, k) of the quaternions.

The group Sp(1) := % C H = R* is then the group of unit quaternions, obviously
a Lie group.

Now let V' be a right vector space over H. Since H is not commutative, we have
to distinguish between left and right vector spaces and we choose right ones as
basic, so that matrices can multiply from the left. By choosing a basis we get
V =R"@gH =H". For u = (u'), v = (v) € H" we put (u,v) :== > i, u'v’. Then
( , ) is R-bilinear and (ua,vdb) = a(u, v)b for a,b € H.

An R linear mapping A : V — V is called H-linear or quaternionically linear
if A(ua) = A(u)a holds. The space of all such mappings shall be denoted by
Ly (V,V). Tt is real isomorphic to the space of all quaternionic n X n-matrices with
the usual multiplication, since for the standard basis (e;)?_; in V = H" we have
Alu) = A(X; eu’) = 32, Aled)u’ = 32, ejAJut. Note that Lg(V,V) is only a real
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vector space, if V' is a right quaternionic vector space - any further structure must
come from a second (left) quaternionic vector space structure on V.

GL(n,H), the group of invertible H-linear mappings of H", is a Lie group, because
it is GL(4n,R) N Ly (H™,H™), open in Ly (H™, H™).

A quaternionically linear mapping A is called isometric or quaternionically unitary,
if (A(u),A(v)) = (u,v) for all u,v € H". We denote by Sp(n) the group of all
quaternionic isometries of H", the quaternionic unitary group. The reason for its
name is that Sp(n) = Sp(n,C) N U(2n), since we can decompose the quaternionic
hermitian form ( , ) into a complex hermitian one and a complex symplectic
one. Also we have Sp(n) C O(4n,R), since the real part of ( , ) is a positive
definite real inner product. For A € Ly(H", H") we put A* := A'. Then we have
(u, A(v)) = (A*(u),v), so (A(u), A(v)) = (A*A(u),v). Thus A € Sp(n) if and only
if A*A = Id.

Again f: Ly(H",H") — Ly perm (H", H") = {A : A* = A}, given by f(A) = A*A,
is a smooth mapping with df(A)X = X*A 4+ A*X. So we have kerdf(Id) = {X :
X* = =X} =: sp(n), the space of quaternionic skew hermitian matrices. The
usual proof shows that f has maximal rank on GL(n,H), so Sp(n) = f~(Id) is a
compact real Lie group of dimension 2n(n — 1) + 3n.

The groups SO(n,R) for n > 3, SU(n) for n > 2, Sp(n) for n > 2 and the real
forms of the five exceptional complex Lie groups exhaust all simple compact Lie
groups up to coverings.

4.11. Invariant vector fields and Lie algebras. Let G be a (real) Lie group.
A vector field € on G is called left invariant, if pué = € for all a € G, where
i€ =T (pg-1)0&ou, as in section 3. Since by (3.11) we have [, n] = [pig, uin),
the space X1 (G) of all left invariant vector fields on G is closed under the Lie
bracket, so it is a sub Lie algebra of X(G). Any left invariant vector field ¢ is
uniquely determined by &(e) € T.G, since £(a) = T (uq)-£(e). Thus the Lie algebra
XL(G) of left invariant vector fields is linearly isomorphic to T.G, and on T.G
the Lie bracket on X1 (G) induces a Lie algebra structure, whose bracket is again
denoted by [ , ]. This Lie algebra will be denoted as usual by g, sometimes by
Lie(G).

We will also give a name to the isomorphism with the space of left invariant vec-
tor fields: L : g — XL(G), X — Lx, where Lx(a) = Tepq.X. Thus [X,Y] =
[LX7 Ly} (6)

A vector field  on G is called right invariant, if (u®)*n =n for all a € G. If £ is left
invariant, then v*¢ is right invariant, since vou® = p,-1 ov implies that (u®)*v*¢ =
(vopu*)*¢ = (g—1 o V)*€ = v*(ug—1)*¢ = v*¢. The right invariant vector fields
form a sub Lie algebra Xr(G) of X(G), which is again linearly isomorphic to T.G
and induces also a Lie algebra structure on T.G. Since v* : X1(G) — Xg(G) is an
isomorphism of Lie algebras by (3.11), Tev = —Id : T.G — T.G is an isomorphism
between the two Lie algebra structures. We will denote by R : g = T.G — Xg(G)
the isomorphism discussed, which is given by Rx(a) = T.(p*).X.
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4.12. Lemma. If Lx is a left invariant vector field and Ry is a right invariant
one, then [Lx, Ry] = 0. Thus the flows of Lx and Ry commute.

Proof. We consider the vector field 0 x Lx € X(G x G), given by (0 x Lx)(a,b) =
(Oa, Lx(b)) Then T(a’b)p,.(oa, Lx(b)) = Taub.Oa +Tbﬂa-LX(b) = Lx(ab), so 0 x LX
is p-related to Lx. Likewise Ry x0 is u-related to Ry. But then 0 = [0x Lx, Ry x0]
is p-related to [Lx, Ry] by (3.10). Since p is surjective, [Lx, Ry] = 0 follows. O

4.13. Lemma. Let ¢ : G — H be a smooth homomorphism of Lie groups.
Then ' :=Tep :g=T.G — b =T.H is a Lie algebra homomorphism.

Later, in (4.21), we shall see that any continuous homomorphism between Lie groups
is automatically smooth.

Proof. For X € g and x € G we have

Top.Lx(x) =TppTepe. X =Te(popy).X
= Te(,u'(p(w) © (p).X = Te(ﬂ'tp(w))'TeQD'X = L@’(X)(@(‘r))'

So Lx is p-related to Ly (x). By (3.10) the field [Lx, Ly] = Lix y] is ¢-related to

[LLPI(X)7L<’0/(Y)} = L[W’(X)a@/(y)}' So we have T(p ] L[X,Y] = L[W(X)#P’(Y)] o . If we
evaluate this at e the result follows. [

Now we will determine the Lie algebras of all the examples given above.

4.14. For the Lie group GL(n,R) we have T,GL(n,R) = L(R",R") =: gl(n,R)
and T GL(n,R) = GL(n,R) x L(R™,R™) by the affine structure of the surrounding
vector space. For A € GL(n,R) we have pus(B) = A.B, so p4 extends to a linear
isomorphism of L(R™,R"™), and for (B, X) € T GL(n,R) we get Tp(ua).(B,X) =
(A.B,A.X). So the left invariant vector field Lx € Xr(GL(n,R)) is given by
Lx(A) = Tu(a) X = (4, A.X).

Let f: GL(n,R) — R be the restriction of a linear functional on L(R™,R™). Then
we have Lx (f)(A) = df(A)(Lx(4)) = df (A)(A.X) = f(A.X), which we may write
as Lx(f) = f( .X). Therefore

Lixy)(f) = [Lx, Ly|(f) = Lx(Ly (f)) = Ly (Lx (f))
—Lx(f( V)~ Ly(F( X)) = XY)—f( V)
=f( (XY -YX))=Lxy-yx(f)

So the Lie bracket on gl(n,R) = L(R™,R") is given by [X,Y] = XY — Y X, the
usual commutator.

4.15. Example. Let V be a vector space. Then (V,+) is a Lie group, TV =V
is its Lie algebra, TV =V x V| left translation is p,(w) = v+ w, Ty, (iy).(w, X) =
(v+w,X). So Lx(v) = (v, X), a constant vector field. Thus the Lie bracket is 0.
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4.16. Example. The special linear group is SL(n,R) = det (1) and its Lie al-
gebra is given by T,SL(n,R) = kerddet(I) = {X € L(R",R") : trace X = 0} =
sl(n,R) by (4.6). The injection ¢ : SL(n,R) — GL(n,R) is a smooth homomor-
phism of Lie groups, so Ti = i’ : sl(n,R) — gl(n,R) is an injective homomorphism
of Lie algebras. Thus the Lie bracket is given by [X,Y] = XY — Y X.

The same argument gives the commutator as the Lie bracket in all other examples
we have treated. We have already determined the Lie algebras as T.G.

4.17. One parameter subgroups. Let G be a Lie group with Lie algebra g. A
one parameter subgroup of G is a Lie group homomorphism « : (R,+) — G, i.e. a
smooth curve a in G with a(s +t) = a(s).a(t), and hence a(0) = e.

Lemma. Let a: R — G be a smooth curve with a(0) = e. Let X € g. Then the
following assertions are equivalent.

(1) « is a one parameter subgroup with X = %’0 ot

(2) «ft) = FIEX(t,e) for all t.

(3) aft) = FIRX (t,e) for all t.

4) .ot , or =™ forallt .

(4) ma(t) =FI"(t,2) , or FI;* = pu*®), for all

5) a(t).r = t,x) , or = Ua(t), Jor all t.
_ piPx Flfx (1), for all

Proof. (1) = (4). We have xa(t) = %|0x.a(t—|—s) = 4|z

ds
%|0Nm.a(t)a(5) = Te(.uw.oc(t)) s|00£( ) = Te(:u%a(t))'X = LX('TQ(
ness of solutions we get z.a(t) = F1X¥ (¢, z).

(4) = (2). This is clear.
(2) = (1). We have

aft).a(s) =

0T
)). By unique-

fat)a(s) = & (tan(s)) = T(kar)) gza(s)
= T(pa@)Lx(a(s)) = Lx (a(t)a(s))
and a(t)a(0) = aft). So we get a(t)a(s) = FIX¥(s,a(t)) = FIEXFIFx(e) =
FI“*(t + s,e) = a(t + s).
(4) <= (5). We have F1"¢ = u=1 o FI¢ ov by (3.14). Therefore we have by (4.11)

(Flfx (33*1))71 — (l/ o Fl?x OV)(J;) _ Flty*Rx (x)
= FIX¥ () = z.a(—1).

So FIf** (z71) = a(t).z~ !, and FI[** (y) = a(t).y.
(5) = (3) = (1) can be shown in a similar way. O

An immediate consequence of the foregoing lemma is that left invariant and right
invariant vector fields on a Lie group are always complete, so they have global flows,
because a locally defined one parameter group can always be extended to a globally
defined one by multiplying it up.

Draft from April 18, 2007 Peter W. Michor,



44 Chapter II. Lie Groups and Group Actions 4.21

4.18. Definition. The exponential mapping exp : ¢ — G of a Lie group is defined
by
exp X = FIE¥(1,e) = F17%(1,e) = ax (1),

where ax is the one parameter subgroup of G with ax(0) = X.

Theorem.

(1) exp: g — G is smooth.

(2) exp(tX) = F1¥* (t,e).

(3) FIX*(t,2) = 2. exp(tX).

(4) FI7% (¢, 2) = exp(tX).x.

(5) exp(0) = e and Tyexp = Id : Tog = g — T.G = g, thus exp is a diffeomor-
phism from a neighborhood of 0 in g onto a neighborhood of e in G.

Proof. (1) Let 0 x L € X¥(g x G) be given by (0 x L)(X,z) = (0x, Lx(x)). Then
pra F1I2%E (¢ (X, €)) = ax(t) is smooth in (¢, X).

(2) exp(tX) = FI"EX (1, e) = FI** (¢, €) = ax(t).

(3) and (4) follow from lemma (4.17).

(5) Toexp.X = Llgexp(0 +t.X) = |, F1** (t,e) = X. O

4.19. Remark. If G is connected and U C g is open with 0 € U, then the group
generated by exp(U) equals G.

For this group is a subgroup of G containing some open neighborhood of e, so it
is open. The complement in G is also open (as union of the other cosets), so this
subgroup is open and closed. Since G is connected, it coincides with G.

If G is not connected, then the subgroup generated by exp(U) is the connected
component of e in G.

4.20. Remark. Let ¢ : G — H be a smooth homomorphism of Lie groups. Then
the diagram

/

P

g——h

expGJ Jepo
G—2 .|
commutes, since t — o(exp®(tX)) is a one parameter subgroup of H which satisfies
%\ocp(expc tX) = ¢'(X), so p(exp? tX) = exp® (t¢' (X)).

If G is connected and ¢,v : G — H are homomorphisms of Lie groups with
¢ =1 1 g — b, then ¢ = 1). For ¢ = 1) on the subgroup generated by exp® g
which equals G by (4.19).

4.21. Theorem. A continuous homomorphism ¢ : G — H between Lie groups
is smooth. In particular a topological group can carry at most one compatible Lie
group structure.
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Proof. Let first ¢ = o : (R,4+) — G be a continuous one parameter subgroup.
Then a(—e,e) C exp(U), where U is an absolutely convex (i.e., t1x1 + toxs € U
for all |t;| < 1 and z; € U) open neighborhood of 0 in g such that exp | 2U is a
diffeomorphism, for some ¢ > 0. Put 8 := (exp | 2U) toa: (—¢,&) — g. Then for
|t] < & we have exp(26(t)) = exp(B(t))* = a(t)® = a(2t) = exp(B(2t)), so 26(t) =
B(2t); thus B() = 36(s) for |s| < e. So we have a($) = exp(3(%)) = exp(3(s))
for all |s| < & and by recursion we get a(z%) = exp(5:/3(s)) for n € N and in turn
a(2ss) = a(g)k = exp(558(s))F = exp(4(s)) for k € Z. Since the 3% for k € Z
and n € N are dense in R and since « is continuous we get a(ts) = exp(t3(s)) for
all t € R. So « is smooth.

Now let ¢ : G — H be a continuous homomorphism. Let Xj,...,X,, be a linear
basis of g. We define ¢ : R® — G by ¥(t!,... ,t") = exp(t'Xy) - exp(t"X,,).
Then Ty is invertible, so 1 is a diffeomorphism near 0. Sometimes =1 is called
a coordinate system of the second kind. t +— ¢(exp®tX;) is a continuous one
parameter subgroup of H, so it is smooth by the first part of the proof.

We have (@ o)(t!,... ,t") = (pexp(t' X1)) - -+ (pexp(t" X,,)), so ¢ o1 is smooth.
Thus ¢ is smooth near e € G and consequently everywhere on G. [

4.22. Theorem. Let G and H be Lie groups (G separable is essential here), and let
@ : G — H be a continuous bijective homomorphism. Then ¢ is a diffeomorphism.

Proof. Our first aim is to show that ¢ is a homeomorphism. Let V' be an open
e-neighborhood in G, and let K be a compact e-neighborhood in G such that
K.K=! C V. Since G is separable there is a sequence (a;);eny in G such that
G = Ufil a;. K. Since H is locally compact, it is a Baire space (i.e., V; open
and dense for ¢ € N implies (| V; dense). The set ¢(a;)p(K) is compact, thus
closed. Since H = |J, ¢(a;).¢(K), there is some 4 such that ¢(a;)¢(K) has non
empty interior, so ¢(K) has non empty interior. Choose b € G such that ¢(b)
is an interior point of ¢(K) in H. Then ey = ¢(b)p(b~1!) is an interior point of
©(K)p(K=1) C o(V). So if U is open in G and a € U, then ey is an interior point
of p(a=tU), so ¢(a) is in the interior of p(U). Thus ¢(U) is open in H, and ¢ is a
homeomorphism.

Now by (4.21) ¢ and ¢~ ! are smooth. [J

4.23. Examples. We first describe the exponential mapping of the general linear
group GL(n,R). Let X € gl(n,R) = L(R™,R™), then the left invariant vector field
is given by Lx(A) = (4, A.X) € GL(n,R) x gl(n,R) and the one parameter group
ax(t) = FI¥*(¢,1) is given by the differential equation Lay(t) = Lx(ax(t) =
ax (t).X, with initial condition ax (0) = I. But the unique solution of this equation
isax(t)=e* =377, %Xk So

eXpGL(n,JR) (X) =eX = Z;o:o % XE.

If n = 1 we get the usual exponential mapping of one real variable. For all Lie
subgroups of GL(n,R), the exponential mapping is given by the same formula
exp(X) = e this follows from (4.20).
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4.24. The adjoint representation. A representation of a Lie group G on a
finite dimensional vector space V (real or complex) is a homomorphism p : G —
GL(V) of Lie groups. Then by (4.13) p’ : g — gl(V) = L(V,V) is a Lie algebra

homomorphism.

For a € G we define conj, : G — G by conj,(z) = axa™!. It is called the conjugation
or the inner automorphism by a € G. We have conj,(xy) = conj,(x) conj,(y),
conj,, = conj, o conj,, and conj is smooth in all variables.

Next we define for a € G the mapping Ad(a) = (conj,)’ = Te(conj,) : g —
g. By (4.13) Ad(a) is a Lie algebra homomorphism, so we have Ad(a)[X,Y] =
[Ad(a)X,Ad(a)Y]. Furthermore Ad : G — GL(g) is a representation, called the
adjoint representation of G, since

Ad(ab) = T,(conj,;,) = Te(conj, o conj,)
= T.(conj,) o T.(conj,) = Ad(a) o Ad(b).

—1

The relations Ad(a) = Te(conj,) = To(pu® ).Te(pta) = Ta71(ua).Te(/ﬂ71) will be

used later.
Finally we define the (lower case) adjoint representation of the Lie algebra g, ad :
g — gl(g) = L(g. 9), by ad := Ad' = T, Ad.

Lemma.

(1) Lx(a) = Raqea)x(a) for X € ganda € G.
(2) ad(X)Y = [X,Y] for X,Y € g.

Proof. (1) Lx(a)="Tc(pa)-X = Te(ﬂa)~TE(ﬂa_l 0 ta)-X = Rad(a)x ().
(2) Let Xi,...,X, be a linear basis of g and fix X € g. Then Ad(z)X =
Yo fi(z).X; for f; € C*°(G,R) and we have in turn

Ad(YV)X = Te(Ad( )X)Y = d(Ad( )X)[Y =d(X fiX)]Y
=2 dfile(Y)X; = > Ly (fi)(e)-Xi.

Lx(z) = Raa)x () = RO fi(2) X3)(x) = ) fi(z).Rx,(z) by (1).

[V, X] = [Ly, Lx](e) = X Ly (f)(€)-Rx, (€) = Ad'(Y)X = ad(¥)X. O
4.25. Corollary. From (4.20) and (4.23) we have

Adoexp® = exp®t® o ad
Ad(exp®X)Y = i & (ad X)FY =2 Xy
k=0
=Y + [X, Y]+ 5 [X, [ X, Y]] + 5 [X, [X, [ X, Y]] + - -

so that also ad(X) = %’OAd(eXp(tX)).
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4.26. The right logarithmic derivative. Let M be a manifold and let f :
M — G be a smooth mapping into a Lie group G with Lie algebra g. We define
the mapping 6 f : TM — g by the formula 6 f (&) := Ty(a) (Mf(x)fl).wa.«fw. Then
§f is a g-valued 1-form on M, §f € QY(M,g), as we will write later. We call 0 f
the right logarithmic derivative of f, since for f : R — (R™,-) we have §f(z).1 =

L& = (logof)' ().

Lemma. Let f,g: M — G be smooth. Then we have

6(f.9)(x) = 0f(x) + Ad(f(x)).0g(x).

Proof.

1

3(f9)(@) = T(pe™ IO 1, (f.g)

(W) T )T ) gt (T f. Teg)

(uf @~ 1) T ()" 1) ( (u 9(“)).Tzf+T(Mf(z))-ng>
of () + Ad(f(x)).dg(z). O

T
T

Remark. The left logarithmic derivative §'%f € Q'(M,g) of a smooth mapping
f: M — G is given by dlftf¢, = Tr(zy(tg(zy—1) Tef €. The corresponding
Leibnitz rule for it is uglier that that for the right logarithmic derivative:

3" (fg)(x) = 8" g(x) + Ad(g(z)~1)8"™" f(x).

The form §'**(Idg) € QY(G,g) is also called the Maurer-Cartan form of the Lie
group G.

z
we have

4.27. Lemma. Forexp:g— G and for g(z) :=

8(exp)(X) = T(u™* ) Tx exp = Y by (ad X)P = g(ad X).

p=0

Proof. We put M(X) = §(exp)(X) : g — g. Then

(s + )M ((s + 1) X) = (s + t)d(exp)((s + 1) X)
=d(exp((s+1t) ))X Dby the chain rule,
=d(exp(s ).exp(t )).X

=d(exp(s )).X + Ad(exp(sX)).0(exp(t )).X by 4.26,
= s5.0(exp)(sX) + Ad(exp(sX)).t.0(exp)(tX)

=s.M(sX)+ Ad(exp(sX)).t.M(tX).

exp(s
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Next we put N(t) := t.M(tX) € L(g,g), then we obtain N(s +t) = N(s) +
Ad(exp(sX)).N(t). We fix t, apply |y, and get N'(t) = N'(0) + ad(X).N(¢),
where N'(0) = M(0) + 0 = d(exp)(0) = Idy. So we have the differential equation
N'(t) = Idg + ad(X).N(t) in L(g,g) with initial condition N(0) = 0. The unique
solution is

oo
)=ty A, and so

§(exp)(X) = M(X =Y Gy ad(X)P. O
p=0

4.28. Corollary. T'x exp is bijective if and only if no eigenvalue of ad(X) : g — g
is of the form /=12kn for k € Z \ {0}.

Proof. The zeros of g(z) = <=1 are exactly z = 2kry/—1 for k € Z\ {0}. The
linear mapping Tx exp is bijective if and only if no eigenvalue of g(ad(X)) =
T(uP=X)) Tx exp is 0. But the eigenvalues of g(ad(X)) are the images under
g of the eigenvalues of ad(X). O

4.29. Theorem. The Baker-Campbell-Hausdorff formula.
Let G be a Lie group with Lie algebra g. For complexr z near 1 we consider the

function f(z) := % = n>0 ('r_Hl»)ln (z—1)".

Then for X, Y near 0 in g we have exp X.expY = exp C(X,Y), where

1
C(X,Y)= Y+/ flet2dX e2dY) Xt
0

(=" /1 t* k e
—X+Y L (adX)*adY)') X dt
YD T o k;()k!ﬂ (ad X)*(ad )
kri>1

—Xtv ey (-1 > (ad X)k1(ad Y)* ... (ad X)*» (ad YV)%n

= n+ 1 kT 0 (k14 +kn+ Dkl k1) 0]
él enZO
ki+4;>

HL>1
= X +V + 5[]+ 55 (X [X Y]] = [V [, X)) +
Proof. Let C(X,Y) :=exp !(exp X.expY) for X, Y near 0 in g, and let C(¢) :=
C(tX,Y). Then by (4.27) we have

T(pP= ) & (exp O(t)) = §(expoC)(1).1 = §exp(C(t)).C(t)
= ko g (ad C(1)FC(1) = glad C(1).C(0),
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where g(z) = ez L Zk>0(kZTk1)!. We have expC(t) = exp(tX)expY and

exp(—C(t)) = exp(C(t)) ! = exp(—Y) exp(—tX), therefore
TP A (exp O(1)) = T(uP ) *P) A fexp(1X) exp V)
— T(uEP O (T (Y ) & exp(tX)
= T(u=P ) Ry (exp(tX)) = X, by (4.18.4) and (4.11).
X = g(ad C(t)).C(t).
e €M = Ad(exp C(t)) by (4.25)
= Ad(exp(tX)expY) = Ad(exp(tX)). Ad(expY)

— ead(tX).eadY — et.ad X.ead Y.

If X, Y, and t are small enough we get ad C(t) = log(e* #d X.e2d Y where log(z) =
dinz1 (D™ (2 — 1)", thus we have

n

X = g(ad C(t)).C(t) = g(log(e' 2 X .e2 Y)).C(¢).

For z near 1 we put f(z) := 28 — > om0 (n}r)l (z—1)", satisfying g(log(2)).f(z) =
1. So we have

X = g(log(et.ad X.ead Y))C(t) — f(et.ad X.ead Y)_l.C(t),

Passing to the definite integral we get the desired formula

C(X,Y) = / C(t

:Y+/ fletad X gad Yy X gy

n 1 k n
—X+Y+Z )1/0 (Z /fm (ad X) (adY)‘*> X dt

n>1 k,0>0
k+0>1

1) (ad X)F1(ad V)% ... (ad X)*n (ad V)
_X+Y+Zn+1 2 (k1+-~-+kn+1)k1!...kn!€1!...€n!

TL>1 ]{)1,

3

X

g ‘Xl\/w

e,
15 A
kitL;

=X +Y + 3 XY+ (X X Y] -y, [V, X)) +--- O
Remark. If G is a Lie group of differentiability class C?, then we may define TG
and the Lie bracket of vector fields. The proof above then makes sense and the
theorem shows, that in the chart given by exp~! the multiplication p: G x G — G
is C* near e, hence everywhere. So in this case G is a real analytic Lie group. See

also remark (5.6) below.
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4.30. Example. The group SO(3,R). From (4.5) and (4.16) we know that the
Lie algebra o(3,R) of SO(3,R) is the space Lgiew(R? R3) of all linear mappings
which are skew symmetric with respect to the inner product, with the commutator
as Lie bracket.

The group Sp(1) = S® of unit quaternions has as Lie algebra 71.5% = 1+, the space
of imaginary quaternions, with the commutator of the quaternion multiplications
as bracket. From (4.10) we see that thisis [X,Y] =2X x Y.
Then we observe that the mapping

a:sp(1) — 0(3,R) = Logew (R?, R?), a(X)Y =2X x Y,
is a linear isomorphism between two 3-dimesional vector spaces, and is also an
isomorphism of Lie algebras because [a(X),a(Y)]Z =4(X x (Y xZ) =Y x (X x
Z) =4 X x Y xZ2)+Y x (Zx X)) =—-4(Zx (Y x X)) =22X xY)x Z =
a([X,Y])Z. Since S? is simply connected we may conclude from (5.4) below that
Sp(1) is the universal cover of SO(3).

We can also see this directly as follows: Consider the mapping 7 : S C H —
SO(3,R) which is given by 7(P)X = PXP, where X € R® x {0} C H is an
imaginary quaternion. It is clearly a homomorphism 7 : % — GL(3,R), and since
|7(P)X| = |PXP| = |X|and S is connected it has values in SO(3,R). The tangent
mapping of 7 is computed as (T37.X)Y = XY1+1Y(-X) =2(X xY) = o(X)Y,
which we already an injective linear mapping between two 3-dimensional vector
spaces, an isomorphism. Thus 7 is a local diffeomorphism, the image of 7 is an
open and compact (since S is compact) subgroup of SO(3,R), so 7 is surjective
since SO(3,R) is connected. The kernel of 7 is the set of all P € S% with PXP = X
for all X € R3, that is the intersection of the center of H with S, the set {1, —1}.
So 7 is a two sheeted covering mapping.

So the universal cover of SO(3,R) is the group S® = Sp(1) = SU(2) = Spin(3).
Here Spin(n) is just a name for the universal cover of SO(n), and the isomorphism
Sp(1) = SU(2) is just given by the fact that the quaternions can also be described
as the set of all complex matrices

a b )
The fundamental group 71 (SO(3,R)) = Zy = Z/2Z.

4.31. Example. The group SO(4,R). We consider the smooth homomorphism
p: 8% x 8% - SO4,R) given by p(P,Q)Z := PZQ in terms of multiplications
of quaternions. The derived mapping is p'(X,Y)Z = (T(1,1yp.(X,Y))Z = XZ1 +
1Z(-Y) = XZ — ZY, and its kernel consists of all pairs of imaginary quaternions
(X,Y) with XZ = ZY for all Z € H. If we put Z =1 we get X =Y, then X is in
the center of H which intersects sp(1) in 0 only. So p’ is a Lie algebra isomorphism
since the dimensions are equal, and p is a local diffeomorphism. Its image is open
and closed in SO(4,R), so p is surjective, a covering mapping. The kernel of p is
easily seen to be {(1,1),(—1,—1)} C S x S3. So the universal cover of SO(4,R) is
93 x 83 = Sp(1) x Sp(1) = Spin(4), and the fundamental group 71 (SO(4,R)) = Zs
again.
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Examples and Exercises

4.32. Let A € L(R™,R™) be an (n x n) matrix. Let C'(A) be the matrix of the
signed algebraic complements of A, i.e.

Al AL, 0 AL, .. AL

‘:71 ‘:71 ; ‘:71 _

. AlTY AT o Al L At
C(A)y:=det| 0 ... 0 1 0 ... 0
0 ) ) ,

ATPY AT o0 AT L Al

Ap .0 AP, 0 An, ... AR

Prove that C(A)A = AC(A) = det(A) - Z (Cramer’s rule)! This can be done by
remembering the the expansion formula for the determinant during multiplying it
out.

Prove that d(det)(A)X = Trace(C(A)X)! There are two ways to do this. The
first one is to check that the standard inner product on L(R™ R™) is given by
(A, X) = Trace(A" X), and by computing the gradient of det at A.

The second way uses (14.19):
det(A+tId) = t" +¢" " Trace(A) + " 25 (A) + -+t (A) + det(A).
Assume that A is invertible. Then:
det(A+tX)=t"det(t P A+ X) = t"det(A(A™'X + 1 1d))
= t"det(A)det(A"1X +¢711d)
=t"det(A)(t " 4+t " Trace(A71X) + - - + det(A71 X))
= det(A)(1 + t Trace(A™' X) + O(t?)),
ddet(A)X = 2 ’0 det(A+tX) = 2 |0 det(A)(1 + t Trace(A™' X) + O(t?))
= det(A) Trace(A™' X) = Trace(det(4) A~ X)
= Trace(C(A)X).
Since invertible matrices are dense, the formula follows by continuity.

What about detc¢ : Le(C™,C™) — C?

4.33. For a matrix A € L(R",R") let e := > k>0 5 Ak Prove that e? con-
verges everywhere, that det(e?) = e and thus e? € GL(n,R) for all
A € L(R™,R"™).
4.34. We can insert matrices into real analytic functions in one variable:
f(A) := f(0)-1d + Z %A", if the norm |A| < p,
n>0
where p is the radius of convergence of f at 0. Develop some theory about that

(attention with constants): (f-g)(A) = f(A4)-g(A), (fog)(A) = f(g(A)), df(A)X =
f(A)X if [A, X] = 0. What about df(A)X in the general case?
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4.35. Quaternions. Let ( , ) denote standard inner product on oriented R*.
Put 1 := (0,0,0,1) € R* and R* = R3 x {0} = 1+ C R* The vector product
on R3 is then given by (z x y,z) := det(x,y,2). We define a multiplication on
R* by (X,s)(Y,t) := (X x Y + sY +tX,st — (X,Y)). Prove that we get the
skew field of quaternions H, and derive all properties: Associativity, |p.q| = |p|.|q|,
pp = |p1, p7!
x = x9l + 217 + 22§ + 3k can we find? Show that H is isomorphic to the algebra
of all complex (2 x 2)-matrices of the form

u v
(—v u)’ u,v € C.

5. Lie Groups II. Lie Subgroups and Homogeneous Spaces

= |p|=%.p, p-¢ = q.p. How many representation of the form

5.1. Definition. Let G be a Lie group. A subgroup H of G is called a Lie
subgroup, if H is itself a Lie group (so it is separable) and the inclusion i : H — G
is smooth.

In this case the inclusion is even an immersion. For that it suffices to check that T4
is injective: If X € b is in the kernel of T.i, then icexp (tX) = exp®(¢t.T.i.X) = e.
Since i is injective, X = 0.

From the next result it follows that H C G is then an initial submanifold in the
sense of (2.13): If Hy is the connected component of H, then i(Hy) is the Lie
subgroup of G generated by '(h) C g, which is an initial submanifold, and this is
true for all components of H.

5.2. Theorem. Let G be a Lie group with Lie algebra g. Ifh C g is a Lie
subalgebra, then there is a unique connected Lie subgroup H of G with Lie algebra
h. H is an initial submanifold.

Proof. Put E, := {T.(p.).X : X € b} C T, G. Then E :=| | . E, is a distribu-
tion of constant rank on G. So by theorem (3.20) the distribution E is integrable
and the leaf H through e is an initial submanifold. It is even a subgroup, since for
x € H the initial submanifold p, H is again a leaf (since E is left invariant) and
intersects H (in ), so p,(H) = H. Thus H.H = H and consequently H~! = H.
The multiplication p : H x H — G is smooth by restriction, and smooth as a
mapping H x H — H, since H is an initial submanifold, by lemma (2.15). O

5.3. Theorem. Let g be a finite dimensional real Lie algebra. Then there exists
a connected Lie group G whose Lie algebra is g.

Sketch of Proof. By the theorem of Ado (see [Jacobson, 1962, p??] or [Vara-
darajan, 1974, p 237]) g has a faithful (i.e. injective) representation on a finite
dimensional vector space V', i.e. g can be viewed as a Lie subalgebra of gl(V) =
L(V,V). By theorem (5.2) above there is a Lie subgroup G of GL(V') with g as its
Lie algebra. [
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This is a rather involved proof, since the theorem of Ado needs the structure theory
of Lie algebras for its proof. There are simpler proofs available, starting from
a neighborhood of e in G (a neighborhood of 0 in g with the Baker-Campbell-
Hausdorff formula (4.29) as multiplication) and extending it.

5.4. Theorem. Let G and H be Lie groups with Lie algebras g and by, respectively.
Let f : g — b be a homomorphism of Lie algebras. Then there is a Lie group
homomorphism o, locally defined near e, from G to H, such that ' =T.o = f. If
G is simply connected, then there is a globally defined homomorphism of Lie groups
¢ : G — H with this property.

Proof. Let ¢ := graph(f) C g x h. Then ¢ is a Lie subalgebra of g x b, since f is
a homomorphism of Lie algebras. g x b is the Lie algebra of G x H, so by theorem
(5.2) there is a connected Lie subgroup K C G x H with algebra &. We consider
the homomorphism ¢ := pry oincl : K — G x H — G, whose tangent mapping
satisfies Teg(X, f(X)) = Tie,eypr1-Teincl.(X, f(X)) = X, so is invertible. Thus g is
a local diffeomorphism, so g : K — G is a covering of the connected component
Gy of e in G. If G is simply connected, g is an isomorphism. Now we consider the
homomorphism 1 := prooincl : K — G x H — H, whose tangent mapping satisfies
Tob.(X, f(X)) = f(X). We see that ¢ :=1o (g U)~!:G DU — H solves the
problem, where U is an e-neighborhood in K such that g | U is a diffeomorphism.
If G is simply connected, ¢ = 1 o g~ ! is the global solution. [

5.5. Theorem. Let H be a closed subgroup of a Lie group G. Then H is a Lie
subgroup and a submanifold of G.

Proof. Let g be the Lie algebra of G. We consider the subset j := {¢/(0) : ¢ €
C*[R,G),c(R) C H,c(0) =e}.

Claim 1. b is a linear subspace.

If ¢(0) € h and t; € R, we define ¢(t) := c1(¢1.t).ca(ta.t). Then we have ¢/'(0) =
Tie ey (t1-¢1(0), t2.c5(0)) = t1.¢1(0) + t2.c5(0) € b.

Claim 2. h ={X € g:exp(tX) € H for all t € R}.

Clearly we have ‘O’. To check the other inclusion, let X = ¢/(0) €  and consider
v(t) == (exp¥)~le(t) for small t. Then we have X = ¢/(0) = 4|;exp(v(t)) =
v'(0) = limy, o0 n.v(2). We put ¢, := + and X, := n.v(%), so that exp(t,.X,) =
exp(v(+)) = ¢(%) € H. By claim 3 below we then get exp(tX) € H for all t.
Claim 3. Let X, —» X ing, 0 < t, — 0 in R with exp(t,X,) € H. Then
exp(tX) € H for all t € R.

Let t € R and take m,, € (é -1, i] N Z. Then t,.m, — t and m,.t,.X,, — tX,
and since H is closed we may conclude that

exp(tX) = lim exp(my, .t,.X,) = limexp(t,.X,,)™" € H.

Claim 4. Let ¢ be a complementary linear subspace for h in g. Then there is an
open O-neighborhood W in ¢ such that exp(W) N H = {e}.
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If not there are 0 # Y}, € € with Y, — 0 such that exp(Yy) € H. Choose a norm | |
on g and let X,, =Y,,/|Y,,|. Passing to a subsequence we may assume that X,, — X
in € then |X| = 1. But exp(|Y,]. Xy) = exp(Y,) € H and 0 < |Y,,| — 0, so by claim
3 we have exp(tX) € H for all t € R. So by claim 2 X € b, a contradiction.

Claim 5. Put ¢ : h xt — G, p(X,Y) = expX.expY. Then there are 0-
neighborhoods V in h, W in ¢ and an e-neighborhood U in G such that ¢ :
V x W — U is a diffeomorphism and U N H = exp(V).

Choose V, W, and U so small that ¢ becomes a diffeomorphism. By claim 4 the
set W may be chosen so small that exp(W) N H = {e}. By claim 2 we have
exp(V) C HNU. Let z € HNU. Since z € U we have x = exp X.exp Y for unique
(X,Y) € VxW. Then x and expX € H, so expY € H Nexp(W) = {e}, thus
Y =0. Soz=expX €exp(V).

Claim 6. H is a submanifold and a Lie subgroup.

(U,(p [ V. x W)™t =: u) is a submanifold chart for H centered at e by claim 5.
For x € H the pair (puz(U),u o pi,-1) is a submanifold chart for H centered at x.
So H is a closed submanifold of G, and the multiplication is smooth since it is a
restriction. [J

5.6. Remark. The following stronger results on subgroups and the relation be-
tween topological groups and Lie groups in general are available.

Any arc wise connected subgroup of a Lie group is a connected Lie subgroup,
[Yamabe, 1950].

Let G be a separable locally compact topological group. If it has an e-neighborhood
which does not contain a proper subgroup, then G is a Lie group. This is the solution
of the 5-th problem of Hilbert, see the book [Montgomery-Zippin, 1955, p. 107].

Any subgroup H of a Lie group G has a coarsest Lie group structure, but it might
be non separable. To indicate a proof of this statement, consider all continuous
curves ¢ : R — G with ¢(R) C H, and equip H with the final topology with
respect to them. Then the component of the identity satisfies the conditions of the
Gleason-Yamabe theorem cited above.

5.7. Let g be a Lie algebra. An ideal £ in g is a linear subspace € such that [, g] C €.
Then the quotient space g/€ carries a unique Lie algebra structure such that g — g/
is a Lie algebra homomorphism.

Lemma. A connected Lie subgroup H of a connected Lie group G is a normal
subgroup if and only if its Lie algebra b is an ideal in g.

Proof. H normal in G means ztHz~! = conj,(H) C H for all x € G. By remark
(4.20) this is equivalent to T.(conj,)(h) C b, i.e. Ad(z)h C b, for all x € G. But
this in turn is equivalent to ad(X)h C b for all X € g, so to the fact that b is an
ideal in g. O

5.8. Let G be a connected Lie group. If A C G is an arbitrary subset, the central-
izer of A in G is the closed subgroup Zg(A) := {z € G : za = az for all a € A}.
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The Lie algebra 34(A) of Zg(A) consists of all X € g such that a.exp(tX).a™! =
exp(tX) for all a € A, i.e. 35(A) ={X € g:Ad(a)X = X for all a € A}.

If A is itself a connected Lie subgroup of G with Lie algebra a, then 34(A) =
{X € g:ad(Y)X = 0forallY € a}. This set is also called the centralizer of
aing. If A= G is connected then Zg = Zg(G) is called the center of G and
36(G) =3 ={X €g: [X)Y] =0forall Y € g} is then the center of the Lie
algebra g.

5.9. The normalizer of a subset A of a connected Lie group G is the subgroup
Ng(A) ={2 € G: pu,(A) = p*(A)} = {x € G : conj,(A) = A}. If A is closed then
Ng(A) is also closed.

If A is a connected Lie subgroup of G then Ng(A) = {z € G : Ad(z)a C a} and
its Lie algebra is ng(A) = {X € g: ad(X)a C a} = ng(a) is then the normalizer or
idealizer of a in g.

5.10. Homogeneous spaces. Let GG be a Lie group and let H C G be a closed
subgroup. By theorem (5.5) H is a Lie subgroup of G. We denote by G/H the
space of all right cosets of G, i.e. G/H = {gH : g € G}. Let p: G — G/H be the
projection. We equip G/H with the quotient topology, i.e. U C G/H is open if
and only if p~1(U) is open in G. Since H is closed, G/H is a Hausdorff space.

G/H is called a homogeneous space of G. We have a left action of G on G/H, which
is induced by the left translation and is given by fig(91 H) = gg1 H.

Theorem. If H is a closed subgroup of G, then there exists a unique structure
of a smooth manifold on G/H such that p : G — G/H is a submersion. Thus
dimG/H = dim G — dim H.

Proof. Surjective submersions have the universal property (2.4), thus the manifold
structure on G/ H is unique, if it exists. Let h be the Lie algebra of the Lie subgroup
H. We choose a complementary linear subspace € such that g = & €.

Claim 1. We consider the mapping f : ¢ x H — G, given by f(X,h) := exp X.h.
Then there is an open 0-neighborhood W in £ and an open e-neighborhood U in G
such that f: W x H — U is a diffeomorphism.

By claim 5 in the proof of theorem (5.5) there are open 0-neighborhoods V in b,
W' in &, and an open e-neighborhood U’ in G such that ¢ : W/ x V — U’ is a
diffeomorphism, where ¢(X,Y) = exp X.expY, and such that U' N H = expV.
Now we choose W in W’ C € so small that exp(W) ™. exp(W) C U’. We will check
that this W satisfies claim 1.

Claim 2. f [ W x H is injective.

f(X1,h1) = f(X2,hy) means exp X1.hy = exp Xo.hy, thus we have hohy' =
(exp X2) " texp X; € exp(W) Lexp(W)NH C U'NH = exp V. So there is a unique
Y € V with hohi' = expY. But then p(X1,0) = exp X; = exp Xa.ho.hy ' =
exp Xo.expY = p(X3,Y). Since ¢ is injective, X1 = Xo and Y =0, so hy = ho.
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Claim 3. f [ W x H is a local diffeomorphism.
The diagram

W v L9XSP s n )

] |
QD(W % V) incl U/

commutes, and Idwy x exp and ¢ are diffeomorphisms. So f [ W x (U' N H)
is a diffeomorphism. Since f(X,h) = f(X,e).h we conclude that f [ W x H is
everywhere a local diffeomorphism. So finally claim 1 follows, where U = f(W x H).

Now we put g := po(exp | W) : ¢ D W — G/H. Then the following diagram

comimutes: f
WxH——=U

| Jp

w—29 G/H.

Claim 4. g is a homeomorphism onto p(U) =: U C G/H.

Clearly g is continuous, and ¢ is open, since p is open. If g(X;) = g(X2) then
exp X1 = exp Xa.h for some h € H, so f(X1,e) = f(X2,h). By claim 1 we get
X, = Xo, so g is injective. Finally g(W) = U, so claim 4 follows.

For a € G we consider U, = ji,(U) = a.U and the mapping u, := ¢!

U, — W CE
Claim 5. (Uy,uq = g 0 fig—1 : Uy — W)aeg is a smooth atlas for G/H.
Let a, b € G such that U, N U, # (. Then

O Ug—1

Ugouy ' =gt ofig-1 0y 0g:uy(U, NTUy) — ua(Uy N Tp)
=g 'ojfig-ipopo (exp | W)
=g topopgyo(exp | W)
=priof tou,1,0(exp [ W) issmooth. O

6. Transformation Groups and G-manifolds

6.1. Group actions. A left action of a Lie group G on a manifold M is a smooth
mapping ¢ : GxM — M such that {y0f), = {yy, and £ = Idps, where £,(z) = {(g, 2).

A right action of a Lie group G on a manifold M is a smooth mapping r : M x G —
M such that 79 o 7P = 7" and r¢ = Idys, where 79(2) = 7(2, g).

A G-space or a G-manifold is a manifold M together with a right or left action of
G on M.

We will describe the following notions only for a left action of G on M. They make
sense also for right actions.
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The orbit through z € M is the set G.z = ¢(G,z) C M. The action is called
transitive, if M is one orbit, i.e. for all z,w € M there is some g € G with g.z = w.
The action is called free, if g1.z = go.z for some z € M implies already g1 = ¢o.
The action is called effective, if £, = ¢, implies g = h, i.e., if £ : G — Diff (M) is
injective where Diff (M) denotes the group of all diffeomorphisms of M. The left
G-action on M is called infinitesimally free if T,(¢*) : g — T, M is injective for
each x € M. Tt is called infinitesimally transitive if T, (¢*) : g — T, M is surjective
for each x € M. The G-action on M is called linear if M is a vector space and
the action defines a representation. It is called affine if M is an affine space, and
every £, : M — M is an affine map. The G-action on M is called orthogonal if
(M,~) is a Euclidean vector space and ¢, € O(M,~) for all g € G. A G-action on
M is called isometric if (M,~) is a Riemannian manifold and £, is an isometry for
all g € G, see (22). Tt is called symplectic if (M,w) is a symplectic manifold and
¢4 is a symplectomorphism for all g € G, see (31). A G-action on M is called a
principal fiber bundle action if it is free and if the projection onto the orbit space
m: M — M/G is a principal fiber bundle, see (17).

More generally, a continuous transformation group of a topological space M is a
pair (G, M) where G is a topological group and where to each element g € G
there is given a homeomorphism ¢4 of M such that £: G x M — M is continuous,
and £, o ¢, = £g4,. The continuity is an obvious geometrical requirement, but in
accordance with the general observation that group properties often force more
regularity than explicitly postulated (cf. (5.6)), differentiability follows in many
situations. So, if G is locally compact, M is a smooth or real analytic manifold,
all £, are smooth or real analytic homeomorphisms and the action is effective, then
G is a Lie group and /¢ is smooth or real analytic, respectively, see [Montgomery,
Zippin, 55, p. 212].

6.2. Let £ : G x M — M be a left action. Then we have partial mappings ¢,
M — M and ¢* : G — M, given by {,(z) = ¢*(a) = £(a,x) = a.x, where a € G
and x € M.

For any X € g we define the fundamental vector field (x = (¥ € X(M) by (x(z) =
Te(£%).X = Tiem)l-(X,0g).
Lemma. In this situation the following assertions hold:

( ) C tg— :{( ) is a linear mapping.

(2) To(la)-Cx () = Cad(a)x (a.7).
(3) Rx x0pr € X(G x M) is L-related to (x € X(M).
(4)

4) [Cx,¢v] = —(x.,v)-

Proof. (1) is clear.

(2) We have £,£%(b) = abr = aba™tax = £%* conj,(b), so

Ty(0a) Cx () = To(la) To(6).X = To(ly 0 £7).X
=Te(0*). Ad(a). X = Cad(a)x (az).
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(3) We have £o (Id x £,) =Lo (u® x Id): Gx M — M, so

QX(Z(C%x)) = T(e,a:z:)g'(X7 Oaw) = Tf([d X T(ga))'(Xv 01)
— TUT(u®) x Id).(X,0,) = T¢.(Rx x Onr)(a, ).

(4) [RX x Op7, Ry X OM] = [RX7RY] X 0pr = —R[X7y] X 0y is f-related to [Cx,Cy]
by (3) and by (3.10). On the other hand —Rx y] x Ops is f-related to —(x,y] by
(3) again. Since ¢ is surjective we get [(x,Cy] = —(x,y)- O

6.3. Let 7 : M x G — M be a right action, so 7 : G — Diff (M) is a group anti
homomorphism. We will use the following notation: r* : M — M and r, : G — M,
given by r.(a) = r*(x) = r(z,a) = z.a.

For any X € g we define the fundamental vector field (x = (¥ € X(M) by (x(z) =
Te(re). X = T(g,e)r- (04, X).

Lemma. In this situation the following assertions hold:
(1) ¢:9— X(M) is a linear mapping.
(2) Tp(r?).Cx(x) = CAd(a—l)X(fU a).
(3) Opm X Lx € X(M x G) is r-related to (x € X(M).
4) [Cx, &l =(xy)- O

6.4. Theorem. Let £ : G x M — M be a smooth left action. For x € M let
G, = {a € G : ax = z} be the isotropy subgroup or fixpoint group of x in G, a
closed subgroup of G. Then (* : G — M factors over p: G — G/G,, to an injective
immersion i* : G/G, — M, which is G-equivariant, i.e. £, 0i® = i% o fi, for all
a € G. The image of i* is the orbit through x.

The fundamental vector fields span an integrable distribution on M in the sense of
(3.23). Its leaves are the connected components of the orbits, and each orbit is an
initial submanifold.

Proof. Clearly ¢* factors over p to an injective mapping i* : G/G, — M; by the
universal property of surjective submersions i* is smooth, and obviously it is equi-
variant. Thus Tp(a) (’iw).Tp(e) (ﬂa) = Tp(e)(’iw o ﬂa) = Tp(e) (fa o Zl) = Tz(za)-Tp(e) (Z“L>
for all a € G' and it suffices to show that T),.)(i") is injective.

Let X € g and consider its fundamental vector field (x € X(M). By (3.14) and
(6.2.3) we have

U(exp(tX), z) = E(FI1FEx>0M (¢ 1)) = FISX (£(e, z)) = FISX ().
So exp(tX) € G, ie. X € g, if and only if {x(x) = 0,. In other words,

0: = (x(2) = Te(£7).X = Tpyey(i%). Tep. X if and only if Top. X = 0,(). Thus i* is
an immersion.

Since the connected components of the orbits are integral manifolds, the funda-
mental vector fields span an integrable distribution in the sense of (3.23); but also
the condition (3.28.2) is satisfied. So by theorem (3.25) each orbit is an initial
submanifold in the sense of (2.13). O
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6.5. Theorem. [Palais, 1957] Let M be a smooth manifold and let ¢ : g — X(M)
be a homomorphism from a finite dimensional Lie algebra g into the Lie algebra of
vector fields on M such that each element (x in the image of  is a complete vector
field. Let G be a simply connected Lie group with Lie algebra g.

Then there exists a left action | : G x M — M of the Lie group G on the manifold
M whose fundamental vector field mapping equals —C.

Proof. On the product manifold G x M we consider the sub vector bundle F =
{(Lx(9),¢x(x): (9,2) € GXx M, X € g} C TG x TM with global frame Ly, X (x;,
where the X; form a basis of g, and where Lx € X(G) is the left invariant vector field
generated by X € g. Then F is an integrable subbundle since [Lx x (x, Ly x (y] =
[Lx, Ly} X [Cx, Cy] = L[X,Y] X C[X,Y]~ Thus by theorem (3.20) (or (3.28)) the bundle
E induces a foliation on G x M. Note that by (4.18.3) for the flow we have

(1) FI; X" (g,2) = (g.exp(tX), FIt¥ (2)).

Claim. For any leaf L C G x M, the restriction pry |L : L — G is a covering map.

For (g,z) € L we have T, .)(pry)(Lx(9),Cx(2)) = Lx(g), thus pry |L is locally
a diffeomorphism. For any ¢; € G we can find a piecewise smooth curve ¢ in G
connecting g with g; consisting of pieces of the form ¢ — g;.exp(tX;). Starting
x,; XCx; to
obtain a curve ¢ in L with pr; o¢ = ¢ which connects (g, x) with (g1,21) € L for

from (g,x) € L we can fit together corresponding pieces of the form FltL

some 1 € M. Thus pr; : L — G is surjective. Next we consider some absolutely
convex ball B C g such that exp: g D B — U C G is a diffeomorphism onto an
open neighborhood U of e in G. We consider the inverse image (pr; |L)"1(g.U) C L
and decompose it into its connected components, (pry |L)~!(g.U) = | |V; C L. Any
point in g.U is of the form g.exp(X) for a unique X € B, and we may lift the curve
t— g.exp(tX) in G to the curve FI'* ¥ (g, z;) in V;. So each V; is diffeomorphic
to g.U via pry |V;, and the claim follows.

Since G is simply connected we conclude that for each leaf L the mapping pry |L :
L — G is a diffeomorphism. We now define the action as follows: For g € G and
x € M consider the leaf L(e, x) through (e, z) and put

(2) l(g,2) = g.x = pry((pry |L(e,2)) " (9)) € M.

From the considerations in the proof of the claim and from (1) it follows that for
X € g we also have

(3) l(exp(X),z) = exp(X).z = F{X (z) € M.

By (2) the mapping I : G x M — M is well defined, and by (3) it is an action and
smooth near {e} x M, thus everywhere. [

6.6. Semidirect products of Lie groups. Let H and K be two Lie groups and
let ¢ : H x K — K be a smooth left action of H in K such that each ¢, : K — K
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is a group automorphism. So the associated mapping ¢ : H — Aut(K) is a smooth
homomorphism into the automorphism group of K. Then we can introduce the
following multiplication on K x H

(1) (k,h)(K' 1) := (kly(K"), hh").

It is easy to see that this defines a Lie group G = K xy H called the semidirect
product of H and K with respect to £. If the action £ is clear from the context we
write G = K x H only. The second projection pro : K x H — H is a surjective
smooth homomorphism with kernel K x {e}, and the insertion ins. : H — K x H,
ins.(h) = (e, h) is a smooth group homomorphism with pry o ins, = Idy.

Conversely we consider an exact sequence of Lie groups and homomorphisms
(2) (e} > K LG5 H-{e

So j is injective, p is surjective, and the kernel of p equals the image of 5. We suppose
furthermore that the sequence splits, so that there is a smooth homomorphism
s: H — G with pos = Idy. Then the rule ¢,(k) = s(h)ks(h™!) (where we
suppress j) defines a left action of H on K by automorphisms. It is easily seen
that the mapping K x, H — G given by (k, h) — k.s(h) is an isomorphism of Lie
groups. So we see that semidirect products of Lie groups correspond exactly to
splitting short exact sequences.

6.7. The tangent group of a Lie group. Let G be a Lie group with Lie algebra
g. We will use the notation from (4.1). First note that TG is also a Lie group
with multiplication T'u and inversion Tv, given by (see (4.2)) T(qp)p-(§asm) =

To(1®)-£a + To(pta) -1y and Tov.€q = —To(pta-1)-Ta(p® )L

Lemma. Via the isomomorphism given by the right trivialization g X G — TG,
(X, 9) — Te(n9).X, the group structure on TG looks as follows: (X, a).(Y,b) =
(X +Ad(a)Y,a.b) and (X,a)" = (= Ad(a=)X,a™1t). So TG is isomorphic to the
semidirect product g x G.

Proof. T(qpp-(Tp X, TplY) = Tp" Tp®. X + Tpe TpbY =

=Tu®® X + Tpb Tps Tp®  Tu,Y = Tu®(X + Ad(a)Y).

Tov.Tp®. X = —Tp®  Tper Tp®. X = —Tp® . Ad(a=)X. O

Remark. In the left trivialisation TA : G x g — T'G, TA.(g,X) = Te(ug). X, the

semidirect product structure looks awkward: (a, X).(b,Y) = (ab,Ad(b-1)X +Y)
and (a, X)"! = (a1, — Ad(a)X).

6.8. G-actions and their orbit spaces. If M is a left G-manifold, then M/G,
the space of all G-orbits endowed with the quotient topology, is called the orbit
space. We consider some examples:

The standard action of O(n) on R™ is orthogonal. The orbits are the concentric
spheres around the fixed point 0 and 0 itself. The orbit space is R”/O(n) = [0, 00).
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Every Lie group acts on itself by conjugation: conj : G x G — G is defined by
(g, ) = conjy(h) := g.h.g™"

The adjoint action Ad : G — GL(g) of the Lie group G on its Lie algebra g from
(4.24) In particular, the orthogonal group acts orthogonally on o(n), the Lie algebra
of all antisymmetric n X n-matrices.

and is a smooth action of the Lie group on itself.

The O(n)-action on S(n) treated in (7.1). Similarly, SU(n) acts unitarily on the
hermitian n X n matrices by conjugation.

6.9. Definition. Let M be a G-manifold, then the closed subgroup G, = {g €
G : g.x =z} of G is called the isotropy subgroup of x.

The map i : G/G, — M defined by i : g.G, — g.x € M is a G-equivariant initial
immersion with image G.z, by (6.4).

EI

G——M

If G is compact, then clearly 7 is an embedding.

6.10. Lemma. Let M be a G-manifold and x,y € M, then
(1) Ggr = g'Gx'g_l
(2) GaNGy#£0=Gzxz=G.y
(3) T.(G.x) =T.(£%).g

Proof. (1) a € Gy & agx = g2 & g lage =2 < g lage G, & a €
9Gazg™".

(2) 2 € GaNGy = 2 = g1.x = go.y = & = gy 'goy =: g.y, therefore G.x =
G.(g.y) = G.y.

(3) X € Tu(G.x) & X = 0y |oc(t) for some smooth curve ¢(t) = gi.x € G.x with
go = e. So we have X = 0y [ol*(g¢) € Te(€%).g.

6.11. Conjugacy Classes. The closed subgroups of G can be partitioned into
equivalence classes by the following relation:

H~H :+= 3gecQG for which H=gH'g"!

The equivalence class of H is denoted by (H).

First consequence: ( with lemma (6.10)(1) ) The conjugacy class of an isotropy
subgroup is invariant under the action of G : (G;) = (Ggg). Therefore we can
assign to each orbit G.x the conjugacy class (G,). We will call (G,) the isotropy
type of the orbit through x, and two orbits are said to be of the same type, if they
have the same isotropy type.
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If G is compact, we can define a partial ordering on the conjugacy classes simply
by transferring the usual partial ordering “C” on the subgroups to the classes:

(H)<(H') :+= 3Ke(H),K €(H):KCK'
This is equivalent to a shorter definition:
(HY<(H) :<= 3geG:HcCgH'g!

If G is not compact this relation may not be antisymmetric. For compact G the
antisymmetry of this relation is a consequence of the following

6.12. Lemma. Let G be a compact Lie group, H a closed subgroup of G, then

gHg_lgH — gHg_le

Proof. By iteration, gHg~! C H implies g"Hg~™ C H for all n € N. Now let us
study the set A := {g" : n € Ng}. We will show that g~! is contained in its closure.

Suppose first that e is an accumulation point of A. Then for any neighborhood U
of e there is a ¢g" € U where n > 0. This implies g"~' € ¢g7'U N A. Since the sets
g~ 'U form a neighborhood basis of g~!, we see that ¢! is an accumulation point
of A as well. That is, g~! € A.

Now suppose that e is discrete in A. Then since G is compact, A is finite. Therefore
g" = e for somen >0, and g"" 1 =g"! € A

Since conj : G x G — G is continuous and H is closed, we have

conj(A, H) C H.

In particular, g~* Hg C H which together with our premise implies that gHg~! =

H. O

6.13. Principal orbits. Let M be a G-manifold. The orbit G.x is called principal
orbit, if there is an invariant open neighborhood U of x in M and for all y € U an
equivariant map f: G.x — G.y.

The equivariant map f : G.x — G.y of the definition is automatically surjective :
Namely, let f(x) =: a.y. For an arbitrary z = g.y € G.y this gives us z = g.y =
ga~tay =ga~'f(z) = f(ga~l.x).

The existence of f in the above definition is equivalent to the condition : G, C
aGya~! for some a € G:

(=) 9g€eGy=gz=2=g.f(x) = f(9.x) = f(z) and for f(x) =: a.y this implies
ga.y =a.y = g € Gay = aGya*(by (6.10)(1)).

(<) Define f : G.x — G.y explicitly by f(g.x) := ga.y. Then we have to check
that, if g1.x = go.x i.e. g := g;lgl € Gy, then gra.y = gra.y or g € Goy = aGya™ .
This is guaranteed by our assumption.

We call x € M a regular point if G.x is a principal orbit. Otherwise, x is called
singular. The subset of all regular points in M is denoted by M;eg, and Ming
denotes the subset of all singular points.
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6.14. Slices. Let M be a G-manifold and z € M then a subset S C M is called
a slice at x, if there is a G-invariant open neighborhood U of G.x and a smooth
equivariant retraction r : U — G.x such that S = r~1(z).

6.15. Proposition. If M is a G-manifold and S = r~'(z) a slice at x € M,
where r : U — G.x is the corresponding retraction, then

(1) € S and G,.SC S
(2) gSNS#0D=geG,
3) GS={gs:9g€eG,seS}t=U

Proof. (1) x € S is clear, since S = r~!(z) and r(x) = z. To show that G,.S C S,
take an s € S and g € G,. Then r(g.s) = g.r(s) = gx = x, and therefore
gseri(z)=_5.

(2) gSNS#D=g.seSforsomeseS=uz=r(gs) =gr(s)=gx=g¢€qG,.

(3) () Since r is defined on U only, and U is G-invariant, G.S = G.r~!(z) C
GU=U.

(D) Consider y € U with r(y) = g.z, then y = g.(¢g7.y) and g~ L.y € S, since
r(gty) =g tr(y) =g lgr=xs0yeG.S. O

6.16. Corollary. If M is a G-manifold and S a slice at x € M, then

(1) S is a Gy-manifold.

(2) Gs C Gy forallse S.

(3) If G.x is a principal orbit and G, compact, then Gy = G, for ally € S if
the slice S at x is chosen small enough. In other words, all orbits near G.x
are principal as well.

(4) If two G-orbits G,.81,G .52 in S have the same orbit type as G -orbits in
S, then G.s1 and G.so have the same orbit type as G-orbits in M.

(5) S/G, =2 G.S/G is an open neighborhood of G.x in the orbit space M/G.

Proof. (1) This is is clear from (6.15)(1).

2)geGy=9gy=ye€S=gecG, by (6.15)(2).

(3) By (2) we have G, C G5, so G is compact as well. Because G.x is principal it
follows that for y € S close to x, G, is conjugate to a subgroup of G, G, C G C
g.Gyg~t. Since G, is compact, G, C ¢g.G,g~! implies G, = g.G,g~! by (6.12).
Therefore G, = G, and G.y is also a principal orbit.

(4) For any s € S it holds that (G.)s = G, since (G;)s C G, and, conversely,

by (2), Gs C G, therefore G5 C (Gy)s. So (Gu)s, = 9(Gy)s,g~ 't implies G, =
gGs,g9~ 1 and the G-orbits have the same orbit type.

(5) The isomorphism S/G, = G.S/G is given by the map G,.s — G.s (it is an
injection by (6.15)(2)). Since G.S = U is an open G-invariant neighborhood of G.x
in M ((6.15)(3)), we have G.S/G is an open neighborhood of G.z in M/G. O

6.17. Remark. The converse to (6.16.4) is generally false. If the two G-orbits
G.s1, G.sy are of the same type, then the isotropy groups G, and G, are conjugate
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in G. They need not be conjugate in G,. For example, consider the following
semidirect product, the compact Lie group G := (S! x S!) x Zy with multiplication
70" defined as follows. Let 1, oo, 1,12 € St and «, 8 € Zy. Take on S* x S! the
usual multiplication by components, and as Zs-action:

Zy 30— g :=idgixg1, T (i1 : (01, 02) — (92, 91))-
Then
(90174102’&) ° (¢17w2vﬁ) = ((@17@2)'ia(w17w2)70‘+6)

gives the multiplication on (S x S') x Zs.

Now we let G act on M := V UW where V = W = R? x R2. For any element in
M we will indicate its connected component by the index (z,y)y or (z,y)w. The
action shall be the following

(@1’ Y2, 0)(93’9)\/ = (@1"%7 @Q'y)v

(p1, 902, 1).(z,y)v = (p1.¥, p2.2)w

The action on W is simply given by interchanging the V’s and W’s in the above
formulae. This really defines an action as can be verified directly, for example,

(01,902, 1).((¢1, Y2, 1).(z,9)v) = (1,92, 1).(Y1.y, Y2.2)w
= (p1vo.2, 02101y v = (@112, P2ti1,0)(x,y)v
= ((90174102’ i) © (¢1,¢2,i)).(1‘,y)v.

Denote by H the abelian subgroup S! x St x {0}. H is the isotropy subgroup of
(0,0)y, and V is a slice at (0,0)y. Now consider s; := (0,v')y and sz := (v2,0)y,
both not equal to zero. Then let

Hy := G, = 8" x {id} x {0}
Hy =G, = {id} x S* x {0}
H; and Hy are conjugate in G by ¢ = (id, id, 1):
Hyoc> (p,id,0)oc = (p,id,1) = co (id,¢,0) € co Ho

Yet they are clearly not conjugate in H since H is abelian. So H.s; and H.sy have
different orbit types in H while G.s; and G.s; are of the same G-orbit type.

6.18. Proposition. Let M be a G-manifold and S a slice at x, then there is a
G-equivariant diffeomorphism of the associated bundle G[S] onto G.S,

f:G[S] =G x¢g, S— G.S
which maps the zero section G x¢g, {x} onto G.x.
See (18.7) below for more information on associated bundles.
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Proof. Since {(gh,h~1.5) = g.s = £(g, s) for all h € G, there is an f : G[S] —
G.S such that the diagram below commutes.

Gxs—t ,as
ql /
GXGIS

f is smooth because f o g = £ is smooth and ¢ is a submersion. It is equivariant
since £ and ¢ are equivariant. Also, f maps the zero section G x¢, {z} onto G.z.
It remains to show that f is a diffeomorphism. f is bijective, since with (6.15)(2)

g1.51 = g2.52 = S1 = 91_192.52 =
g1 = goh~ ! and s, = h.s, for h = gflgg € Gy

and this is equivalent to
q(g1,51) = q(g2, s2).

To see that f is a diffeomorphism let us prove that the rank of f equals the dimen-
sion of M. First of all, note that

Rank(¢,) = dim(g.S) = dim S
and  Rank(¢*) = dim(G.x)

Since S = r71(z) and r : G.S — G.z is a submersion (r|g., = Id) it follows that
dim(G.z) = codim S. Therefore,

rank(f) = rank(¢) = rank(¢y) + rank(£*) =
dim S + dim(G.z) = dim S + codim S = dim M. O

6.19. Remark. The converse also holds. If f : G xg, S — G.S is a G-equivariant
diffeomorphism, then for some g € G, 5 € S, f[g,5] = x. So f[g, s] := f[9g, s] defines
a G-equivariant diffeomorphism with the additional property that « = f[e, 5].

Gxae § —1— G.s
G/G, —— Gux

If we define r :=iopryo f~! : G.S — G.z, then 7 is again a smooth G-equivariant
map, and it is a retraction onto G.x since

-1 .
z Lt —le,5 X5 eG, S e

Furthermore, r~!(z) = S making S a slice.
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6.20. Proper actions. A smooth action £ : G x M — M is called proper if it
satisfies one of the following three equivalent conditions:

(1) (4,id) :Gx M — M x M, (g,2) — (g.x,z), is a proper mapping

(2) gn.xyp, — y and z, — z in M, for some g, € G and xz,,z,y € M, implies
that these g, have a convergent subsequence in G.

(1)

(3) K and L compact in M implies that {g € G : g.K N L # (0} is compact as
well.

Proof. (1) = (2) is a direct consequence of the definitions.

(2) = (3): Let g, be a sequence in {g € G : ¢ KNL # 0} and z, € K such
that ¢,.x, € L. Since K is compact, we can choose a convergent subsequence
Zp, — ¢ € K of z,,. Since L is compact we can do the same for g, .z, there. Now
(2) tells us that in such a case g, must have a convergent subsequence, therefore

{g€G:9.KNL%#0D} is compact.

(3) = (1): Let R be a compact subset of M x M. Then L := pri(R) and K :=
pra2(R) are compact, and (¢,id)"*(R) C {g € G : ¢ KN L # 0} x K. By (3),
{9 € G:g.KNL# 0} is compact. Therefore (¢,id)~*(R) is compact, and (£,id) is
proper. [l

6.21. Remark. If G is compact, then every G-action is proper. If £: Gx M — M
is a proper action and G is not compact, then for any unbounded H C G and x € M
the set H.x is unbounded in M. Furthermore, all isotropy groups are compact (most
easily seen from (6.20.3) by setting K = L = {z}).

6.22. Lemma. A continuous, proper map f : X — Y between two topological
spaces is closed.

Proof. Consider a closed subset A C X, and take a point y in the closure of f(A).
Let f(an) € f(A) converge to y (a, € A). Then the f(a,) are contained in a
bounded subset B C f(A). Therefore a,, C f~1(B) N A which is now, since f is
proper, a bounded subset of A. Consequently, (a,) has a convergent subsequence
with limit @ € A, and by continuity of f, it gives a convergent subsequence of f(ay,)
with limit f(a) € f(A). Since f(a,) converges to y, we have y = f(a) € f(A). O

6.23. Proposition. The orbits of a proper action £ : G x M — M are closed
submanifolds.

Proof. By the preceding lemma, (¢,id) is closed. Therefore (¢,id)(G,z) = G.x x
{z}, and with it G.z is closed. Next let us show that ¢* : G — G.z is an open
mapping.

Since ¢* is G-equivariant, we only have to show for a neighborhood U of e that
¢*(U) = U.zx is a neighborhood of z. Let us assume the contrary: there is a sequence
gn-z € G.x — U.x which converges to . Then by (6.20.2), g, has a convergent
subsequence with limit ¢ € G,. On the other hand, since g,.x ¢ Uz = U.G,.x
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we have g, ¢ U.G,., and, since U.G, is open, we have g ¢ U.G, as well. This
contradicts g € G.

Now we see that the orbits of a proper action are closed submanifolds.
G £ G.x
G/G,

As the integral manifold of fundamental vector fields, G.z is an initial submanifold,
and 7 is an injective immersion by (6.4). Since i o p = £* is open, 7 is open as well.

Therefore it is a homeomorphism, and G.x is an embedded submanifold of M. [

6.24. Lemma. Let (M,v) be a Riemannian manifold and ¢ : G x M — M
an effective isometric action (i.e. gx = x forallz € M = g = e), such that
(GQ) C Isom(M,~) is closed in the compact open topology. Then £ is proper.

Proof. Let g, € G and x,,z,y € M such that g,.x, — y and z,, — = then we
have to show that g, has a convergent subsequence which is the same as proving
that {g, : n € N} is relatively compact, since ¢(G) C Isom(M,~) is closed.

Let us choose a compact neighborhood K of x in M. Then, since the g,, act isomet-
rically, we can find a compact neighborhood L C M of y such that (J7~, g,.K is
contained in L. So {g,} is bounded. Furthermore, the set of all g,, is equicontinuous
as subset of Isom(M). Therefore, by the theorem of Ascoli-Arzela, {g, : n € N} is
relatively compact. [

6.25. Theorem (Existence of Slices). [Palais, 1961] Let M be a G-space, and
x € M a point with compact isotropy group G. If for all open neighborhoods W of
G, in G there is a neighborhood V of x in M such that {g € G: g VNV £} C W,
then there exists a slice at x.

Proof. Let ¥ be any Riemann metric on M. Since G, is compact, we can get a
Gz-invariant metric by integrating over the Haar-measure for the action of G.

(X, Y) = / (£3)(X,Y)da = / ATl X, Tl,Y)da
[eX Gy

Now if we choose £ > 0 small enough for exp) : T,M D By, (¢) — M to be a
diffeomorphism onto its image, we can define:

§ = exp] (To(G.2)" N Bo,(¢)) € M.

S is a submanifold of M and the first step towards obtaining a real slice. Let us
show that S is G,-invariant. Since G, leaves ~ unchanged and T,,(G.z) is invariant
under T4, (for g € G), Tyl, is an isometry and leaves T, (G.x)~NBy, () invariant.
Therefore:

T.(G.x)* N By, () —2 T,(G.z)* N By, (¢)

iexpg lexp;
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What is not necessarily true for S is that any g € G which maps some s € S back
into S is automatically in G,. This property is necessary for a slice, and we will
now try to attain it for a G,-invariant subset S C S. At this point, the condition
that for every open neighborhood W of G, in G, there is a neighborhood V of x in
M such that {g € G: g.V NV # 0} CW comes in. The idea is to find a suitable
W and corresponding V such that V' N S has the desired property.

First we must construct a W fitting our purposes. Choose an open neighborhood
U C G/G, of e.G, such that there is a smooth section x : U — Gof 7 : G — G/G,
with x(e.G;) = e. And let U and possibly S be small enough for us to get an
embedding

f:Ux8S— M:(u,s) — x(u).s.

Our neighborhood of G, will be W := 7=1(U). Now by our assumption, there is a
neighborhood V of # in M such that {g€ G: gV NV #0} CW.

Next we will prove that V' can be chosen G,-invariant. Suppose we can choose an
open neighborhood W of G, in G such that G,.W C W (we will prove this below).
Then let V' be the neighborhood of z in M satisfying {g € G : ¢.V/ NV’ # 0} C W.
Now V := G,.V’ has the desired property, since:

{9€G:9.G. V' NGV #0} = |J {geGigqn V' ngV #0}=
91,92€G
U {gGG:gg_lggLV/ﬁV/?é@} = U 92{9€G39~V/0V/7é®}91_1 =
91,92€G, 91,92€G,
Go{geG:gV' NV £0}.G, C G W.G, CW.Gp CW

To complete the above argumentation, we have left to prove the

Claim: To any open neighborhood W of G, in G there is an open neighborhood
W of G, such that G,.W C W.

Proof: The proof relies on the compactness of G,. Choose for all (a,b) € G, X G,
neighborhoods A, of a and Bgp of b, such that A, .8, € W. This is possible
by continuity, since G;.Gy = G4. {Bap : b € G.} is an open covering of G,.
Then since G, is compact, there is a finite subcovering U;VZI Bayp, == Ba 2 Gy
Since Agp;.Bap; € W we must choose A, := ﬂ;\;l Aap;, to get Aq.B, € W.
Now since A, is a neighborhood of a in G, the A, cover G, again. Consider a
finite subcovering A := U;.Lzl Ay, 2 G, and as before define B := n?:1 By, so
that A.B C W. In particular, this gives us G,.B C W, so W := B is an open
neighborhood of G, with the desired property.

We have found a G,-invariant neighborhood V of z, with {g€ G : gV NV # ()}
contained in W. Now we define S := SNV and hope for the best. S is an open subset
of S, and it is again invariant under G,. Let us check whether we have the converse:
{g€G:9.5NS # 0} CG,. If g.s; = so for some 51,50 € S, theng € W = 7= 1(U)
by the above effort. Therefore 7(g) € U. Choose h = g~ 'x(n(g)) € G. Then

f(m(g),h ™ s1) = x(w(9))h ™ s1 = g.s1 = s2 = f(m(e), s2).
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Since f is a diffeomorphism onto its image, we have shown that 7(g) = 7(e), that
is g € Gy.

Now, it is easy to see that F : G xg, S — G.S : [g,8] — ¢.s is well defined,
G-equivariant and smooth. We have the diagram

GxS ¢ G.S

X& /
GXGES

To finish the proof, we have to show that F' is a diffecomorphism ((6.19)). F is
injective because:

Flg,s]=Flg,s'| = gs=9.8d =g g5 =5

=9'd €Gy=[9,8]=1[9.97 9.5

— [g/’ S/]

Next, we notice that £(W, S) = W.S = f(U, S) is open in M since f : U x S — M is
an embedding with an open image. Consequently, G.S = ¢(G, W.S) is open, since
¢ is open, and F is a diffeomorphism. [

6.26. Theorem. If M is a proper G-manifold, then for all x € M the conditions
of the previous theorem are satisfied, so each x has slices.

Proof. We have already shown that G, is compact (6.21). Now for every neigh-
borhood U of G, in G, for every z € M, it remains to find a neighborhood V of x
in M such that

{9€G:9gVNV #£0} CU.

Claim: U contains an open neighborhood U with G,U =U ( so we will be able to
assume G,U = U without loss of generality ).

In the proof of theorem (6.25) we showed the existence of a neighborhood B of
G, such that G,.B C U, using only the compactness of G,. So U := G,.B =
Uger g.B is again an open neighborhood of GG, and it has the desired properties.

Now we can suppose U = G,.U. Next, we have to construct an open neighborhood
V C M of z, such that {g € G : g.V NV # ()} C U. This is the same as saying
(G —U).V NV should be empty. So we have to look for V in the complement of
(G-U).x.

First we have to check that M —((G—U).x) really contains an open neighborhood of
x. Upon closer inspection, we see that M — ((G—U).x) is open altogether, or rather
that (G —U).x is closed. This is because (G—U).x x{z} = (£,id)((G—U) x{z}) is
the image of a closed set under (¢,id) which is a closed mapping by lemma (6.22).
Now let us choose a compact neighborhood W of z in M — ((G — U).z). Then
since G acts properly, it follows that {g € G : ¢W N W # (} is compact, in
particular K := {g € G—U : ¢ W NW # (}} is compact. But what we need is for
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{9 € G—U:g.VNV #0} to be empty. An z-neighborhood V contained in W
fulfills this, if K.V C M — W. Let us find such a neighborhood.

Our choice of W guarantees K.x C M — W. But M — W is open, therefore for
each k € K we can choose a neighborhood @y of k in G and Vi, of x in W, such
that Qr.Vi € M — W. The neighborhoods @) cover K, and we can choose a
finite subcovering (Jj~, @;. Then V := ;L V; has the desired property : K.V C
M-W. O

6.27. Lemma. Let M be a proper G-manifold , V a linear G-space and f: M —
V' smooth with compact support, then

f:mH/Gg‘lf(g.x)dur(g)

is a G-equivariant C*°-map with f(x) =0 for v ¢ G.supp f (where du, stands for
the right Haar measure on G).

Proof. Since G acts properly, {g € G : g.x € supp f} is compact. Therefore the
map g — ¢~ 'f(g.z) has compact support, and f is well defined. To see that f
is smooth, let xy be in M, and U a compact neighborhood of zy3. Then the set
{g € G:g.Unsupp f # (0} is compact. Therefore, f restricted to U is smooth, in
particular f is smooth in xg. f is G-equivariant, since

fa) = [ o™ flaha)are (o) =
=/ h(gh)‘lf(ghw)dur(g):h/ 9~ f(g.x)dpr(g) = hf(x).
G G

Furthermore, ¢ G.supp f = f(g.x) =0 forallge G = f(;v) =0. O
6.28. Corollary. If M is a proper G-manifold, then M/G is completely regular.

Proof. Choose F' C M/G closed and Zg = 7(x¢) ¢ F. Now let U be a compact
neighborhood of zo in M fulfilling U N7~ (F) = 0, and f € C*°(M,[0,00)) with
support in U such that f(xzg) > 0. If we take the trivial representation of G on R,
then from lemma (6.27) it follows that f : Jo f(g-x)dp,(g) defines a smooth
G-invariant function. Furthermore, f(xo) > 0. Since supp f C G.supp f C G.U,
we have supp f N7~ (F) = 0. Because f € C>°(M,[0,00))%, f factors over 7 to a
map f € C°(M/G,[0,00)), with f(Zo) >0 and f|p =0. O

6.29. Theorem. If M is a proper G-manifold, then there is a G-invariant Rie-
mann metric on M.

Proof. By (6.26) there is a slice S, at « for all z € M. If 7 : M — M/G is
the quotient map, then we will show the existence of a sequence z,, € M such that
(S, ) is a locally finite covering of M/G. To do so, notice first that M /G is locally

compact (in particular Hausdorff), o-compact and therefore normal.
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Since M /G is o-compact and Hausdorff, there is a countable locally finite covering
by compact sets C;. Each C;, in turn, is covered by {m(S;) : z € 7=1(C;)}. Since
C; is compact, there is a finite subcovering, and these taken all together give the
desired covering of M/G.

Let us now construct a neighborhood K,, of z,, in S, (=: S,) such that K, has
compact closure in S, and {7(K,)} is still a covering.

Take a C; from above. If {w(S;) : j € F C N, finite} covers C;, then consider the
complement of |J;cp 3 7(5;) in C;. This is a compact set contained in C; with
open neighborhood 7(S)), so it has a relatively compact neighborhood R; with
R; C 7(S)), since M/G is normal. K; := m~Y(R;) N S, is relatively compact due to
the compactness of G,,: K; is a subset of S;, so (6.16)(5) states that R; = K;/G,,,
so R; & Kl/Gmi and with R;, K,; must be compact, since G, is compact.

If we choose f,, € C*°(M,[0,00)) with f,|x, > 0 and supp(f,) C G.S, compact,
then

Fule) = /G fog-2)dpr(g) € C%(M, [0,00))°

is positive on G.K,, and has supp(f,) C G.S,,.

The action of the compact group G, on TM|g, is fiber linear, so there is a G-
invariant Riemann metric 4™ on the vector bundle TM |s, by integration. To get
a Riemann metric on TM|q. g, invariant under the whole group G, consider the

following diagram. Ty

G x TM|SI,, TM|G.SM/
|
G XGzn TM|S:£n
Gxg, Sp — = G.S,

: (9, Xs) — Tly. X, factors over ¢ to a map @ This map is injective, since
1f T2 (g XS) = Tyl(g', X4 ), then on the one side £(g.s) = ¢(g'.s") so g~1g'.s' =
s and g ~l¢’ € G,. On the other side, Tsly. X5 = Toly.Xy. So (¢',Xy) =
{9(g~ ),TS g1 Tsly. X} And, therefore, q(g’, Xsr) = q(g, Xs)-

The Riemann metric 4" induces a G-invariant vector bundle metric on G x
TM|s, — G x S, by
Y9, X, Ya) 1= 7" (X, Y5).

It is also invariant under the G -action h.(g, Xs) = (gh~ !, T¥;,.X,) and, therefore,
induces a Riemann metric 4,, on G x¢g, TM|s,. This metric is again G-invariant,
since the actions of G and G, commute. Now (72f).y, =: 7, is a G-invariant

Riemann metric on TM|g.s,, and

n=1
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is a G-invariant Riemann metric on M. O

Remark. By a theorem of Mostow (1957), if G is a compact Lie group, then any
G-manifold M with a finite number of orbit types can be embedded into some
(higher dimensional) vector space V' in such a way that the action of G on M can
be extended to a linear action on V (see [Bredon, 1972], pp.110-112). A more
recent result is the following theorem

6.30. Result. [Palais, 1961] Let G be a matriz group, that is a Lie group with a
faithful finite dimensional representation, and let M be a G-space with only a finite
number of orbit types. Then there is a G-equivariant embedding f : M — V into a
linear G-space V.

7. Polynomial and smooth invariant theory

7.1. A motivating example. Let S(n) denote the space of symmetric n x n
matrices with entries in R and O(n) the orthogonal group. Consider the action:

£:0(n) x S(n) — S(n), (A,B)+ ABA™' = ABAT

If ¥ is the space of all real diagonal matrices and S,, the symmetric group on n
letters, then we have the following

Theorem.

(1) This is an orthogonal action for the inner product (A, B) = Trace(ABT) =
Trace(AB) on S(n).

(2) X meets every O(n)-orbit.

(3) If Be X, then £(O(n), BYNX, the intersection of the O(n)-orbit through B
with X2, equals the Sy, -orbit through B, where S,, acts on B € ¥ by permuting
the eigenvalues.

(4) X intersects each orbit orthogonally in terms of the inner product (A, B) =
Trace(ABT) = Trace(AB) on S(n).

(5) R[S(n)]°™), the space of all O(n)-invariant polynomials in S(n) is isomor-
phic to R[X]S", the symmetric polynomials in > (by restriction,).

(6) The space C®(S(n))°™ of O(n)-invariant C>®-functions is isomorphic to
C>(X)Sn, the space of all symmetric C>®-functions in ¥ (again by restric-
tion), and these again are isomorphic to the C*°-functions in the elementary
symmetric polynomials.

(7) The space of all O(n)-invariant horizontal p-forms on S(n), that is the
space of all O(n)-invariant p-forms w with the property ixw = 0 for all X €
Ta(0O(n).A), is isomorphic to the space of S,-invariant p-forms on X:

QZD

hor

(S(n))°™ 2 Qr(5)S
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Proof. (1) Let A € O(n) act on Hy, Hy € S(n) then

trace(AH, A Y (AH, A™Y)T) = trace(AH, A=Y (A~Y)THT AT =
= trace(AH,A"*AHT A™Y) = trace(AH, HI A™') = trace(HyHY )

(2) Clear from linear algebra.

(3) The transformation of a symmetric matrix into normal form is unique except
for the order in which the eigenvalues appear.

(4) Take an A in 3. For any X € o(n), that is for any skew-symmetric X, let (x
denote the corresponding fundamental vector field on S(n). Then we have

Co(A) = | exp, (£X) A exp, (tXT) =
dt =0 - -

= XAid+id AXT = XA - AX.
Now the inner product with n € T4 = ¥ computes to

(Cx(A),m) = Trace(¢x (A)n) = Trace((XA — AX)n) =
= Trace(w) — Trace(AXn) = Trace(XnA) — Trace(XnA) = 0.

=XnA

(5) If p € R[S(n)]°™ then clearly p := p|s € R[X]%". To construct p from jp we
use the result from algebra, that R[R™]S" is just the ring of all polynomials in the
elementary symmetric functions. So if we use the isomorphism:

251 0 0
0 as ...

A= . . — (a1,a9,...,a,) =t a
0o 0 ... ap

to replace R™ by X, we find that each symmetric polynomial p on ¥ is of the form
P(A) = p(o1(A),02(A), ..., 0n(A)),

it can be expressed as a polynimial p in the elementary symmetric functions

on = (—1)"X'. .. 2"
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Let us consider the characteristic polynomial of the diagonal matrix X with eigen-

values 2!, ..., 2™

n
H(t —)=t" o " ot oy
i=1

= det(t.Id — X)
= Z(—l)”*iticn,i(X), where
=0
cx(Y) = Trace(AFY : AFR™ — AFR™)

is the k-th characteristic coefficient of a matrix A. So the o; extend to O(n)-
invariant polynomials ¢; on S(n). So we can now extend p to a polynomial on S(n)
by

p(H) :=p(c1(H),co(H),...,cn(H)) for all H € S(n),
and p is an O(n)-invariant polynomial on S(n), and unique as such due to (1).

(6) Again we have that f € C*(S(n))°™ implies f := f|g € C°°(X)S*. Finding
an inverse map f — f as above is possible due to the following theorem by Gerald
Schwarz (see (7.14)) below:

Let G be a compact Lie group with a finite-dimensional representation G — GL(V),
and py, pa, - - ., pr, generators for the algebra R[V|% of G-invariant polynomials on
V' (this space is finitely generated as an algebra due to Hilbert, see (7.2)). Then,
for any smooth function h € C>°(V)%, there is a function h € C*(R¥) such that

h(v) = h(p1(v), ..., pr(v)).

Now we can prove the assertion as in (5) above. Again we take the symmetric
polynomials o71,...,0, as generators of R[X]. By Schwarz’ theorem (7.14) f €
C>(X)S» can be written as a smooth function in o4,...,0,. So we have an f €
C*°(R™) such that

f(A) = flo1(A),...0n(A)) forall Ac ¥
If we extend the o; onto S(n) as in (4), we can define
f(H) = f(ci(H),ca(H), ..., cn(H)) for H € S(n).

f is again a smooth function and the unique O(n)-invariant extension of f.
(7) Consider o = (01,...,0,) : ¥ — R™ and put J(z) := det(do(x)). For each
o € S, we have
Jdz' A ANdz =doy A+ Adoy,
=a*doy N\--- Ndoy,
= (Joa).a*dz* A ANdz"
= (Joa).det(a).dz* A--- Adaz"
(8) Joa=det(a™t).J
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From this we see firstly that J is a homogeneous polynomial of degree

0+1+--~+(n—1)="“§‘”:(§).

The mapping o is a local diffeomorphism on the open set U = ¥\ J~1(0), thus
doy,...,do, is a coframe on U, i.e. a basis of the cotangent bundle everywhere on
U. Let (ij) be the transpositions in S, let Hy;) = {z € ¥ : ' — 2/ = 0} be
the reflection hyperplanes of the (ij). If 2 € H(;; then by (8) we have J(z) =
J((ij)x) = =J(x), so J(X) = 0. Thus J|H;j) = 0, so the polynomial .J is divisible
by the linear form z* — 27, for each ¢ < j. By comparing degrees we see that

(9) J(z) =c. H(xl —27),  where 0 # c € R.
i<j
By the same argument we see that:

(10) If g € C°°(X) satisfies g o a = det(a~1).g for all @ € S,,, then g = J.h for
h € C=(X)Sn.
(11) Claim (10): Let w € QP(X)%». Then we have

w = E Wiy .05 dO’j1 /\"'/\dO’jp
J1<J2<<Jp
on %, for wj, . i € C>(%)Sn.

To prove claim (11) recall that doy,...,do, is an S,-invariant coframe on the S,,-
invariant open set U. Thus

W|U: Z g]l ----- j:n dajl /\/\da-ﬂp

e
J1<J2 JPGCOQ(U)

(12) = > <71L > a*gjl,‘..,jp> doj, A--- Ndoj,.

J1<j2<-<Jp a€S,

Now choose I = {i; < -+ <i,} C{l,...,n}and let I = {1,...,n}\ I = {ip41 <
.-+ <ip}. Then we have for a sign ¢ = £1

wlU ANdoi, , N---Ndo;, =ehr.doy A--- Ndoy,

do!

=c.hp.Jdzt Ao Ada™.
On the whole of X we have
wAdo! = ekr.dz' A Ada™

for suitable k; € C*°(X). By comparing the two expression on U we see from (8)
that kjoa = det(a~1).kr since U is dense in 3. So from (10) we may conclude that
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kr = Jwy for wy € C®(X)S", but then h; = wr|U and w = >oywr do! as asserted
in claim (11).

Now we may finish the proof. By the theorem of G. Schwartz (7.14) there exist
fr € C*(R"™) with w; = fr(o1,...,0,). Recall now the characteristic coefficients
¢; € R[S(n)] from the proof of (5) which satisfy ¢;|~ = o;. If we put now

= > fiay(er,oen)dei, Aoe Ndeg, € QF(S(n))O)

i1 <<
then the pullback of @ to ¥ equals w. O

7.2. Theorem of Hilbert and Nagata. Let G be a Lie group with a finite-
dimensional representation G — GL(V') and let one of the following conditions be
fulfilled:

(1) G is semisimple and has only a finite number of connected components.

(2) V and (G.f)r are completely reducible for all f € R[V], see lemma (7.8).

Then R[V|C is finitely generated as an algebra, or equivalently, there is a finite set
of polynomials p1,...,px € RV]Y, such that the map p := (p1,...,px) : V — RF
induces a surjection

*

R[R*] —— R[V]C.

Remark. The first condition is stronger than the second since for a connected,
semisimple Lie group, or for one with a finite number of connected components,
every finite dimensional representation is completely reducible. To prove the the-
orem we will only need to know complete reducibility for the finite dimensional
representations V and (G.f)r though (as stated in (2)).

7.3. Lemma. Let A= ®;>04; be a connected graded R-algebra (that is Ag =R).
If Ay = @504 is finitely generated as an A-module, then A is finitely generated
as an R-algebra.

Proof. Let ay,...,a, € A, be generators of A, as an A-module. Since they can
be chosen homogeneous, we assume a; € A,, for positive integers d;.
Claim: The a; generate A as an R-algebra: A =R[ay,...,a,]

We will show by induction that A; C Rlay,...,ay] for all . For ¢ = 0 the assertion
is clearly true, since Ag = R. Now suppose 4; C Rlaq,...,a,] for all i < N. Then
we have to show that

AN g R[al,.. .,an]

as well. Take any a € Ay. Then a can be expressed as
a= Z cé a; cﬁ» €A
%,

Since a is homogeneous of degree N we can discard all cz-ai with total degree
j+di # N from the righthand side of the equation. If we set c¢fy_, =: ¢’ we get

a= g cla;
i
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In this equation all terms are homogeneous of degree N. In particular, any occurring
a; have degree d; < N. Consider first the a; of degree d; = N. The corresponding c*
then automatically lie in Ag = R, so c‘a; € Ray,...,a,]. To handle the remaining
a; we use the induction hypothesis. Since a; and ¢ are of degree < N, they are
both contained in R[ay,...,a,]. Therefore, ca; lies in Ray,...,a,] as well. So
a=>ca; € Rlay,...,a,], which completes the proof. [J

Remark. If we apply this lemma for A = R[V]% we see that to prove (7.2) we
only have to show that R[V]E, the algebra of all invariant polynomials of strictly
positive degree, is finitely generated as a module over [V]¢. The first step in this
direction will be to prove the weaker statement:

B := R[V].R[V]i is finitely generated as an ideal.
It is a consequence of a well known theorem by Hilbert:

7.4. Theorem. (Hilbert’s ideal basis theorem) If A is a commutative Noetherian
ring, then the polynomial ring Alx] is Noetherian as well.

A ring is Noetherian if every strictly ascending sequence of left ideals Iy C I; C
I, C ... is finite, or equivalently, if every left ideal is finitely generated. If we choose
A =R, the theorem states that R[z] is again Noetherian. Now consider A = R]z],
then Rlz][y] = R[z, y] is Noetherian, and so on. By induction, we see that R[V] is
Noetherian. Therefore, any left ideal in R[V], in particular B, is finitely generated.

Proof of (7.4). Take any ideal I C Alx] and denote by A; the set of leading
coefficients of all i-th degree polynomials in I. Then A; is an ideal in A, and we
have a sequence of ideals

AgC A CAC---CA

Since A is Noetherian, this sequence stabilizes after a certain index r, i.e. A, =
App1=---. Let {ai1,...,a;,, } be aset of generators for A; (i =1,...,r), and p;;
a polynomial of degree ¢ in I with leading coeflicient a;;.

Claim: These polynomials generate I.

Let P = (pij)aj«) € Alz] be the ideal generated by the p;;. P clearly contains all
constants in I (Ag C I). Let us show by induction that it contains all polynomials
in I of degree d > 0 as well. Take any polynomial p of degree d. We distinguish
between two cases.

(1) Suppose d < r. Then we can find coeflicients ¢y, ..., ¢y, € A such that

P:=p—C1Pd1 — C2Pd2 — - -+ — CnyPdny

has degree < d.

(2) Suppose d > 7. Then the leading coefficients of 2% "p,1,..., 2 "p,, € I
generate Ag. So we can find coeflicients ¢y, ..., c,, € A such that
pr=p—c1x "pr — 2z Py — ... — ¢, 2 Py,
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has degree < d.

In both cases we have p € p 4+ P and degp < d. Therefore by the induction
hypothesis p, and with it p, lies in P. O

To prove theorem (7.2) it remains only to show the following

7.5. Lemma. Let G be a Lie group acting on V' such that the same conditions as
in Hilbert and Nagata’s theorem are satisfied. Then for fi,..., fx € R[V]C:

RIVIN (fr- - frdrp) = (Fro- -5 fodrpvie

where the brackets denote the generated ideal (module) in the specified space.

7.6. Remark. In our case, if we take f; = p; € R[V]¥ to be the finite system of
generators of B as an ideal in R[V], we get:

RVI§ =R[VI“NB = (p1,...,pr)rivic

That is, the p; generate R[V]S as a R[V]%-module. With lemma (7.3), Hilbert and
Nagata’s theorem (7.2) follows immediately.

7.7. Remark. The inclusion (D) in lemma (7.5) is trivial. If G is compact, then
the opposite inclusion

RVIC N (fr,- ., fudrpy) € (Frs - fr)rpvie

is easily seen as well. Take any f € R[V]®N(f1,..., fu)rpv). Then f can be written
as

F=> pifi  pieRV]

Since G is compact, we can integrate both sides over G using the Haar measure dg
to get

flz) = /Gf(g-x)dg = Xi:/cpi(g-x)fi(g-x)dg= Z:(Lpi(g-x)dg) fi(@).

=:pj ()

The p; are G-invariant polynomials, therefore f isin (f1,..., fx)rpv)o-

To show the lemma in its general form we will need to find a replacement for the
integral. This is done in the central

7.8. Lemma. [Nagata, 1959] Under the same conditions as theorem (7.2), to any
f € R[V] there is an f* € R[V]Y N (G.f)r such that

f=1"e(Gf=Gf)r.
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Proof. Take f € R[V]. Clearly, f is contained in My := (G.f)r, where f* is
supposed to lie as well. My is a finite dimensional subspace of R[V] since it is
contained in

My P RV
i<deg f

In addition we have that
<Gf - Gf>R =: Nf g Mf

is an invariant subspace. So we can restrict all our considerations to the finite
dimensional G-space My which is completely reducible by our assumption.

If f € Ny, then we can set f* =0 and are done. Suppose f ¢ Ny. Then the f* we
are looking for must also lie in My \ Ny. From the identity

gf=Ff+@f-1 forall g € G
———
ENy
it follows that
My =NyoR.f.
In particular, Ny has codimension 1 in Mjy.

Since we require of f* to be G-invariant, R. f* will be a one dimensional G-invariant
subspace of M (not contained in Ny). As we just saw, Ny has codimension 1 in
My, therefore R. f* will be a complementary subspace to Ny.

If we now write My as the direct sum
Mf = Nf @ P,

where P is the invariant subspace complementary to Ny guaranteed by the complete
irreducibility of My, then P is a good place to look for f*.

Now P = M;/N; as a G-module, so let us take a look at the action of G on
My /Ny. Every element of My/N; has a representative in R.f, so we need only
consider elements of the form Af + Ny (A € R). For arbitrary g € G we have:

g AN +Nyp)=Xg.f+ Ny =Af+(Ng.f = Af)+Ny = Af + Ny.
N————’

eNy

So G acts trivially on My/Ny and therefore on P. This is good news, since now
every f' € P is G-invariant and we only have to project f onto P (along N¢) to
get the desired f* € R[V]Y N M;. O

Proof of lemma (7.5). Recall that for arbitrary fi,..., f, we have to show

R[V]G N <f1a"'afn>R[V] g <f17"',fn>R[V]G'
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We will do so by induction on n. For n = 0 the assertion is trivial.
Suppose the lemma is valid for n = r — 1. Consider fi,...,f. € R[V]¢ and
FEeRVIYN{f1,..., fr)rp). Then

= sz'fi pi € R[V].
=1

By Nagata’s lemma (7.8), we can approximate p; up to (G.p; — G.p;)r by a p} €
R[V]¥. So for some finite subset F' C G x G we have

pi =pi + Z A;t(s.pi —t.pi) /\;t € R.
s,teF
Therefore we have
F=Y0ifi=> > M(spi—tp)fi € RIV]S.
i=1 i=1s,teF

It remains to show that the righthand side of this equation lies in (f1,..., fr)rc-
Notice that by the G-invariance of f:

r

> (spi—tpi) f; = 0.

i=1
For all s,t € G. Therefore
r—1
Z(s-pi —t.pi)fi = (t-pr — s.pr) fr.
i=1

Now we can use the induction hypothesis on

DD Nolspi—tp)fi =

i=1 steF

r—1
= Z Z (AL = AL ) (s.pi — tpi) fi € RIVIC O (fr, o frot)Rvy

i=1 s,tEF
to complete the proof. [

7.9. Remark. With lemma (7.5), Hilbert and Nagata’s theorem is proved as well.
So in the setting of (7.2) we now have an exact sequence
0 — ker p* — R[RF] 25 R[V]E — 0

where ker p* = {R € R[R¥] : R(p1,...,pr) = 0} is just the finitely generated ideal
consisting of all relations between the p;.

Since the action of G respects the grading of R[V] = @&;R[V];, it induces an action
on the space of all power series, R[[V]] = II32;R[V]x, and we have the following
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7.10. Theorem. Let G — GL(V) be a representation and pi,...,pr a system
of generators for the algebra R[V]|%. Then the map p == (p1,...,px) : V — R¥
induces a surjection

R[[RF]] 2 RV,

Proof. Write the formal power series f € R[[V]]“ as the sum of its homogeneous
parts.

f(@) = fo+ filz) + falx) + ...
Then to each f;(z) € R[V]{ there is a g;(y) € R[R*] such that

filz) = gi(p1(x), ..., pp(x)).
Before we can set
9(y) = go + g1(y) + g2(y) + ...

to finish the proof, we have to check whether this expression is finite in each degree.
This is the case, since the lowest degree \; that can appear in g; goes to infinity
with é:

Write explicitly g; = Z|a\<iAi704ya and take an A;, # 0. Then deg f; = i =
a1dy + ... agdg where d; = deg p; and

i = inf{|¢| :i:Zajdj}Hoo (i — o) O

The following corollary is an immediate consequence.

7.11. Corollary. If G is a Lie group with a finite dimensional representation
G — GL(V), then under the same conditions as Hilbert and Nagata’s theorem
there is a finite set of polynomials py,...,px € R[V]Y such that the map p :=

(p1,...,pr) : V — RF induces a surjection
R[RY SRV O

7.12. The orbit space of a representation. If G is a Lie group acting smoothly
on a manifold M, then the orbit space M /G is not generally again a smooth mani-
fold. Yet, it still has a functional structure induced by the smooth structure on M
simply by calling a function f : M/G — R smooth iff fox : M — R is smooth
(where m : M — M/G is the quotient map). That is, the functional structure on
M/G is determined completely by the smooth G-invariant functions on M. For
compact Lie groups, the space of all G-invariant C°°-functions on R" is character-
ized in theorem (7.14). In the following, let G always denote a compact Lie group,
¢ : G — GL(V) a representation on V = R™. Let py,...,pr € R[V]¢ denote a
finite system of generators for the algebra R[V]“, and let p denote the polynomial
mapping:
p:=(p1,...,pr): V — RE

A mapping between two topological spaces f : X — Y is called proper, if K CY
compact implies f~}(K) C X is compact.
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Lemma. Let G be a compact Lie group. Then we have

(1) p is proper.
(2) p separates the orbits of G.
(3) There is a map p' : V/G — RF such that the following diagram commutes,

p

v—F L RF

and p' is a homeomorphism onto its image.

Proof. (1) Let r(x) = |z|? = (x,2), where ( , ) is an invariant inner product
on V. Then r € R[V]Y. By (7.2) there is a polynomial p € R[R¥] such that r(z) =
p(p(x)). If (z,) € V is an unbounded sequence, then r(z,,) is unbounded. Therefore
p(p(x,)) is unbounded, and, since p is a polynomial, p(z,,) is also unbounded. With
this insight we can conclude that any compact and hence bounded set in R* must
have a bounded inverse image. By continuity of p, it must be closed as well. So
the inverse image of a compact set under p is again compact, that is, p is proper.

(2) Choose two different orbits G.x # G.y (x,y € V) and consider the map:

0 forveGux

G UG, R =
f v v ) { 1 forveGy

Both orbits are closed, so f is continuous. Furthermore, both orbits and with
them their union are compact, since G is compact. Therefore, by the Weierstrass
approximation theorem, there is a polynomial p € R[V] such that

1
lp — fllg.eucy =sup{lp(z) — f(2)| : z € Ga UGy} < 1

Now we can average p over the group using the Haar measure dg on G (see (14.1)
below) to get a G-invariant function.

q(v) = /Gp(g.v)dg

Note that since the action of G is linear, ¢ is again a polynomial. Now let us check
that g approximates f equally well. For v € G.x U G.y, we have

1
[ sta0as— [ tanas] < [ 100 - ptolas < 5 [ as
=f@) et

=1

Recalling how f was defined, we get

1
lg(v)| < forve Gz

10
1
|17q(v)|§1— for v € G.y.
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Therefore ¢(G.x) # ¢(G.y), and since ¢ can be expressed in the Hilbert generators,
we can conclude that p(G.z) # p(G.y).

(3) Clearly, p is well defined. By (2) p’ is injective and, with the quotient topology
on V/G, continuous. So on every compact subset of V/G we know that p' is a
homeomorphism onto its image. Now take any diverging sequence in V/G. It is
the image under 7 of some equally diverging sequence in V. If this sequence has
an unbounded subsequence, then by (1), its image under p is unbounded as well,
in particular divergent. If the diverging sequence in V' (therefore its image under
m, our starting sequence) is bounded, then it is contained in a compact subset of
V, our starting sequence is contained in a compact subset of V/G, and here p’ is
a homeomorphism. Thereby, its image under p’ is divergent as well. So we have
shown that a sequence in V/G is convergent iff its image under p’ in R¥ is convergent
and, with that, that p’ is a homeomorphism onto its image. [

7.13. Remark. (1) If f : V — R is in C%(V)%, then f factors over 7 to a
continuous map f : V/G — R. By (3.2)(3) there is a continuous map f : p(V) — R
given by f = fo p’fl. It has the property f = fop. Since p(V) is closed, f extends
to a continuous function f € C°(R*) (Tietze-Urysohn). So for continuous functions
we have the assertion that

p*: CO(RF) — (V)¢ is surjective.

(2) p(V) is a real semi algebraic variety, that is it is described by a finite number
of polynomial equations and inequalities. In the complex case, the image of an
algebraic variety under a polynomial map is again an algebraic variety, meaning it
is described by polynomial equations only. In the real case this is already disproved
by the simple polynomial map: = — 2.
7.14. C°°-Invariant Theorem. ([Schwarz, 1975])
Let G be a compact Lie group, £ : G — O(V) a finite-dimensional representation,
and p1, p2, ... , px generators for the algebra R[V|S of G-invariant polynomials on
V' (this space is finitely generated as an algebra by (7.2)). If p :== (p1,...,pk) :
V — RF, then

p*  C°(RY) — (V)¢ is surjective.

section. But let us just begin now with some remarks and make some simplifications.

(1) For the action of G = {£1} on R! the result is due to Whitney [Whitney,
1943).

(2) If G = S,, acting on R™ by the standard representation it was shown by
[Glaeser, 1963].

(3) Tt is easy to see that p*C°°(RF) is dense in C*°(V)¢ in the compact C*-
topology. Therefore, Schwarz’ theorem is equivalent to: p*C°°(R¥) is closed
in C>(V). If py, ..., pi. can be chosen algebraically independent, then this
follows from a theorem in [Glaeser, 1963].
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(4) To start out with, notice that the Hilbert polynomials can be chosen ho-
mogeneous and of positive degree: Since the action of G is linear, the de-
gree of a polynomial p € R[V] is invariant under G. Therefore, if we split
each Hilbert polynomial up into its homogeneous parts, we get a new set
of Hilbert polynomials. Let us denote these by p; and the corresponding
degrees by d; > 0.

7.15. Corollary. Under the same conditions as (7.14):
p* O (RF) — Co (V)¢ is surjective,
where C3° denotes the space of all germs at 0 of C*°.

Proof. C>=(V)¢ Lo, Cse (V)¢ is surjective, since for any f € C5°(V)¢ there
is a representative f' € C*(V), and with it f” := [, (g)*f'dg € C*>(V)% also
represents f. By Schwarz’ theorem, f” = h o p for some h € C*(R¥). O

Further results in this direction were obtained by Luna who, among other things,
generalized the theorem of Schwarz to reductive Lie groups losing only the property
of the Hilbert generators separating the orbits.

Luna’s Theorem. [Luna, 1976] Consider a representation of a reductive Lie group
G on K™ ( where K = C,R ), and let ¢ = (01,...,0,) : K™ — K", where
o1,...,0, generate the algebra K[K™]%. Then the following assertions hold:

(1) K=C = o*: H(C") — H(C™)% is surjective.

(2) K=R = o*: C¥(R") — C¥(R™)Y is surjective.

(3) K =R implies that

o* : C®(R") — {f € C®(R™)% : f is constant on o~ (y) for all y € R"}

18 surjective.
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CHAPTER III
Differential Forms and De Rham Cohomology

8. Vector Bundles

8.1. Vector bundles. Let p: F — M be a smooth mapping between manifolds.
By a wvector bundle chart on (E,p, M) we mean a pair (U,), where U is an open
subset in M and where 1 is a fiber respecting diffeomorphism as in the following
diagram:

UxV

Here V is a fixed finite dimensional vector space, called the standard fiber or the
typical fiber, real for the moment.

Two vector bundle charts (Uy, ;) and (Us,1b2) are called compatible, if 1y o)y " is
a fiber linear isomorphism, i.e. (11 05 ") (z,v) = (2,1 9(x)v) for some mapping
1,2 2 Ure := U1 NUy — GL(V). The mapping 1 2 is then unique and smooth,
and it is called the transition function between the two vector bundle charts.

A wector bundle atlas (Uy,%a)aca for (E,p, M) is a set of pairwise compatible
vector bundle charts (Uy,,1q) such that (Uy)aca is an open cover of M. Two
vector bundle atlases are called equivalent, if their union is again a vector bundle
atlas.

A wvector bundle (E,p, M) consists of manifolds E (the total space), M (the base),
and a smooth mapping p : E — M (the projection) together with an equivalence
class of vector bundle atlases: So we must know at least one vector bundle atlas. p
turns out to be a surjective submersion.

8.2. Let us fix a vector bundle (E,p, M) for the moment. On each fiber E, :=
p~1(z) (for € M) there is a unique structure of a real vector space, induced from
any vector bundle chart (Uy, ¥, ) with € U,. So 0, € E, is a special element and
0: M — E, 0(z) =0,, is a smooth mapping, the zero section.

A section u of (E,p, M) is a smooth mapping u : M — E with pou = Idy.
The support of the section w is the closure of the set {x € M : u(z) # 0,} in M.
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The space of all smooth sections of the bundle (E,p, M) will be denoted by either
I'(E) = T'(E,p,M) = T'(E — M). Clearly it is a vector space with fiber wise
addition and scalar multiplication.

If (Ua,%a)aca is a vector bundle atlas for (E,p, M), then any smooth mapping
fa : Uy — V (the standard fiber) defines a local section x — ¥ (z, fo(z)) on U,.
If (ga)aca is a partition of unity subordinated to (U,), then a global section can
be formed by = — Y ga(z) 95 (2, fa(x)). So a smooth vector bundle has ‘many’
smooth sections.

8.3. We will now give a formal description of the amount of vector bundles with
fixed base M and fixed standard fiber V.

Let us first fix an open cover (Uy)aca of M. If (E,p, M) is a vector bundle which
admits a vector bundle atlas (U,, %) with the given open cover, then we have
Yo © 1/1@_1(:1:,1)) = (z,v%ap(x)v) for transition functions ag : Usg = U N Uz —
GL(V), which are smooth. This family of transition functions satisfies

(1) Yap(x) - Yy (2) = Yay(x) for each x € Ungy = Uy NUg N U,
Vao(x) =€ for all x € U,

Condition (1) is called a cocycle condition and thus we call the family (13) the
cocycle of transition functions for the vector bundle atlas (Uy, 14 )-

Let us suppose now that the same vector bundle (E,p, M) is described by an
equivalent vector bundle atlas (U, ¢,) with the same open cover (U,). Then the
vector bundle charts (Uy, ) and (U,,pq) are compatible for each a, so ¢, o
Pl (z,v) = (z, 7o (z)v) for some 7, : Uy, — GL(V). But then we have

(2, Ta(2)¥ap()v) = (pa 0 Y5 ) (@, Yap(@)v)
= (pa 0ty 0 05t )(@,v) = (pa 0 ¥5") (@, v)
= (pa 095" 0oy t)(x,v) = (%, pap(®)Ts(T)0).
So we get

(2) Ta () Vap(r) = pap(x)1(x) for all x € Uyg.

We say that the two cocycles (143) and (¢qg) of transition functions over the cover
(Ua) are cohomologous. The cohomology classes of cocycles (¢,3) over the open
cover (U,) (where we identify cohomologous ones) form a set H((U,),GL(V))
the first Cech cohomology set of the open cover (U,) with values in the sheaf
C>=( LGL(V)) = GL(V).

Now let (W;)icr be an open cover of M that refines (U,) with W; C U,;), where
e : I — A is some refinement mapping, then for any cocycle (1,3) over (Uy) we
define the cocycle £*(vag) =: (i;) by the prescription ¢;; := 1.(5),.c(;) | Wi;. The
mapping £* respects the cohomology relations and induces therefore a mapping
et . HY((U,),GL(V)) — H'((W;),GL(V)). One can show that the mapping &*
depends on the choice of the refinement mapping € only up to cohomology (use
Ti = Ye@i)yme) | Wi if € and 7 are two refinement mappings), so we may form
the inductive limit lim H*(U, GL(V)) =: H'(M,GL(V)) over all open covers of M
directed by refinement.
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Theorem. There is a bijective correspondence between H' (M, GL(V)) and the set
of all isomorphism classes of vector bundles over M with typical fiber V.

Proof. Let (¢,3) be a cocycle of transition functions ¥ag : Uag — GL(V) over
some open cover (Uy) of M. We consider the disjoint union | |, 4{a} x Uy x V
and the following relation on it: (o, z,v) ~ (8,y,w) if and only if x = y and
bpalz)y = w.

By the cocycle property (1) of (1)) this is an equivalence relation. The space of all
equivalence classes is denoted by E = V B(1,8) and it is equipped with the quotient
topology. We put p : E — M, p[(a,z,v)] = x, and we define the vector bundle
charts (Uy, ¥o) by ¥al(a, 2,0)] = (2,0), Yo : p~1(Us) =t E [ Uy — U, x V. Then
the mapping v, o wgl(m,v) = Yo [(8,2,v)] = VYalla, z,Pap(@)v)] = (2, 90s(x)v)
is smooth, so E becomes a smooth manifold. E is Hausdorff: let v # v in E; if
p(u) # p(v) we can separate them in M and take the inverse image under p; if
p(u) = p(v), we can separate them in one chart. So (E,p, M) is a vector bundle.

Now suppose that we have two cocycles (¢ag) over (Ua), and (p;;) over (V;).
Then there is a common refinement (W.,,) for the two covers (Uy) and (V;). The
construction described a moment ago gives isomorphic vector bundles if we restrict
the cocycle to a finer open cover. So we may assume that (¢,3) and (pa.g) are
cocycles over the same open cover (U,). If the two cocycles are cohomologous,
SO To - Yap = Pas - Ta o0 Uyg, then a fiber linear diffeomorphism 7 : VB(¢,3) —
VB(pap) is given by ¢o7[(a, z,v)] = (2, 7o (x)v). By relation (2) this is well defined,
so the vector bundles VB(1,3) and V B(pag) are isomorphic.

Most of the converse direction was already shown in the discussion before the
theorem, and the argument can be easily refined to show also that isomorphic
bundles give cohomologous cocycles. [

8.4. Remark. If GL(V) is an abelian group (only if V' is of real or complex
dimension 1), then H'(M,GL(V)) is a usual cohomology group with coefficients in
the sheaf GL(V') and it can be computed with the methods of algebraic topology.
We will treat the two situation in a moment. If GL(V') is not abelian, then the
situation is rather mysterious: there is no clear definition for H?(M,GL(V)) for
example. So H'(M,GL(V)) is more a notation than a mathematical concept.

A coarser relation on vector bundles (stable isomorphism) leads to the concept of
topological K-theory, which can be handled much better, but is only a quotient of
the real situation.

Example: Real line bundles. As an example we want to determine here the set
of all real line bundles on a smooth manifold M. Let us first consider the following
exact sequence of abelian Lie groups:

0— (R,+) =2 GL(1,R) = (R\0,-) & Zy — 0. = 0
where Zs := Z/27 is the two element group. This gives rise to an exact sequence
of sheafs with values in abelian groups:

0—C®( ,R) 225 ¢®( ,GL(1,R)) 257y — 0
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where in the end we find the constant sheaf. This induces the following long exact
sequence in cohomology (the Bockstein sequence):

c—0=HYM,C®( ,R)) =24 H'(M,C>( ,GL(1,R)) 2
P HY (M, Zo) 2 HAX(M,C®( ,R))=0— ...

Here the sheaf C*°( ,R) has 0 cohomology in dimensions > 1 since this is a fine
sheaf, i.e. it admits partitions of unity. Thus p, : H'(M,C>®( ,GL(1,R)) —
H'(M,Zs) is an isomorphism, and by the theorem above a real line bundle E over
M is uniquely determined by a certain cohomology class in H'(M, Z,), namely the
first Stiefel-Whitney class wy(E) of this line bundle.

Example: Complex line bundles. As another example we want to determine
here the set of all smooth complex line bundles on a smooth manifold M. Again
we first consider the following exact sequence of abelian Lie groups:
0221 (C,4) =2, GL(1,C) = (C\0,-) — 0.
This gives rise to the following exact sequence of sheafs with values in abelian
groups:
07— C>®( ,C) 2250 ,GL(1,C)) -0

where in the beginning we find the constant sheaf. This induces the following long
exact sequence in cohomology (the Bockstein sequence):

€exXp,.

.= 0=H'Y(M,C®( ,C)) HY(M,Cc>( ,GL(1,C)) >

SoEA(M,z) YL g2 (M,0%( ,C) =0 ...

Again the sheaf C*°( ,R) has 0 cohomology in dimensions > 1 since it is a fine
sheaf. Thus § : HY(M,C>( ,GL(1,C)) — H?(M,Z) is an isomorphism, and by
the theorem above a complex smooth line bundle E over M is uniquely determined
by a certain cohomology class in H?(M,Z), namely the first Chern class ¢i(E) of
this line bundle.

8.5. Let (Uy, ¥q) be a vector bundle atlas for a vector bundle (E, p, M). Let (ej);?:l
be a basis of the standard fiber V. We consider the section s;(z) := ¢, (z, ¢;) for
x € Uy. Then the s; : Uy — E are local sections of E such that (s;(z))k_; is a
basis of E, for each x € U,: we say that s = (s1,..., k) is a local frame field for
FE over U,,.

Now let conversely U C M be an open set and let s; : U — E be local sections of
E such that s = (s1,...,sg) is a local frame field of E over U. Then s determines a
unique vector bundle chart (U, 1) of E such that s;(z) = ¢~ !(x, e;), in the following
way. We define f: U x R¥ — E | U by f(x,v!,... ,vF) = Z?:l visj(x). Then f
is smooth, invertible, and a fiber linear isomorphism, so (U, = f~1) is the vector
bundle chart promised above.
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8.6. Let (E,p, M) and (F, ¢, N) be vector bundles. A vector bundle homomorphism
¢ : E — F is a fiber respecting, fiber linear smooth mapping

P

E———>F

1)

So we require that ¢, : E, — F,(, is linear. We say that ¢ covers ¢. If ¢ is

invertible, it is called a vector bundle isomorphism.

8.7. A wector subbundle (F,p, M) of a vector bundle (E,p, M) is a vector bundle
and a vector bundle homomorphism 7 : F' — FE, which covers Idj;, such that
Ty : Fy — E, is a linear embedding for each = € M.

Lemma. Let ¢ : (E,p,M) — (E’,q,N) be a vector bundle homomorphism such
that rank(p, : E, — E;(z)) is locally constant in x € M. Then kerp, given by

(ker ), = ker(,), is a vector subbundle of (E,p, M).

Proof. This is a local question, so we may assume that both bundles are trivial:
let £ = M x RP and let ' = N x RY, then ¢(z,v) = (p(x),%(x).v), where 3 :
M — L(RP,R?). The matrix ®(z) has rank k, so by the elimination procedure we
can find p — k linearly independent solutions v;(x) of the equation @(z).v = 0. The
elimination procedure (with the same lines) gives solutions v;(y) for y near x which
are smooth in y, so near x we get a local frame field v = (vi,... ,vp—k) for ker ¢.
By (8.5) ker ¢ is then a vector subbundle. [

8.8. Constructions with vector bundles. Let F be a covariant functor from
the category of finite dimensional vector spaces and linear mappings into itself,
such that F : L(V,W) — L(F(V),F(W)) is smooth. Then F will be called a
smooth functor for shortness sake. Well known examples of smooth functors are
F(V) = A*(V) (the k-th exterior power), or F(V) = ®" V', and the like.

If (E,p, M) is a vector bundle, described by a vector bundle atlas with cocycle of
transition functions @ : Usg — GL(V'), where (U, ) is an open cover of M, then we
may consider the smooth functions F(pag) : © — F(vas(z)), Uap — GL(F(V)).
Since F is a covariant functor, F(p.g) satisfies again the cocycle condition (8.3.1),
and cohomology of cocycles (8.3.2) is respected, so there exists a unique vector
bundle (F(E) := VB(F(¢ag)),p; M), the value at the vector bundle (E,p, M) of
the canonical extension of the functor F to the category of vector bundles and their
homomorphisms.

If F is a contravariant smooth functor like duality functor F(V) = V*, then we
have to consider the new cocycle .7-'(90;51) instead of F(pag)-

If F is a contra-covariant smooth bifunctor like L(V, W), then the construction
F(VBWap), VB(vag)) = VB(}"(z/J;é, ©wap)) describes the induced canonical vec-
tor bundle construction, and similarly in other constructions.
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So for vector bundles (F,p, M) and (F, g, M) we have the following vector bundles
with base M: A*E, E® F, B*, AE = @,.,A*E, E® F, L(E,F) = E* ® F, and
SO Om.

8.9. Pullbacks of vector bundles. Let (E,p, M) be a vector bundle and let
f+ N — M be smooth. Then the pullback vector bundle (f*E, f*p, N) with the
same typical fiber and a vector bundle homomorphism

FE p*f I

A

f

N———M

is defined as follows. Let E be described by a cocycle (1p,3) of transition functions
over an open cover (Uy) of M, E = VB(¢a3). Then (¢ap o f) is a cocycle of
transition functions over the open cover (f~1(U,)) of N and the bundle is given
by f*E :=VB(¢apo f). As a manifold we have f*E =N x FE in the sense of

(f,M,p)
(2.17).

The vector bundle f*FE has the following universal property: For any vector bundle
(F,q, P), vector bundle homomorphism ¢ : F' — E and smooth g : P — N such
that fog = o, there is a unique vector bundle homomorphism v : F' — f*FE with

P =gand p*for)=op.

F 90

N

q FE-P g
Jf*p p

8.10. Theorem. Any vector bundle admits a finite vector bundle atlas.

Proof. Let (E,p, M) be the vector bundle in question, where dim M = m. Let
(Uas; Ya)aca be a vector bundle atlas. By topological dimension theory, since
M is separable, there exists a refinement of the open cover (Uy)aca of the form
(Vij)i=1,....m+1;jen, such that V;; N Vi, = 0 for j # k, see the remarks at the end of
(1.1). We define the set W; := LljeN Vij (a disjoint union) and v¥; [ Vij = v j),
where a : {1,...,m + 1} x N — A is a refining map. Then (W;,%;)i=1,...m+1 is a
finite vector bundle atlas of £. [

8.11. Theorem. For any vector bundle (E,p, M) there is a second vector bundle
(F,p, M) such that (E ® F,p, M) is a trivial vector bundle, i.e. isomorphic to
M x RY for some N € N.
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Proof. Let (U;, ;) be a finite vector bundle atlas for (E,p, M). Let (g;) be
a smooth partition of unity subordinated to the open cover (U;). Let ¢; : RF —
(R¥)™ = R¥ x - .. x R* be the embedding on the i-th factor, where R” is the typical
fiber of E. Let us define ¢ : E — M x R by

( Zgz £ Opr2o¢z)( ))7

then v is smooth, fiber linear, and an embedding on each fiber, so F is a vector
subbundle of M x R™ via 1. Now we define F, = E; in {z} x R"* with respect
to the standard inner product on R™. Then F — M is a vector bundle and
EeF=MxR*™. 0O

8.12. The tangent bundle of a vector bundle. Let (E,p, M) be a vector
bundle with fiber addition +g : E x3; E — E and fiber scalar multiplication
mP : E — E. Then (TE,ng, E), the tangent bundle of the manifold E, is itself
a vector bundle, with fiber addition denoted by +7g and scalar multiplication
denoted by m!E.

If (Up, Vo : E [ Uy — Uy X V)aea is a vector bundle atlas for E, such that (Uy, tq)
is also a manifold atlas for M, then (E | Uy, v,)aca is an atlas for the manifold
E, where

W= (ug X Idy) 0thy : E | Uy = Uy XV = uo(Uy) x VCR™ x V.

Hence the family (T'(E | Uy),T¥., : T(E | Uy) — T(ua(Uy) X V) = ua(Uy) %
V X R™ x V),ea is the atlas describing the canonical vector bundle structure of
(TE,ng, E). The transition functions are in turn:

(1o © ¢El)( ,0) = (2, Yap(x)v)  for o € Uyg
(wa 0 ug')(y) = uap(y) fory € us(Uap)
(Y © (W) ") (Y, v) = (tap(y), Yap(uz' (y))v)
(T, o T(W) ")y, v;:6,w) = (uap(y), Yas(uz' (y))v; d(uap) (Y)E,
(d(tap 0 ug )V + Yap(ug' (9))w).
So we see that for fixed (y, v) the transition functions are linear in (£, w) € R™ x V.
This describes the vector bundle structure of the tangent bundle (TE, 7g, E).

For fixed (y,&) the transition functions of TE are also linear in (v,w) € V x V.
This gives a vector bundle structure on (T'E,Tp, TM). Its fiber addition will be
denoted by T(+g) : T(E Xy E) = TE xpp TE — TE, since it is the tangent
mapping of +p. Likewise its scalar multiplication will be denoted by T'(m¥). One
may say that the second vector bundle structure on T'E, that one over T'M, is the
derivative of the original one on F.

The space {Z € TE : Tp.Z = 0in TM} = (Tp)~*(0) is denoted by VE and is
called the vertical bundle over E. The local form of a vertical vector E is T,,.E =
(y,v;0,w), so the transition function looks like

(Tt 0 T() ™) (y,v50,w) = (wap(y), Yas(uz' (4))v;0,vap(uz (y))w).
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They are linear in (v,w) € V x V for fixed y, so VE is a vector bundle over M. It
coincides with 0%,(TE,Tp, T M), the pullback of the bundle TE — TM over the
zero section. We have a canonical isomorphism vlg : E Xy E — VE, called the
vertical lift, given by vlg(uz, vy) = %|0(um+tvw), which is fiber linear over M. The
local representation of the vertical lift is (T, o vlig o(¥), x ¥/) 1) ((y,u), (y,v)) =
(y,u;0,v).

If (and only if) ¢ : (E,p, M) — (F,q,N) is a vector bundle homomorphism, then
we have vlpo(p Xy ) = Tpovlg : Exy E — VF C TF. So vl is a natural
transformation between certain functors on the category of vector bundles and their
homomorphisms.

The mapping vpry := pra o VlEl : VE — FE is called the vertical projection. Note
also the relation prq o VlEl =7g [ VE.

8.13. The second tangent bundle of a manifold. All of (8.12) is valid for the
second tangent bundle T2M = TTM of a manifold, but here we have one more
natural structure at our disposal. The canonical flip or involution kpr : T?M —
T2M is defined locally by

(T?uwo ka0 T?u™ M) (2, &m, ¢) = (z,m€,Q),

where (U, u) is a chart on M. Clearly this definition is invariant under changes of
charts.
The flip ks has the following properties:
(1) ky oT?f =T?f o rp for each f € C°(M,N).
(2) T(ma) 0 kv = T
(3) TTM O Kpr = T(WM)
(4) Ky = Kar
(5) ks is alinear isomorphism from the bundle (TTM, T (7ar), TM) to the bun-
dle (TTM, wrpn, TM), so it interchanges the two vector bundle structures
on TTM.
(6) Tt is the unique smooth mapping TTM — TT M which satisfies the equation
29 c(t,s) = k2 Zclt,s) for each ¢ : R? — M.
All this follows from the local formula given above.

8.14. Lemma. For vector fields X, Y € X(M) we have

[X,Y] = vpryy oTY 0 X — kp 0 TX oY),
TY o X —kpyoTX oY =vlry (Y, [X,Y]).

We will give global proofs of this result later on: the first one is (8.19).

Proof. We prove this locally, so we may assume that M is open in R™, X (z) =
(z,X(x)), and Y(x) = (x,Y(z)). Then by (3.4) we have

X, Y)(2) = (,d¥ (2). X (2) — dX (2).Y (x)),
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and thus

(TY 0 X — kpr o TX oY) () = TY.(2, X(2)) — kg 0 TX.(2,Y (z)) =
= (z,Y(2); ()dY() (x)) rn (@,

— (2, Y ();0,dY (x). X(z) — dX (2).7 (2))
VDI © (TYoX—/{MoTXoY)() (z,dY (z).X () — dX(x).Y (z)). O

X(2);Y (2),dX (2).Y (2)) =

8.15. Natural vector bundles or vector bundle functors. Let M f,, denote
the category of all m-dimensional smooth manifolds and local diffeomorphisms (i.e.
immersions) between them. A wvector bundle functor or natural vector bundle is a
functor F which associates a vector bundle (F(M), par, M) to each m-manifold M
and a vector bundle homomorphism

| o~

f

M—— N
toeach f: M — N in M f,,, which covers f and is fiberwise a linear isomorphism.
We also require that for smooth f: R x M — N the mapping (¢,x) — F(f:)(x) is

also smooth R x F(M) — F(N). We will say that F' maps smoothly parametrized
families to smoothly parametrized families.

Examples. 1. TM, the tangent bundle. This is even a functor on the category
M of all manifolds and all smooth mappings, not only local diffeomorphisms.

2. T*M, the cotangent bundle, where by (8.8) the action on morphisms is given by
(T*f)e == (T f)™1)* : Ty M — T%,  N. This functor is defined on M f,, only.

@)
3. AFT*M, AT*M = @, ., A*T*M

4. QR T"Meo QR TM =T"M® - @ T*MQTM ®--- ® TM, where the action
on morphisms involves Tf~! in the T* M-parts and Tf in the T M-parts.

5. F(TM), where F is any smooth functor on the category of finite dimensional
vector spaces and linear mappings, as in (8.8).

6. All examples discussed till now are of the following form: For a manifold of
dimesion m, consider the linear frame bundle GL(R™,TM) = invJ}(R™, M) (see
(18.11) and (21.6)) and a representation of the structure group p : GL(m,R) —
GL(V') on some vector space V. Then the associated bundle GL(R™, TM)X G1(m,r)
V' is a natural bundle. This can be generalized to frame bundles of higher order,
which is described in (21.6).

8.16. Lie derivative. Let F be a vector bundle functor on M f,,, as described in
(8.15). Let M be a manifold and let X € X(M) be a vector field on M. Then the
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flow FII:/X , for fixed ¢, is a diffeomorphism defined on an open subset of M, which
we do not specify. The mapping

F(M) FEY) F(M)

| ) |

FI;
M——t M

is then a vector bundle isomorphism, defined over an open subset of M.

We consider a section s € I'(F(M)) of the vector bundle (F'(M),par, M) and we
define for ¢t € R

FLIX)*s := F(F1%,) 0 s o FIX
t t t

a local section of the bundle F(M). For each z € M the value ((FL*)*s)(z) €
F(M), is defined, if ¢ is small enough (depending on x). So in the vector space
F(M), the expression %|0((F1;5X )*s)(z) makes sense and therefore the section

Lxs:= %\O(Flf)*s

is globally defined and is an element of T'(F(M)). It is called the Lie derivative of
s along X.

Lemma. In this situation we have
(1) (FLX)*(F1X)*s = (Fltxﬂ,)*s, wherever defined.
(2) LEFL)*s = (FIY)* Lxs = Lx(FL\)*s, so
[Lx,(FIX)*] := Lx o (FIX)* — (FIX)* o Lx = 0, whenever defined.
(3) (FL,Y)*s = s for all relevant t if and only if Lxs = 0.

Proof. (1) is clear. (2) is seen by the following computations.

4 (FLY)"

s = &o(FL)" (F1Y)"s = Lx (FIX)"s
%«Flif) 5)(a)

Ao ((FL)* (FIY)"s) ()

— 4 F(FIX)(F(FLY,) o s 0 FLY) (FI (2)
- F<FP_2> o(F(FIX,) o s 0 FLX) (FIY ()
— (FIY)"Lx ) (@),

since F(FIX,) : F(M)pix (o) — F(M), is linear.

(3) follows from (2). O

8.17. Let Fy, Fy be two vector bundle functors on Mf,,. Then the (fiberwise)
tensor product (F; ® Fy)(M) := F1(M) ® F»(M) is again a vector bundle functor

and for s; € I'(F;(M)) there is a section s1 ® so € I'((F1 ® F3)(M)), given by the
pointwise tensor product.
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Lemma. In this situation, for X € X(M) we have
Lx(s1®s2) =Lxs1 ® 52+ 51 ®LxSo.
In particular, for f € C°(M) we have Lx(fs) =df(X)s+ f Lxs.
Proof. Using the bilinearity of the tensor product we have

Lx(s1®52) = ]o(FI;)*(s1 @ 52)
=lo ((FIX) ® (F1)*s2)

i| ( 81 ®82+81®dt|0(F1X
= £X51 ®so+51 R Lxsy. O

8.18. Let ¢ : F1 — F5 be a linear natural transformation between vector bundle
functors on M f,,. So for each M € M f,, we have a vector bundle homomorphism
oM Fi(M) — Fy(M) covering the identity on M, such that Fy(f) o o =
©n o Fi(f) holds for any f: M — N in Mf,,.

Example. A tensor field of type (5) is a smooth section of the natural bundle
RIT*M ® Q" TM. For such tensor fields, by (8.16) the Lie derivative along any
vector field is defined, by (8.17) it is a derivation with respect to the tensor product.
For functions and vector fields the Lie derivative was already defined in section 3.
This natural bundle admits many natural transformations: Any ‘contraction’ like
the trace T*"M @ TM = L(TM,TM) — M x R, but applied just to one specified
factor T*M and another one of type T M, is a natural transformation. And any
‘permutation of the same kind of factors’ is a natural tranformation.

Lemma. In this situation we have Lx(prpr s) = pp(Lxs), for s € T(F1(M)) and
X e X(M).

Proof. Since ¢y is fiber linear and natural we can compute as follows.

Lx(on 8)(@) = Llo((FL5)* (onr 9))(x) = Lo (Fa(F1%,) 0 par 0 5 0 FIY)(2)
= a0 Lo(Fi(FIX,) 0 s o FIY)(2) = (par Lxs)(x). O

Thus the Lie derivative on tensor fields commutes with any kind of ‘contraction’ or
‘permutation of the indices’.

8.19. Let F' be a vector bundle functor on Mf,, and let X € X(M) be a vec-
tor field. We consider the local vector bundle homomorphism F(FL*) on F(M).
Since F(FIX) o F(FIY) = F(FIX,) and F(FI)') = Idp() we have L F(F1Y) =
41 F(FIX) o F(FIX) = X o F(FIY), so we get F(FIY) = FIX", where X —
%|0F(Flf) € X(F(M)) is a vector field on F(M), which is called the flow prolon-
gation or the natural lift of X to F(M).
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Lemma.

(1) XT = kpr o TX.

(2) [X,Y]" = [X7, V")

(3) XF : (F(M),pp, M) — (TF(M),T(pp), TM) is a vector bundle homo-
morphism. for the T(+)-structure.

(4) For s e T(F(M)) and X € X(M) we have
Lxs=uvprran o (TsoX —XFos).

(5) Lxs is linear in X and s.

Proof. (1) is an easy computation. F(FL¥) is fiber linear and this implies (3). (4)
is seen as follows:

(Lxs)(x) = £]o(F(FIY,) 050 FI})(z) in F(M),
= vprpon (L o(F(F1X,) 0 s o FIX) (z) in VF(M))
= vprpny (=X 0 s o FI (z) + T(F(F1y)) o T's 0 X ()
=vprpon(Tso X — X os)(x).

(5) Lxs is homogeneous of degree 1 in X by formula (4), and it is smooth as a
mapping X(M) — T'(F(M)), so it is linear. See [Frolicher, Kriegl, 88] or [Kriegl,
Michor, 97] for the convenient calculus in infinite dimensions.

(2) Note first that F induces a smooth mapping between appropriate spaces of local
diffeomorphisms which are infinite dimensional manifolds (see [Kriegl, Michor, 91]).
By (3.16) we have

0= 2|, (F1¥, 0 F1¥, o FIy o F1;*),
(X, Y] = L2 0(FIY, o FIX, o FIY o FIY)

K 2 9t2
FI*YT

o
- E}o

Applying F to these curves (of local diffeomorphisms) we get

F F F =
0= 2|, (F1Y, oF1¥, oFLy" oFI} ),
(X, YF] = L2, (F1Y, o FIX, oF1Y " oFIX")
= 32510 F(FIY, o FIX, o FIY o FIY)
— Q|

XY
= 2|, FE N = [x,v]F. O

8.20. Theorem. For any vector bundle functor F on Mf,, and X, Y € X(M) we
have

[Ex,ﬁy] = £X ¢} Ey - Ey e} ‘CX = E[X,Y] : F(F(M)) i F(F(M))
So L:X(M) — EndI'(F(M)) is a Lie algebra homomorphism.
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REWORK
Proof. We need some preparations. The first one is:
(1) XFo UPTE(M) = g \OF(F1 ) CUPTF(M)
= Llovprean © TF(FIX) | VF(M)
= T(vprrn) © Lo TF(FLY) | VF(M)
= T(UPTF(M)) O Kp(Mm) © T( |0F( 1 )) v ( )
= T(vprron) © ke o T(XT) | VF(M).

(2) Sublemma. For any vector bundle (E,p, M) we have

vprg o T(vprg) o kg = vprg o T(vprg) = vprgovprry : VIENTVE — E,
and this is linear for all three vector bundle structures on TTE.
The assertion of this sublemma is local over M, so one may assume that (E, p, M)

is trivial. Then one may carefully write out the action of the three mappings on a
typical element (z,v;0,w;;0,0;0,w’) € VTENTVE and get the result.

Now we can start the actual proof.
Lixy)s =vprron(Tso [X, Y] — [X,Y]" os) by (8.19)
= vprpan © (Tsovprry o (TY o X —kppoTX oY )—
— UPrTRE(M) © (TYF o Xt — KEF(M) oTXF oYF) o 5)
= vprp) 0 vprre(n © (T?s0TY o X — kppy o T?soTX oY —
—TY " o X" os—kpanoTX oY 0s).
LxLys=Lx(prpan o (TsoY —YF os))
=vprpany © (T(vprean) o (T?soTY T(—=) T(Y¥) 0 Ts)o X—
— XFovprpan o (TsoY —YF 05s))
= vprpny © T(vpreny) o (T?s0TY o X T(—) T(YF) 0 Tso X)—
—vprrrn) © T(vprery) © Kr(r) © T(XF)o(TsoY —YF o5)
= vprean o vprrray © (T%s0TY o X —T(Y ) oTso X—
—kpan o T(XF) oTsoY + kpan o T(XF) oY os).
Finally we have

[Lx,Ly]ls=LxLys—LyLxs
= vprean o vprrravy © (T%s0TY o X —T(Y ) oTso X—
—kpan o T(XF)oTsoY + kpan o T(XF) oY o)
— UPTF(M) © UPTTE(M) © KF(M) © (T2s oTY o X T(=)T(Y")oTsoX
T(-) kpany 0 T(XT) 0o TsoY T(+) kpary o T(XF) oY 0 5)
=Lixys- U
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9. Differential Forms

9.1. The cotangent bundle of a manifold M is the vector bundle T*M := (T'M)*,
the (real) dual of the tangent bundle.

If (U,u) is a chart on M, then (%7 cey auim) is the associated frame field over U
of TM. Since % (u7) = duj(%h) = §] we see that (du',...,du™) is the dual
frame field on T*M over U. It is also called a holonomous frame field. A section

of T*M is also called a 1-form.

9.2. According to (8.18) a tensor field of type (Z) on a manifold M is a smooth
section of the vector bundle

p times q times

— ——
®TM®®T*M TM® - @TM @T*M%---@T*M.

The position of p (up) and g (down) can be explained as follows: If (U, u) is a chart
on M, we have the holonomous frame field

9 9 . .
(Bun ® out2 Q- ® ou'r ® du’! Q- Q du]q)ie{l,m ;m}P je{l,... ,m}a

over U of this tensor bundle, and for any ( ) tensor field A we have

AU = ZA“ v @@t @du ® @ dult,

J1---Jq 3u‘1

The coefficients have p indices up and ¢ indices down, they are smooth functions
on U.

From a categorical point of view one should look, where the indices of the frame
field are, but this convention here has a long tradition.

9.3. Lemma. Let ® : X(M) x --- x X(M) = X(M)* — T(®R' TM) be a mapping
which is k-linear over C°(M) then ® is given by the action of a (]i) -tensor field.

Proof. For simplicity’s sake we put k = 1, £ = 0, s0 ® : X(M) — C®(M) is a
C*°(M)-linear mapping: ®(f.X) = f.®(X). In the general case we subject each
entry to the treatment described below.

Cram 1. If X | U = 0 for some open subset U C M, then we have ®(X) | U = 0.
Let x € U. We choose f € C°(M) with f(z) = 0and f | M\ U = 1. Then
f X =X,s0 ®(X)(z) =2(f.X)(z) = f(z).2(X)(z) = 0.

CrLAamM 2. If X (x) = 0 then also ®(X)(z) = 0.

Let (U,u) be a chart centered at z, let V be open with z € V C V C U. Then
X |U =YX and X'(z) = 0. We choose g € C>(M) with g | V =1 and
suppg C U. Then (¢%2.X) | V = X | V and by claim 1 ®(X) | V depends only on
X |V and ¢2.X = Zi(g.Xi)(g.aii) is a decomposition which is globally defined
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) (@) =

on M. Therefore we have ®(X)(z) = ®(¢9*.X)(z) = @ (3,(9-X%) (9
S (9.X)(2).8(g.52) () = 0.

So we see that for a general vector field X the value ®(X)(z) depends only on
the value X (x), for each x € M. So there is a linear map ¢, : T,M — R for
each x € M with ®(X)(z) = ¢,(X(x)). Then ¢ : M — T*M is smooth since

|l V=3, q)(g.a?“- ) du’ in the setting of claim 2. [

e}
ou’

9.4. Definition. A differential form of degree k or a k-form for short is a section
of the (natural) vector bundle A¥T* M. The space of all k-forms will be denoted by
QF(M). Tt may also be viewed as the space of all skew symmetric (2)—tensor fields,
i. e. (by (9.3)) the space of all mappings

©:X(M) x - x X(M) = X(M)* — C>(M),
which are k-linear over C*° (M) and are skew symmetric:
o(Xo1,. o, Xok) =signo - o(Xq, ..., Xk)
for each permutation o € Sg.
We put Q°(M) := C>°(M). Then the space

dim M

QM) = P o)
k=0

is an algebra with the following product, called wedge product. For ¢ € QF(M) and
Y € QY(M) and for X; in X(M) (or in T, M) we put

(@A) (X1, Xigr) =
=r Y signo - o(Xo1, o, Xok) V(X es)s - > Xo(re))-

0ESk4e
This product is defined fiber wise, i. e. (¢ A )y = @z A, for each z € M. It
is also associative, i.e (p AY) AT = @ A (¥ A7), and graded commutative, i. e.
@ Ap = (—=1)*p Ap. There are differing conventions for the factor in the definition
of the wedge product: in [Penrose, Rindler, ?7?] the factor ﬁ is used. But then
the insertion operator of (9.7) is no longer a graded derivation. These properties
are proved in multilinear algebra. REVISE: APPENDIX

9.5. If f : N — M is a smooth mapping and ¢ € Q¥(M), then the pullback
f*o € QF(N) is defined for X; € T, N by

(1) (f*@)z(Xl, . ,Xk) = pr(w) (Tzf.Xl, e ,Tfok)

Then we have f*(¢ A) = f*p A f*1, so the linear mapping f* : Q(M) — Q(N)
is an algebra homomorphism. Moreover we have (go f)* = f*og* : Q(P) — Q(N)
if g: M — P, and (Idy)* = Idor-

So M +— Q(M) =T (AT*M) is a contravariant functor from the category M f of all
manifolds and all smooth mappings into the category of real graded commutative
algebras, whereas M +— AT*M is a covariant vector bundle functor defined only
on M f,,, the category of m-dimensional manifolds and local diffeomorphisms, for
each m separately.
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100 Chapter III. Differential Forms and De Rham Cohomology 9.6

9.6. The Lie derivative of differential forms. Since M — A*T*M is a vector
bundle functor on M f,,, by (8.16) for X € X(M) the Lie derivative of a k-form ¢
along X is defined by

Lxp = glo(FL ) ¢.

Lemma. The Lie derivative has the following properties.

(1) Lx(pAY)=Lxe A+ oA LxY, so Lx is a derivation.
(2) ForY; € X(M) we have

(Lxo)(Y1,...,Y) = X(p(Y1,...,Y3)) — Zw(yl,...,[x,m,...,m

(3) [CX,,Cy]gD = C[va]go.
(4) 2 (FI) e = (FIX)* Lxe = Lx((FI)").

Proof. (1) The mapping Alt : ®k T*M — AFT*M, given by

(AItA)(Y1,..., Vi) =31 > _sign(o) A(Yor, ..., Yor),

is a linear natural transformation in the sense of (8.18) and induces an algebra
homomorphism from P, F(®k T*M) onto Q(M). So (1) follows from (8.17)
and (8.18).

Second, direct proof, using the definition and (9.5):

Lx(p AY) = glo(FIT) (0 A ) = Flo ((Flff)*go A (FltX)*z/;)
= L1 (FE) o A (FIF) ) + (FIF) 0 A Lo (FIX) "y
=Lxp AN+ oA Lx.

(2) Again by (8.17) and (8.18) we may compute as follows, where Trace is the full
evaluation of the form on all vector fields:

X(p(Yr,...,Yr)) =LxoTrace(p @Y1 ® --- @Y%)
=TraceoLx(p® Y1 ® - ®Yy)
= Trace(Lxe ® (V1 ® - ® Yy)

+o0 (Y10 ®LLY;® - ®Y)).

Now we use LxY; = [X,Y;] from (3.13).

Second, independent proof:

X(p(Y1, .., Y2)) = glo(FI) (o(Y1, ..., Yi))
= Lo((FE ) ) (FE) Y1, ..., (FI)*Yi))

k
= (Lxp)Y1, . Vi) + YoM, Lx Y, V).
=1
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9.7 9. Differential Forms 101

(3) is a special case of (8.20). See (9.9.7) below for another proof.

(4) 8 (FIX )= 2], (AkT(Flft) o T(FIX,)* 0 g o FIX oFlff)

ot
9.7. The insertion operator. For a vector field X € X(M) we define the inser-
tion operator ix = i(X) : Q¥ (M) — QF~1(M) by
(ZX@)(}/M s aYkrfl) = SD(Xa Y717 e aYkrfl)-

Lemma.

(1) ix is a graded derivation of degree —1 of the graded algebra Q(M), so we
have ix(p AY) =ixp A+ (—=1)"98Lp Adx).

(2) iXOiy+iinX =0.

(3) [Ex,iy} = EX Oiy —iy OEX = i[X,Y]~

Proof. (1) For ¢ € QF(M) and ¢ € QY(M) we have

(ixl (SO A ¢))(X2a v an-‘r[) = (()0 A ¢)(X13 e an-‘r@)
= ﬁZsign(a) O(Xo1s- o s Xok) V(X (k1) -+ > Xo(kto))-

(lesﬁ A 1/) + (_1)’690 A Z.Xlw)(X% cee 7Xk+f)
= = D sign(e) o(X1, Xoz, -+ Xon)(Xo(kr1)s -+ Xo(hto))

—1)k )
+ k'((f)l)' Z&gn(g) 0(Xoo, -+ s Xo (1) )V(X1, Xo(hg2), - - - )

Using the skew symmetry of ¢ and ¥ we may distribute X; to each position by

adding an appropriate sign. These are k£ + ¢ summands. Since (k—ll)!e! + 4 (51—1)! =

k4t
kel

follows.

and since we can generate each permutation in Si4, in this way, the result

(2) (ixive)(Zy,..., Zx—2) = (Y, X, Z1,..., Zn) =
= —(p(X, }/, Zl, ey Zn) = —(iyixgo)(zl, ey Zk_2).
(3) By (8.17) and (8.18) we have:

Lxiye = Lx Trace; (Y ® @) = Trace; Lx (Y ® ¢)
= Trace; (LxY ® o + Y ® Lx¢) =ix,y)¢ +ivLxp.

See (9.9.6) below for another proof. O
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9.8. The exterior differential. We want to construct a differential operator
QF (M) — QF+1(M) which is natural. We will show that the simplest choice will

work and (later) that it is essentially unique.

Let U be open in R™, let ¢ € QF(U) = C>=(U,Lr,(R",R)). We consider the
derivative Dy € C°°(U, L(R™, L¥,,(R",R))), and we take its canonical image in
C>=(U, LEFY (R, R)). Here we write D for the derivative in order to distinguish
it from the exterior differential, which we define as dyp := (k + 1) Alt Dy, more

explicitly as

(1) (dp)s(Xoy ..., Xg) = % Z sign(o) Dp(2)(X50)(Xo1y -+ s Xok)

—

k
= (—=1)'Dy(a)(X:)(Xo, .., Xi, ..., X),
=0

where the hat over a symbol means that this is to be omitted, and where X; € R™.

Now we pass to an arbitrary manifold M. For a k-form ¢ € Q¥ (M) and vector fields
X; € X(M) we try to replace Do(z)(X;)(Xo,...) in formula (1) by Lie derivatives.
We differentiate

Xi(p(2)(Xo,...) = Do(@)(X)(Xo,-. )+ > @(@)(Xo,...,DX;(2)Xi,...)
0<j<k,j#i

and insert this expression into formula (1) in order to get (cf. (3.4)) our working
definition

k
(2) de(Xo,..., Xx) =D (=1)'Xi(¢(Xo,..., Xi,..., X))+
1=0
+ Z(—1)1+jg0([Xl7XJ],X0, s 75(:7 s 7@7 s an)

i<j

dp, given by this formula, is (k + 1)-linear over C°°(M), as a short computation
involving 3.4 shows. It is obviously skew symmetric, so dy is a (k + 1)-form by
(9.3), and the operator d : QF (M) — QFT1(M) is called the exterior derivative.

If (U,u) is a chart on M, then we have

P IU= Z Giroin U A A dute,

1< <1
where ;. = W(zﬁiﬁv ey du%) An easy computation shows that (2) leads to
(3) dp [ U= Y doi, iy Adu™ A Adu'™,
iy <o <lidg

so that formulas (1) and (2) really define the same operator.
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9.9. Theorem. The exterior derivative d : QF (M) — QF+L(M) has the following
properties:
(1) d(p AY) =do A+ (=1)38Pp Adip, so d is a graded derivation of degree

1.
(2) Lx =ix od+doix for any vector field X.
(3) @ =dod=0.
(4) f*od=do f* for any smooth f : N — M.
(5) Lx od=do Lx for any vector field X.
(6) [Lx,iy]:=Lx oiy —iy o Lx =i[x,y]. See also (9.7.3).
(7) [Lx,Ly] = Lix,y) for any two vector fields X, Y.

Remark. In terms of the graded commutator
[Dl, DQ] = D1 o D2 — (71)deg(D1)deg(D2)D2 e} D1

for graded homomorphisms and graded derivations (see (16.1)) the assertions of
this theorem take the following form:

()Ex—[lxad]
(3) 3ld.d] =o0.
()[ ,d] = 0.
(5) [ﬁx, d] = 0.

This point of view will be developed in section (16) below. The equation (7) is a
special case of (8.20).

Proof. (2) For p € QF(M) and X; € X(M) we have
(Lxyp)(X1,..., Xk) = Xo(p(X1, ..., Xk))+
k
+ 3 (=1 ([ Xo, X;], X1, ..., X, .., Xp) by (9.6.2),
j=1
(ix,de)(X1,..., Xk) = dp(Xo, ..., Xk)
k
=Y () Xi(p(Xo, .- Xiy - X)) +

(2

=0
+ Z D o([Xi, X1, Xoy ooy Xay ooy Xg oo, Xi)
0<i<

k
(diXo(p)(Xh s 7Xk) = Z(il)lilXZ((lXo@)(Xh s aXiv s 7Xk)) +
1=1
+ > (D ix, o) (X X, X, X X X

1<i<y
k . —~
= —Z(—l)lX-( (X0, X1, ..., Xav- s Xi)) —

- Z Z+] X’LvX]X03X17"'75(\1'a"'75(;a"'an’)'
1<i<y
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104 Chapter III. Differential Forms and De Rham Cohomology 9.9

By summing up the result follows.
(1) Let ¢ € QP(M) and ¢ € Q4(M). We prove the result by induction on p + g.

p+q=0:d(f-g)=df-g+ [ dg.
Suppose that (1) is true for p + ¢ < k. Then for X € X(M) we have by part (2)
and (9.6), (9.7) and by induction

ixdleNY) =Lx(pA) —dix(e AY)
=Lxp ANp+ oA Lxy—dlixp A+ (=1)Pp Nix)
=ixdp ANy +dixp A+ Nixdp+ o Adixp —dixo A
— ()P lixp Adp — (—1)Pdp Nixp — o Adixy
=ix(dp AN+ (=1)Pp Ady).

Since X is arbitrary, (1) follows.

(3) By (1) d is a graded derivation of degree 1, so d*> = $[d, d] is a graded derivation
of degree 2 (see (16.1)), and is obviously local: d?(p A ¥) = d?(p) A + o Ad(P).
Since Q(M) is locally generated as an algebra by C°(M) and {df : f € C*°(M)},
it suffices to show that d>f = 0 for each f € C*°(M) (d®f = 0 is a consequence).
But this is easy:

Ef(X,)Y)=Xdf(Y)-Ydf(X)—df([X,Y])) = XY f-YXf—[X,Y]f=0.

(4) f*: QM) — Q(N) is an algebra homomorphism by (9.6), so f* od and d o f*
are both graded derivations over f* of degree 1. So if f* od and d o f* agree on ¢
and on %, then also on ¢ A . By the same argument as in the proof of (3) above
it suffices to show that they agree on g and dg for all g € C>°(M). We have

(f7dg)y(Y) = (dg) s () (Tyf-Y) = (T f.Y)(9) = Y(g o f)(y) = (df"9)y(Y),
thus also df*dg = ddf*g = 0, and f*ddg = 0.
(5) dLx =dix d+ddix = dixd+ixdd = Lxd.

(6) We use the graded commutator alluded to in the remarks. Both £x and iy are
graded derivations, thus graded commutator [Lx,iy] is also a graded derivation as
is i;x,y]. Thus it suffices to show that they agree on 0-forms g € C°°(M) and on
exact 1-forms dg. We have

[Lx,iv]g = Lxivg —iyLxg = Lx0—iy(dg(X)) =0 =ix y9,
[Ex,iy}dg = ﬁxiydg — iyﬁxdg = ﬁxﬁyg — iydﬁxg = (XY — YX)g = [X, Y]g
= Z'[ny]dg.

(7) By the (graded) Jacobi identity and by (6) (or lemma (9.7.3)) we have

[Lx, Ly] = [Lx, [iv,d]] = [[Lx,iv],d] + [iv, [Lx,d] = [ix,y),d] + 0= Lxy). O

Draft from April 18, 2007 Peter W. Michor,



10.1 10. Integration on Manifolds 105

9.10. A differential form w € QF(M) is called closed if dw = 0, and it is called
ezact if w = dip for some ¢ € QF"1(M). Since d*> = 0, any exact form is closed.
The quotient space
HE (M) = 1.<er(d (QF (M) — QFFL(M)

im(d : QF—1(M) — QF(M))
is called the k-th De Rham cohomology space of M. As a preparation for our
treatment of cohomology we finish with the

Lemma of Poincaré. A closed differential form of degree k > 1 is locally exact.
More precisely: let w € QF(M) with dw = 0. Then for any x € M there is an open
neighborhood U of x in M and a o € Q*~Y(U) with dp =w | U.
Proof. Let (U,u) be chart on M centered at = such that u(U) = R™. So we may
just assume that M = R™.
We consider o : R x R™ — R™, given by a(t,z) = ay(x) = tx. Let I € X(R™) be
the vector field I(x) = x, then a(e!, z) = FI! (x). So for t > 0 we have
ia:w = %(Flllogt)*w = %(Flllogt)*ﬁlw

= taf(irdw + dijw) = $dafiw.
Note that Ty (a:) = t.Id. Therefore

($0701w) (X2, -+, Xp) = 1 (i10) 12 (tXa, . .., 1X},)
= %wm(tx,th, coy t X)) = wip (2,1 X0, Lt X ).

So if k > 1, the (k — 1)-form }ajisw is defined and smooth in (¢, ) for all ¢ € R.
Clearly ajw = w and ajw = 0, thus

1

%k * d  x
Ww=Qjw—oyw = T wdt
0

1 1
= / d(tojijw)dt =d </ 1afi1wdt> =dp. O
0 0

10. Integration on Manifolds

10.1. Let U C R™ be an open subset, let dx denote Lebesque-measure on R™ (which
depends on the Euclidean structure), let g : U — g(U) be a diffeomorphism onto
some other open subset in R™, and let f : g(U) — R be an integrable continuous
function. Then the transformation formula for multiple integrals reads

[ swiy= [ st detds(o)ias
g(U) U

This suggests that the suitable objects for integration on a manifold are sections
of 1-dimensional vector bundle whose cocycle of transition functions is given by
the absolute value of the Jacobi matrix of the chart changes. They will be called
densities below.
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10.2. The volume bundle. Let M be a manifold and let (U,,u,) be a smooth
atlas for it. The volume bundle (Vol(M ), wpr, M) of M is the one dimensional vector
bundle (line bundle) which is given by the following cocycle of transition functions,
see (8.3):

Yap : Uap = Ua NUg — R\ {0} = GL(1,R),

1 wn(x _ 1 .
Yap(z) = | det d(ug o uy ™) (ua(x))] |detd(uaougl)(uﬁ($))|

Lemma. Vol(M) is a trivial line bundle over M.
But there is no natural trivialization.

Proof. We choose a positive local section over each U, and we glue them with a
partition of unity. Since positivity is invariant under the transitions, the resulting
global section p is nowhere 0. By (8.5) u is a global frame field and trivializes
Vol(M). O

Definition. Sections of the line bundle Vol(M) are called densities.

10.3. Integral of a density. Let p € I'(Vol(M)) be a density with compact
support on the manifold M. We define the integral of the density p as follows:

Let (Uy, uq) be an atlas on M, let f, be a partition of unity with supp(f,) C
U,. Then we put

X =2 /| Jati=2 / ()Y () dy.

If 11 does not have compact support we require that Y [;; fo |s| < co. The series
is then absolutely convergent.

Lemma. [, pu is well defined.

Proof. Let (Vg,v3) be another atlas on M, let (gg) be a partition of unity with
supp(gs) C V3. Let (Uq,%a) be the vector bundle atlas of Vol(M) induced by the
atlas (Uq,uq), and let (V3,pg) be the one induced by (Vg,vs). Then we have by
the transition formula for the diffeomorphisms uaovﬁ_1 1 v3(UaNVg) — 1o (UaNVp)

— o 'U,71 o ufl
S fen= X G 0 )
) IS SR S (R N

U),B

- Z/ v (95 0 ug ) (W) (fo 0 ul ) (W) ha(uluy (v))) dy
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-y (95005 (@) (o 005 ) (2)

ap Y vs(UanVs)

va(u(vg' (@))| det d(uq 0 v5")(x)| dz

-y / (95 0 05 )(@) (fo 0 07 ) (@) (w03 (2)))

o Y v8UanVp)

- O
zﬂ:/vﬁgﬁu

Remark. If y € T'(Vol(M)) is an arbitrary section and f € C°(M) is a function
with compact support, then we may define the integral of f with respect to p by
/ a f1s since fpu is a density with compact support. In this way p defines a Radon
measure on M.

For the converse we note first that (C suffices) diffeomorphisms between open
subsets on R™ map sets of Lebesque measure zero to sets of Lebesque measure zero.
Thus on a manifold we have a well defined notion of sets of Lebesque measure zero
— but no measure. If v is a Radon measure on M which is absolutely continuous,
i. e. the |v|-measure of a set of Lebesque measure zero is zero, then is given by a
uniquely determined measurable section of the line bundle Vol. Here a section is
called measurable if in any line bundle chart it is given by a measurable function.

10.4. p-densities. For 0 < p < 1 let Vol?(M) be the line bundle defined by the
cocycle of transition functions

Vg : Uap — R\ {0}
hp(@) = |det d(ua o ug")(us(@))| ™.

This is also a trivial line bundle. Its sections are called p-densities. 1-densities are
just densities, O-densities are functions. If y is a p-density and v is a g-density with
p+q < 1then p.v:= p®v is a p+¢-density, i. e. VoI’ (M) @ Vol?(M) = Vol?¢(M).
Thus the product of two %—densities with compact support can be integrated, so
I'.(Vol'/? (M)) is a pre Hilbert space in a natural way.

Distributions on M (in the sense of generalized functions) are elements of the dual

space of the space I'.(Vol(M)) of densities with compact support equipped with
the inductive limit topology — so they contain functions.

10.5. Example. The density of a Riemann metric. Let g be a Riemann
metric on a manifold M, see section (22) below. So g is a symmetric (g) tensor
field such that g, is a positive definite inner product on T, M for each z € M. If
(U,u) is a chart on M then we have

glU = Z 9gi; du’ @ du?

i,j=1
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where the functions g% 4 = ¢g( a?w auj) form a positive definite symmetric matrix.

So det(g;;) = det((g (52, éﬁj))” 1) > 0. We put

vol(g)" := y/det((g( 5% . 525)1%5-1).

If (V,v) is another chart we have

vol(g \/det &ﬂ ) aug N j:l)

£
- \/det«g( gt o S ot oy )
k l

= fdet((325 )1.0)2 detl(g( 52 52%))e.)
= |detd(vou™t)| vol(g)?,

so these local representatives determine a section vol(g) € I'(Vol(M)), which is
called the density or volume of the Riemann metric g. If M is compact then
Sy vol(g) is called the volume of the Riemann manifold (M, g).

10.6. The orientation bundle. For a manifold M with dim M = m and an
atlas (Uy,us) for M the line bundle A™T*M is given by the cocycle of transition
functions

Pap(@) = det d(ug o ug") (ua(z)) = A™d(ug 0 ug") (ua(2)).

We consider the line bundle Or(M) which is given by the cocycle of transition
functions

Tap(z) = sign pap(z) = signdet d(ug o uy ) (uq(2)).
Since To3(z)pas(z) = Yas(z), the cocycle of the volume bundle of (10.2), we have

Vol(M) = Or(M) @ A™T*M
A™T*M = Or(M) @ Vol(M)

10.7. Definition. A manifold M is called orientable if the orientation bundle
Or(M) is trivial. Obviously this is the case if and only if there exists an atlas
(Uq, ug) for the smooth structure of M such that det d(uq o ugl)(ug(x)) > 0 for all
T € Ua[3~

Since the transition functions of Or(M) take only the values +1 and —1 there is
a well defined notion of a fiberwise absolute value on Or(M), given by |s(z)| :=
pra7a(s(x)), where (U, 7,) is a vector bundle chart of Or(M) induced by an at-
las for M. If M is orientable there are two distinguished global frames for the
orientation bundle Or(M), namely those with absolute value |s(x)| = 1.

The two normed frames s; and sz of Or(M) will be called the two possible orien-
tations of the orientable manifold M. M is called an oriented manifold if one of
these two normed frames of Or(M) is specified: it is denoted by ojy.
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If M is oriented then Or(M) = M x R with the help of the orientation, so we have
also
A™T* M = Or(M) @ Vol(M) = (M x R) @ Vol(M) = Vol(M).

So an orientation gives us a canonical identification of m-forms and densities. Thus
for any m-form w € Q™ (M) the integral | W is defined by the isomorphism above
as the integral of the associated density, see (10.3). If (U,, u) is an oriented atlas
(i. e. in each induced vector bundle chart (Uy, ) for Or(M) we have 7, (0ar) = 1)
then the integral of the m-form w is given by

/MWZZ/U faw;:Z/U faw®dul Ao A du™
=) Fau (1)) (uz () dy* A -+ A dy™,
(Ua)

where the last integral has to be interpreted as an oriented integral on an open
subset in R™.

10.8. Manifolds with boundary. A manifold with boundary M is a second
countable metrizable topological space together with an equivalence class of smooth
atlases (Uy, uq) which consist of charts with boundary: So us : Uy — ua(Uy) is a
homeomorphism from U, onto an open subset of a half space (—o0,0] x R~ =
{(z1,...,2m) : 1 <0}, and all chart changes uqng : ug(Ua N Ug) — ua(Us N Upg)
are smooth in the sense that they are restrictions of smooth mappings defined on
open (in R™) neighborhoods of the respective domains. There is a more intrinsic
treatment of this notion of smoothness by means of Whitney jets, [Whitney, 1934],
[Tougeron, 1972], and for the case of half-spaces and quadrants like here, [Seeley,
1964].

We have uag(ug(Ua NUZ) N (0 X R™1)) = u, (Uy NU) N (0 x R™71) since interiour
points (with respect to R™) are mapped to interior points by the inverse function
theorem.

Thus the boundary of M, denoted by dM, is uniquely given as the set of all points
x € M such that u,(z) € 0 x R™~1! for one (equivalently any) chart (Us,us) of M.
Obviously the boundary M is itself a smooth manifold of dimension m — 1.

A simple example: the closed unit ball B™ = {z € R™ : |z| < 1} is a manifold with
boundary, its boundary is 0B™ = S™~ L.

The notions of smooth functions, smooth mappings, tangent bundle (use the ap-
proach (1.9) without any change in notation) are analogous to the usual ones. If

x € OM we may distinguish in T, M tangent vectors pointing into the interior,
pointing into the exterior, and those in T, (OM).

10.9. Lemma. Let M be a manifold with boundary of dimension m. Then M is
a submanifold with boundary of an m-dimensional manifold M without boundary.

Proof. Using partitions of unity we construct a vector field X on M which points
strictly into the interior of M. We may multiply X by a strictly positive function so
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110 Chapter III. Differential Forms and De Rham Cohomology 10.11

that the flow FltX exists for all 0 < ¢t < 2¢ for some € > 0. Then Flf M — M\OM
is a diffeomorphism onto its image which embeds M as a submanifold with boundary
of M\ oM. O

10.10. Lemma. Let M be an oriented manifold with boundary. Then there is a
canonical induced orientation on the boundary OM .

Proof. Let (Uy,us) be an oriented atlas for M. Then ung : ug(Uag N OM) —
o (UagNOM), thus for z € ug(UagNOM) we have dugg(z) : OXR™™1 — 0 xR™~1,

duoae) = (300,

where A > 0 since duqg(x)(—e1) is again pointing downwards. So
det duas(z) = Adet(duas(x)|0 x R™1) >0,

consequently det(duqg(z)[0 x R™~1) > 0 and the restriction of the atlas (Uy,uq)
is an oriented atlas for OM. [

10.11. Theorem of Stokes. Let M be an m-dimensional oriented manifold with
boundary OM. Then for any (m — 1)-form w € Q™~1(M) with compact support on

M we have
/dw:/ i*wz/ w,
M oM oM

where i : OM — M is the embedding.

Proof. Clearly dw has again compact support. Let (Uy, ) be an oriented smooth
atlas for M and let (f,) be a smooth partition of unity with supp(fs) C U,. Then
we have ), faw = w and 3_ d(fow) = dw. Consequently [, dw=73"_ [, d(fow)
and [y, w =3, [5y. faw. It suffices to show that for each a we have [;; d(fow) =
/. oU. faw. For simplicity’s sake we now omit the index . The form fw has compact
support in U and we have in turn

m
fszwkdul/\-~-/\duk---/\dum
k=1

- 8wk

duf Adul Ao Adub e A du™

d(fw) =

k
u
k=1 0

Since i*du! = 0 we have fw|0U = i*(fw) = widu® A -+ A du™, where i : OU — U
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is the embedding. Finally we get

i _ 8&)19
d wz/ —DF T AU A A du™
| o) ISl

m _ 8wk m
k=1

:Z(fl)kfl/ %dl’l A ANdx™
k=1 u(U) OF

0
- (/_Oo giidﬂ) dz? ... dz™
(—1)F-1 / Ok gk gut dnE e
= (00,0 xEm—2 \J oo OT*

z/ (w1(0,2%,...,2™) — 0)dz? ... dz™
Rm—1

T

+
x>

= / (w1]0U)du? . .. du™ = fw.
oU oU

We used the fundamental theorem of calculus twice,

0 [e%s)
Owq m Owy,
/ —8x1dx1 =wi(0,22,...,2™) -0, - —axkdxk:(),

—0o0

which holds since fw has compact support in U. O

11. De Rham cohomology

11.1. De Rham cohomology. Let M be a smooth manifold which may have
boundary. We consider the graded algebra Q(M) = 2i:nsz QOF (M) of all dif-
ferential forms on M. The space Z(M) := {w € QM) : dw = 0} of closed
forms is a graded subalgebra of Q, i. e. it is a subalgebra and satisfies Z(M) =

A MOk (MYNZ(M)) = @8 M Z*(M). The space B(M) := {dp : ¢ € (M)}
of exact forms is a graded ideal in Z(M): B(M) A Z(M) C B(M). This follows
directly from the derivation property d(o A ) = dp A1p + (—1)48%p A dip of the
exterior derivative.

Definition. The algebra

Z(M) {weQ(M):dw=0}

D= 500 = {dp: o € Q0]

is called the De Rham cohomology algebra of the manifold M. It is graded by

dim M dim M ker(d : Qk M) — Qk+1 M
m%:@mw=@mﬁd@H@W'
k=0 k=0
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If f: M — N is a smooth mapping between manifolds then f*: Q(N) — Q(M) is
a homomorphism of graded algebras by (9.5) which satisfies do f* = f*od by (9.9).
Thus f* induces an algebra homomorphism which we call again f* : H*(N) —
11.2. Remark. Since Q¥(M) = 0 for k > dim M =: m we have
_ Q™ (M)

{dp:peQm(M)}
HY(M) =0 for k > m.
[ € QM) = C=(M) : df = 0}

0
= the space of locally constant functions on M

— Rbo(M)

H™ (M)

H(M) =

where by(M) is the number of arcwise connected components of M. We put
bp(M) := dimg H*¥(M) and call it the k-th Betti number of M. If by(M) < oo
for all k we put

m

Fa(t) = be(M)tF
k=0

and call it the Poincaré polynomial of M. The number
Xur = bp(M)(=1)% = far (1)
k=0

is called the Euler Poincaré characteristic of M, see also (13.7) below.

11.3. Examples. We have H°(R™) = R since it has only one connected com-
ponent. We have H¥(R™) = 0 for k > 0 by the proof of the lemma of Poincaré
(9.10).
For the one dimensional sphere we have H°(S') = R since it is connected, and
clearly H*(S1) = 0 for k > 1 by reasons of dimension. And we have
HI(SY) = {we QH(SY) : dw =0}
{dp: 9 € QU(S1)}
B QI(SI)
{df - feC=(sh))
QLSY) = {fd0 - f € C=(S1))
= {f e C>®R): f is periodic with period 27},
where df denotes the global coframe of T*S!. If f € C°°(R) is periodic with period
2m then fdt is exact if and only if [ fdt is also 27 periodic, i. e. fo% f(®)dt = 0.
So we have
H(s1) = {f € C>°(R) : f is periodic with period2 27}
{f € C>(R) : f is periodic with period 2, [ f dt = 0}
=R,

where f — fo% f dt factors to the isomorphism.
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11.4. Lemma. Let f, g : M — N be smooth mappings between manifolds which
are C™°-homotopic: there exists h € C®(R x M,N) with h(0,2) = f(z) and
h(1l,z) = g(z).

Then f and g induce the same mapping in cohomology: f* =g*: H(N) — H(M).

Remark. f, g € C®(M,N) are called homotopic if there exists a continuous
mapping h : [0,1] x M — N with with ~(0,2) = f(z) and h(1,2) = g(z). This
seemingly looser relation in fact coincides with the relation of C'*°-homotopy. We
sketch a proof of this statement: let ¢ : R — [0,1] be a smooth function with
o((—00,1/4]) = 0, ¢([3/4,00)) = 1, and ¢ monotone in between. Then consider
h:Rx M — N, given by h(t,z) = h(p(t),z). Now we may approximate h by
smooth functions & : R x M — N whithout changing it on (—co,1/8) x M where
it equals f, and on (7/8,00) x M where it equals g. This is done chartwise by
convolution with a smooth function with small support on R™. See [Brocker-Jénich,
1973] for a careful presentation of the approximation.

So we will use the equivalent concept of homotopic mappings below.

Proof. For w € QF(N) we have h*w € QF(R x M). We consider the insertion
operator ins; : M — R x M, given by ins;(z) = (t,2). For ¢ € Q¥(R x M) we then
have a smooth curve t — ins; h*p in QF(M) (this can be made precise with the
help of the calculus in infinite dimensions of [Frolicher-Kriegl, 1988]). We define
the integral operator I3 : QF(R x M) — QF(M) by I}(p) := fol insy ¢ dt. Let
T:= % € X(R x M) be the unit vector field in direction R.

We have ins;; s = Flf oinsg for s, t € R, so

1o}

ook T . : T
55 Ins; @ = %|0 (Fl; oins,)*p = %lolnS:(Flt )

=ins] 2|, (FI})*¢ = (ins,)* Ly by (9.6).
We have used that (inss)* : QF(R x M) — QF(M) is linear and continuous and so
one may differentiate through it by the chain rule. Then we have in turn
1 1
dI}p=d / insy o dt = / d insy @ dt
0 0
1
= / insf dpdt = I do by (9.9.4).
0

(ins] —insj)p = /01 2 insy pdt = /01 insy Lppdt
=1} Ly = I} (dir +ir d)p by (9.9).
Now we define the homotopy operator h := I} oir o h* : QF(N) — QF~1(M). Then
we get
9" — f*=(hoins;)* — (hoinsy)* = (ins] —insg) o A*
=(dolI}oir+1Itoirod)oh*=doh—hod,

which implies the desired result since for w € QF(M) with dw = 0 we have g*w —
f*w = hdw + dhw = dhw. O
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114 Chapter III. Differential Forms and De Rham Cohomology 11.7

11.5. Lemma. If a manifold is decomposed into a disjoint union M =| |, M, of
open submanifolds, then H*(M) =[], H*(M,) for all k.

Proof. QF(M) is isomorphic to 1L, OF (M) via ¢ +— (p|My)s. This isomorphism
commutes with exterior differential d and induces the result. O

11.6. The setting for the Mayer-Vietoris Sequence. Let M be a smooth
manifold, let U, V' C M be open subsets such that M = U U V. We consider the

following embeddings:
]‘,U/U N Vw
U \4
M.
Lemma. In this situation the sequence

0— QM) % QU)eUV) L QUunv)—0

is exact, where a(w) = (ifw,ijyw) and B(p,¥) = jie — ju. We also have
(ddd)oca=aodanddoff=pFo(dDd).

Proof. We have to show that « is injective, ker § = im «, and that [ is surjective.
The first two assertions are obvious and for the last one we we let {fy, fiy} be a
partition of unity with supp fy € U and supp fy € V. For p € QU NV) we
consider fyo € QU NV), note that supp(fy ) is closed in the set U NV which is
open in U, so we may extend fy ¢ by 0 to ¢y € Q(U). Likewise we extend — fy¢
by 0 to ¢y € (V). Then we have S(¢v,pv) = (fu + fv)p=¢. O

Now we are in the situation where we may apply the main theorem of homological
algebra, (11.8). So we deviate now to develop the basics of homological algebra.

11.7. The essentials of homological algebra. A graded differential space
(GDS) K = (K, d) is a sequence

C gl T e 4 pentt
of abelian groups K™ and group homomorphisms d® : K® — K"l such that

d"*' o d® = 0. In our case these are the vector spaces K" = Q"(M) and the
exterior derivative. The group

ker(d” : K™ — K™*1)

n —
A (K) = im(d»—1: Kn—1 — Kn)

is called the n-th cohomology group of the GDS K. We consider also the direct sum

HY(K):= @ H"K)

n=—oo
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as a graded group. A homomorphism f : K — L of graded differential spaces
is a sequence of homomorphisms f” : K™ — L™ such that d" o f* = "1 od".
It induces a homomorphism f, = H*(f) : H*(K) — H*(L) and H* has clearly
the properties of a functor from the category of graded differential spaces into the
category of graded group: H*(Idk) = Idg-xy and H*(f o g) = H*(f) o H*(g).
A graded differential space (K, d) is called a graded differential algebra if @, K™
is an associative algebra which is graded (so K™.K™ C K™*™), such that the
differential d is a graded derivation: d(z.y) = dz.y+(—1)%&%z.dy. The cohomology
group H*(K,d) of a graded differential algebra is a graded algebra, see (11.1).

By a short exact sequence of graded differential spaces we mean a sequence
0-KS5LEM—0

of homomorphism of graded differential spaces which is degreewise exact: For each
n the sequence 0 - K" — L™ — M"™ — 0 is exact.

11.8. Theorem. Let '
0-KS5LE5M—-0

be an exact sequence of graded differential spaces. Then there exists a graded ho-
momorphism § = (6" : H*(M) — H""Y(K)),ez called the ”connecting homomor-
phism” such that the following is an exact sequence of abelian groups:

c— YY) S HY(K) L HY(L) S HY (M) S HUPYEK) - -

It is called the “long exact sequence in cohomology”. § is a natural transformation
in the following sense: Let

7 p

0—K—t P pr—p

|

O—»K'%/»L/gl»M'—»O
1
be a commutative diagram of homomorphisms of graded differential spaces with

exact lines. Then also the following diagram is commutative.

Ux

s HYTN (M) O H(K) —=— B (L) 2 HY (M) — -

S H"H(M) T»H”(K’) T)HH(L/) T»H”(M) 7
The long exact sequence in cohomology can also be written in the following way:

Uy
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Definition of §. The connecting homomorphism is defined by ‘6 =i ' odop™V’

or §[pf] = [i~1dl]. This is meant as follows.

Lnfl pn— ! M™ 1 0
dn— 1 dn— 1J
0 Kl gntl Il p Tt M 0
dn+1J dn+1
,L'n+2

0 Kn+2 Ln+2

The following argument is called a diagram chase. Let [m] € H"™(M). Then
m € M™ with dm = 0. Since p is surjective there is £ € L™ with pl = m. We
consider df € L™ for which we have pdf = dpl = dm = 0, so dl € kerp = im1,
thus there is an element k € K" with ik = d¢. We have idk = dik = ddl = 0.
Since 4 is injective we have dk = 0, so [k] € H"T}(K).

Now we put §[m] := [k] or §[pl] = [i~1dl].

This method of diagram chasing can be used for the whole proof of the theorem.
The reader is advised to do it at least once in his life with fingers on the diagram
above. For the naturality imagine two copies of the diagram lying above each other
with homomorphisms going up.

11.9. Five-Lemma. Let

Ay —L 4, 22 g B g, Mg
¥ 1J <P2J 903‘[ 804J 905J
B, B1 B, B2 Bs B3 B, B4 Bs

be a commutative diagram of abelian groups with exact lines. If p1, w2, @4, and s
are isomorphisms then also the middle s is an isomorphism.

Proof. Diagram chasing in this diagram leads to the result. The chase becomes
simpler if one first replaces the diagram by the following equivalent one with exact
lines: , ,

0— Ay/imay % As %, Yer oy —0

so’gJ% %OBJ %J%
/ /

0 —— By/im f3 B2 Bs ker 3y ——— 0. O
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11.10. Theorem. Mayer-Vietoris sequence. Let U and V be open subsets in
a manifold M such that M = U UV . Then there is an exact sequence

= HE(M) 2 HRU) @ HY (V) 25 BRU V) S B M) — -

1t is natural in the triple (M,U, V) in the sense explained in (11.8). The homomor-
phisms «, and B, are algebra homomorphisms, but § is not.

Proof. This follows from (11.6) and theorem (11.8). O

Since we shall need it later we will give now a detailed description of the connecting
homomorphism §. Let {fy, fv} be a partition of unity with supp fy C U and
supp fy C V. Let w € QF(U NV) with dw = 0 so that [w] € H*(U N'V). Then
(fv.w,—fuw) € Q¥U) @ QF(V) is mapped to w by 3 and so we have by the
prescrition in (11.8)

Sw] = [a  d(fy.w, — fr.w)] = [a dfy Aw, —dfy Aw)]
= [dfv A w] = —[de A w)],

where we have used the following fact: fy + fiy = 1 implies that on U NV we have
dfy = —dfy thus dfy Aw = —dfy Aw and off U NV both are 0.

11.11. Axioms for cohomology. The De Rham cohomology is uniquely deter-
mined by the following properties which we have already verified:

(1) H*( ) is a contravariant functor from the category of smooth manifolds
and smooth mappings into the category of Z-graded groups and graded
homomorphisms.

(2) H*(point) =R for k = 0 and = 0 for k # 0.

(3) If f and g are C°°-homotopic then H*(f) = H*(g).

(4) If M =| ], M, is a disjoint union of open subsets then
H*(M) =1], H*(M,).

(5) If U and V are open in M then there exists a connecting homomorphism
§: HY(UNV) — H¥Y(U U V) which is natural in the triple (U UV, U, V)
such that the following sequence is exact:

S HYNUUV) = HYU) @ HY(V) - HYUNV) S B U UV) — -

There are lots of other cohomology theories for topological spaces like singular coho-
mology, Cech-cohomology, simplicial cohomology, Alexander-Spanier cohomology
etc which satisfy the above axioms for manifolds when defined with real coeffi-
cients, so they all coincide with the De Rham cohomology on manifolds. See books
on algebraic topology or sheaf theory for all this.

11.12. Example. If M is contractible (which is equivalent to the seemingly
stronger concept of C*°-contractibility, see the remark in (11.4)) then HO(M) = R
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since M is connected, and H*¥(M) = 0 for k # 0, because the constant map-
ping ¢ : M — point — M onto some fixed point of M is homotopic to Idys, so
H*(c) = H*(Idyr) = Idg-(ary by (11.4). But we have

ch(M)\ H*(c) HY (M
H )

More generally, two manifolds M and N are called to be smoothly homotopy equiv-
alent if there exist smooth mappings f : M — N and g : N — M such that
g o f is homotopic to Idy; and f o g is homotopic to Idy. If this is the case
both H*(f) and H*(g) are isomorphisms, since H*(g) o H*(f) = Idy-(nr) and
H*(f) o H*(g9) = Idp-(n).

As an example consider a vector bundle (F,p, M) with zero section O : M — E.

)

¥ (point

Then p o 0g = Idy; whereas Og o p is homotopic to Idg via (t,u) — t.u. Thus
H*(E) is isomorphic to H*(M).

11.13. Example. The cohomology of spheres. Forn > 1 we have

R fork=0

Hk(S"): 0 forl<k<n-1 Hk(SO): { R?  fork =
R  fork=n 0 fork >0
0 fork>n

We may say: The cohomology of S™ has two generators as graded vector space,
one in dimension 0 and one in dimension n. The Poincaré polynomial is given by

Proof. The assertion for S° is obvious, and for S* it was proved in (11.3) so let
n > 2. Then H°(S™) = R since it is connected, so let k& > 0. Now fix a north pole
a€S" 0<e<l1,and let

S" ={x e R"": |z]* = (z,2) = 1},
U={zeS": (x,a) > —c},
V={xeS":{z,a) <e},
so U and V are overlapping northern and southern hemispheres, respectively, which
are diffeomorphic to an open ball and thus smoothly contractible. Their cohomology
is thus described in (11.12). Clearly UUV = S and UNV = S"~1 x (—¢,¢) which

is obviously (smoothly) homotopy equvalent to S"~!. By theorem (11.10) we have
the following part of the Mayer-Vietoris sequence

H(U) & H(V) — HNU V) 0 HE(S™) — B (U) & B (V)

I
0 HE(S™ 1) 0,
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where the vertical isomorphisms are from (11.12). Thus H*(S"~1) = gk+1(gn)
for k>0 and n > 2.

Next we look at the initial segment of the Mayer-Vietoris sequence:

0 — HY(S™) — HO(U UV) —P— HOWU A V)~ HL(S™) — B (U U V)

f f f f
0 R e R? R 0
From exactness we have: in the lower line « is injective, so dim(ker 8) =1, so S is

surjective and thus § = 0. This implies that H'(S™) = 0 for n > 2. Starting from
H*(S1) for k > 0 the result now follows by induction on n.

By looking more closely on on the initial segment of the Mayer-Vietoris sequence
for n = 1 and taking into account the form of § : H%(S%) — H'(S!) we could even
derive the result for S* without using (11.3). The reader is advised to try this. [

11.14. Example. The Poincaré polynomial of the Stiefel manifold V (k,n;R) of
oriented orthonormal k-frames in R™ (see (18.5)) is given by:

For: Tvkn) =
l

n=2m, k=20+1,1>0: (1+££" )]+
=1

l
n=2m+1, k=2,1>1: H(1+t4m*4i+3)

i=1
-1 '
n=2m, k=2l, m>1>1: (1+2"2) 1+ H(l 4 pmmtic)
i=1
'I’L:2’I’)’L—~-17k:?l_i_l7 1 |
1 t2m72l 1 t4m741+3
ms>iz0.  AF )};[1( + )
Since V(n —1,n;R) = SO(n;R) we get
m—1
fSO(Zm iR) (t) tQm 1 H 1 + t4z 1
=1
fso@m+1r)(t) = H(l + i,
i=1

So the cohomology can be quite complicated. For a proof of these formulas using
the Gysin sequence for sphere bundles see [Greub-Halperin-Vanstone II, 1973].

11.15. Relative De Rham cohomology. Let N C M be a closed submanifold
and let

QF(M,N) := {w e Q*(M) : i*w = 0},
where ¢ : N — M is the embedding. Since i*od = doi* we get a graded differential
subalgebra (2*(M, N),d) of (Q*(M),d). Its cohomology, denoted by H*(M, N), is
called the relative De Rham cohomology of the manifold pair (M, N).
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11.16. Lemma. In the setting of (11.15),
0 — Q*(M,N) — Q*(M) = Q*(N) — 0

is an ezxact sequence of differential graded algebras. Thus by (11.8) we have the
following long exact sequence in cohmology

o — H¥(M, N) — H¥(M) — H*(N) 2 HY(M,N) — ...

which is natural in the manifold pair (M, N). It is called the long exact cohomology
sequence of the pair (M, N).

Proof. We only have to show that ¢* : Q*(M) — Q*(N) is surjective. So we have
to extend each w € QF(N) to the whole of M. We cover N by submanifold charts of
M with respect to N. These and M\ N cover M. On each of the submanifold charts
one can easily extend the restriction of w and one can glue all these extensions by
a partition of unity which is subordinated to the cover of M. O

12. Cohomology with compact
supports and Poincaré duality

12.1. Cohomology with compact supports. Let Q(M) denote the space of
all k-forms with compact support on the manifold M. Since supp(dw) C supp(w),
supp(Lxw) C supp(X)Nsupp(w), and supp(ixw) C supp(X)Nsupp(w), all formulas
of section (9) are also valid in Q5 (M) = (,ii:HE)M QF(M). So Qf(M) is an ideal and
a differential graded subalgebra of Q*(M). The cohomology of 2% (M)

_ ker(d: QF(M) — QFFL(M))
©imd: QFY(M) — QF(M)

dim M

Hi(M):= P HEWM)
k=0

)

HF(M)

is called the De Rham cohomology algebra with compact supports of the manifold
M. It has no unit if M is not compact.

12.2. Mappings. If f : M — N is a smooth mapping between manifolds and if
w € QF(N) is a form with compact support, then f*w is a k-form on M, in general
with noncompact support. So €} is not a functor on the category of all smooth
manifolds and all smooth mappings. But if we restrict the morphisms suitably,
then 2% becomes a functor. There are two ways to do this:

(1) © is a contravariant functor on the category of all smooth manifolds and
proper smooth mappings (f is called proper if f~!( compact set ) is a com-
pact set) by the usual pullback operation.

(2) Q2 is a covariant functor on the category of all smooth manifolds and em-
beddings of open submanifolds: for i : U — M and w € QF(U) just extend
w by 0 off U to get i.w € QF(M). Clearly i, od = d o i,.
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12.3. Remark. (1) If a manifold M is a disjoint union, M = ||, M,, then we
have obviously H¥(M) = @, HE(M,,).

(2) H?(M) is a direct sum of copies of R, one for each compact connected component
of M.

(3) If M is compact, then H*(M) = H*(M).
12.4. The Mayer-Vietoris sequence with compact supports. Let M be a

smooth manifold, let U, V' C M be open subsets such that M = UUV. We consider
the following embeddings:

) UuonNnv )
N
U V
1o A/’LV
M.

Theorem. The following sequence of graded differential algebras is eract:
0— QU NV) 2% QrU) @ Q: (V) 2% (M) — 0,

where B(w) = ((ju)«w, (jv)«w) and ac(p,¥) = (iv)«p — (iv)s1h. So by (11.8) we
have the following long exact sequence

— HFY (M) 2 BRNUNV) — HEU) @ HE(V) — HE(M) 25 B Y U0 V) -

which is natural in the triple (M,U, V). It is called the Mayer Vietoris sequence
with compact supports.

The connecting homomorphism 6, : H¥(M) — H**1(U NV) is given by

Sclel = (B daz ()] = (B d(fue, — fve)]
=[dfu N TUNV]=—[dfy Ao [UNV].

Proof. The only part that is not completely obvious is that a. is surjective. Let
{fu, fv} be a partition of unity with supp(fy) C U and supp(fy) C V, and let
¢ € QE(M). Then fyp € QE(U) and —fvy € QF(V) satisfy ac(fup, —fvy) =
(fu+fv)e=e. 0O

12.5. Proper homotopies. A smooth mapping h: Rx M — N is called a proper
homotopy if h=1( compact set ) N ([0,1] x M) is compact. A continuous homotopy
h:[0,1] x M — N is a proper homotopy if and only if it is a proper mapping.
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* .

Lemma. Let f,g : M — N be proper and proper homotopic, then f* = g
HE(N) — HE(M) for all k.

Proof. Recall the proof of lemma (11.4).

Claim. In the proof of (11.4) we have furthermore h : QF(N) — QF~1(M).

Let w € QF(N) and let K, := supp(w), a compact set in N. Then K5 := h~!(K{)N
([0,1] x M) is compact in R x M, and finally K5 := pra(K3) is compact in M. If
x ¢ K3 then we have

(hw)s = (I 0 iz 0 h*)w)s = /0 (ins? (irh*w))s dt) = 0.

The rest of the proof is then again as in (11.4). O
12.6. Lemma.
R fork=n

0 else.

HE®) = {

Proof. We embed R™ into its one point compactification R™ U{oo} which is diffeo-
morphic to S™, see (1.2). The embedding induces the exact sequence of complexes

0— Q.(R") = Q") — QS")e — 0,

where Q(S5™)o denotes the space of germs at the point co € S™. For germs at
a point the lemma of Poincaré (9.10) is valid, so we have H(2(S™)s) = R and
H®(Q(5")s) = 0 for k > 0. By theorem (11.8) there is a long exact sequence in
cohomology whose beginning is:

HO(R™) — HO(S™) — HO(Q(S™)o0) —0 HE(R™) — H(S™) — HY (™))
I I I I
0 R R 0

From this we see that § = 0 and consequently H!(R") = H'(S™). Another part of
this sequence for k > 2 is:

H*1(Q(8™)o0) 2 HE(R) — HY(S™) — H*((S")0)
I I
0 0

It implies H*(R™) = H*(S™) for all k. O
12.7. Fiber integration. Let M be a manifold, pr; : M x R — M. We define
an operator called fiber integration

/ CQF(M x R) — QF (M)
fiber

as follows. Let t be the coordinate function on R. A differential form with compact
support on M X R is a finite linear combination of two types of forms:

(1) prip.f(z,t), shorter ¢.f.
(2) prie A f(z,t)dt, shorter ¢ A fdt.
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where ¢ € Q(M) and f € C(M x R,R). We then put

(1) fﬁberprfﬁpf =0.
(2) Japea Prie A fdt = [Z_f( ,t)dt

This is well defined since the only relation which we have to satisfy is pri(eg) A
fx, t)dt = pri og(x) A f(z, t)dt.

Lemma. We have dofﬁber = fﬁber od. Thus fﬁber induces a mapping in cohomology

which however is not an algebra homomorphism.

Proof. In case (1) we have

dof)= [ doft (1) /

@.de+(—1)k/ 0.2t
fiber fiber fiber

fiber

(o]
= (—1)k<p/ %dt =0 since f has compact support
—0

In case (2) we get

/ d((p/\fdt):/ dgoAfdt+(—1)k/ eNdyf Adt
fiber fiber fiber
—dg [ 7t (0% [ duf( o

— 00

d<<p/:f( ,t)dt) :d/ﬁber<p/\fdt. O

In order to find a mapping in the converse direction we let e = e(t)dt be a compactly
supported 1-form on R with [*_e(t)dt = 1. We define e, : QF (M) — Q5F1(M xR)
by e.(¢) = ¢ Ae. Then de,(p) =d(pANe)=dpNe+0=e.(dp), so we have an
induced mapping in cohomology e, : H¥(M) — H¥*1(M x R).

We have [q, oe. = Idgk(ar), since

[ o= [ one ya—p [ cwa-v.

Next we define K : QF(M x R) — Q¥ 1(M x R) by

(1) K(p.f)=0
(2) K(pAfdt) = [*_ fdt —@.A(t) [°_ fdt, where A(t) := [T __e(t)dt.
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Lemma. Then we have

3) Hogarey =00 [ = (D doK K od)
fiber

Proof. We have to check the two cases. In case (1) we have

Id—e,o f)=¢.f -0,
(1d— e /ﬁberxm of 0
(doK - Kod)(p.f) =0— K(dp.f + (=)0 Adif + (=1)P A GFdt)

= (-1 (w/_t 9L dt — . A(t) /_OO g{dt)
= (=)o f —&-(())O. )

In case (2) we get

(Id—e*O/ )((p/\fdt):go/\fdt—cp/ fdt Ne,
fiber —o00
t

Fdt — 0 A(t) / b fdt>

— 00

(doK—Kod)(w/\fdt):d(go/

— 0o

— K(dp A fdt + (=1)F Yo Ady f A dt)

= (—1k? (g&/\fdtgp/\e/ fdt) O

— 00

oo

Corollary. The induced mappings (fﬁber)* and e, are inverse to each other, and
thus isomorphism between H¥(M x R) and H*=(M).

Proof. This is clear from the chain homotopy (3). O

12.8. Second Proof of (12.6). For k < n we have

HER™) = HETURO ) 2o HOR )
B { 0 for k <n
| HYRY) =R for k=n.

Note that the isomorphism H?(R™) = R is given by integrating the differential
form with compact support with respect to the standard orientation. This is well
defined since by Stokes’ theorem (10.11) we have [, dw = ffb w = 0, so the integral
induces a mapping [, : H?(R") - R. O

12.9. Example. We consider the open Mobius strip M in R3, see (1.22). Open
means without boundary. Then M is contractible onto S', in fact M is the total
space of a real line bundle over S1. So from (11.12) we see that H*(M) = H*(S!) =
R for k=0,1 and =0 for £ > 1.
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Now we claim that H¥(M) = 0 for all k. For that we cut the M&bius strip in two
pieces which are glued at the end with one turn,

§ b
| &

so that M = UUV where U 2 R?, V 2 R?, and U NV = R?2 LUR?2, the disjoint
union. We also know that H)(M) = 0 since M is not compact and connected.
Then the Mayer-Vietoris sequence (see (12.4)) is given by

HYU) @ HY(V) — B} (M) -2 120 nv) Lo

I I
0 ReR

a

P, Uy ® HA(V) — BX(M) — H¥UNYV)
[l [l
RoR 0

We shall show that the linear mapping (. has rank 2. So we read from the sequence
that H}(M) =0 and H?(M) = 0. By dimension reasons H*(M) = 0 for k > 2.

Let ¢, ¢ € Q>(UN V) be two forms, supported in the two connected components,
respectively, with integral 1 in the orientation induced from one on U. Then fU p=
1, [;¥ =1, but for some orientation on V' we have [, =1 and [, ¥ = —1. So

the matrix of the mapping 3. in these bases is <1 _11 >, which has rank 2.

12.10. Mapping degree for proper mappings. Let f: R — R" be a smooth
proper mapping, then f* : Q¥(R") — QF(R™) is defined and is an algebra homo-
morphism. So also the induced mapping in cohomology with compact supports
makes sense and by

*

H!(R") ——— H!'(R")

a linear mapping R — R, i. e. multiplication by a real number, is defined. This
number deg f is called the "mapping degree” of f.

12.11. Lemma. The mapping degree of proper mappings has the following prop-
erties:
(1) If f, g : R™ — R™ are proper, then deg(f o g) = deg(f).deg(g).
(2) If f and g : R™ — R™ are proper homotopic (see (12.5)) then deg(f) =
deg(g).
(3) deg(Idrn) = 1.
(4) If f: R™ — R™ is proper and not surjective then deg(f) = 0.
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Proof. Only statement (4) needs a proof. Since f is proper, f(R") is closed in
R": for K compact in R" the inverse image K; = f~1(K) is compact, so f(K;) =
f(R™) N K is compact, thus closed. By local compactness f(R™) is closed.
Suppose that there exists z € R™ \ f(R™), then there is an open neighborhood
U c R*\ f(R™). We choose a bump n-form « on R" with support in U and
Ja=1. Then f*a =0, so deg(f) = 0 since [o] is a generator of H(R™). O

12.12. Lemma. For a proper smooth mapping f : R®™ — R™ the mapping degree
is an integer, in fact for any regqular value y of f we have

deg(f) = Z sign(det(df (z))) € Z.
zef~1(y)

Proof. By the Morse-Sard theorem, see (1.18), there exists a regular value y of
fo If f74(y) = 0 then f is not surjective, so deg(f) = 0 by (12.11.4) and the
formula holds. If f=!(y) # 0, then for all * € f~!(y) the tangent mapping T, f
is surjective, thus an isomorphism. By the inverse mapping theorem f is locally a
diffeomorphism from an open neighborhood of x onto a neighborhood of y. Thus
f~Y(y) is a discrete and compact set, say f~1(y) = {z1,..., 25} C R™.

Now we choose pairwise disjoint open neighborhoods U; of x; and an open neigh-
borhood V' of y such that f : U; — V is a diffeomorphism for each i. We choose
an n-form a on R with support in V and [a = 1. So f*a = Y_,(f|U;)*«a and
moreover

/ (f1U:)* = sign(det(df (z;))) / o = sign(det(df (z;)))
U, 1%

k
deg(f) = /Rn frfa= Z/Ui(ﬂUi)*a = Zsign(det(df(xi))) €z 0O

12.13. Example. The last result for a proper smooth mapping f : R — R can be
interpreted as follows: think of f as parametrizing the path of a car on an (infinite)
street. A regular value of f is then a position on the street where the car never
stops. Wait there and count the directions of the passes of the car: the sum is the
mapping degree, the number of journeys from —oo to co. In dimension 1 it can be
only —1, 0, or +1 (why?).

12.14. Poincaré duality. Let M be an oriented smooth manifold of dimension
m without boundary. By Stokes’ theorem the integral [ : Q7*(M) — R vanishes
on exact forms and induces the ”cohomological integral”

(1) / H(M) — R.

It is surjective (use a bump m-form with small support). The ‘Poincaré product’is
the bilinear form

(2) Py« HE(M) x HI'™*(M) — R,

= finia- s
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It is well defined since for 3 closed dy A 8 = d(y A ), etc. If j : U — M is an
orientation preserving embedding of an open submanifold then for [a] € H*(M)
and for [3] € H*(U) we may compute as follows:

3) P{;u*[aJ,wn:/o*[aw[m:/Uj*aw

— [ ani6=Pli(lal.0.[9)
M
Now we define the Poincaré duality operator
(4) Dy HMN(M) — (H " (M))*,
(8], Dislal) = Pyy([al. [8)).

For example we have D, (1) = ([5n)« € (HZ(R™))*.
Let M = U UV with U, V open in M, then we have the two Mayer Vietoris

sequences from (11.10) and from (12.4)
oo HNM) 25 BHRU) @ HYV) 25 YU A V) S BN M) — -
— HI'F(M) — HP R U) @ B H(V) o HP RO A V) &= B ED()

We take dual spaces and dual mappings in the second sequence and we replace § in
the first sequence by (—1)*~1§ and get the following diagram which is commutative
as we will see in a moment.

(1) o
HH () Dis H o (ary
(it i) ((it)es (v).)"
# vy e 1) LEERV gk g mrkry:
5) it — 3% (o) — Giv)o)*

HYU V) Dunv HHU V)

(1415 o
e — 0 e gy
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12.15. Lemma. The diagram (5) in (12.14) commutes.

Proof. The first and the second square from the top commute by (12.14.3). So
we have to check that the bottom one commutes. Let [a] € H¥(U N V) and
0] € Hg"_(kﬂ)(M), and let (fy, f) be a partition of unity which is subordinated
to the open cover (U, V') of M. Then we have

(18], DA (—1)F18[a]) = PR ((—=1)F 6o, [8])
= PEPN(=1)"'dfy Aal,[8]) by (11.10)

= (—1)F! /M dfy Aa A .

(8], 2 Div ) = (8c[6], Dy [d) = Py ([, 6c[8])
= Pt ([l [dfo AB] = —[dfyv AB]) by (12.4)

:_/ a/\dfv/\ﬁ:—(—l)k/ dfy AanB. O
unv M

12.16. Theorem. Poincaré Duality. If M is an oriented manifold of dimension
m without boundary then the Poincaré duality mapping

Dk, - H*(M) — H™*(M)*
is a linear isomomorphism for each k.

Proof. Step 1. Let O be an i-base for the open sets of M, i. e. O is a basis
containing all finite intersections of sets in 0. Let O be the the set of all open
sets in M which are finite unions of sets in O. Let O, be the set of all open sets
in M which are at most countable disjoint unions of sets in ©. Then obviously Oy
and Oy are again i-bases.

Step 2. Let O be an i-base for M. If Do : H(O) — H.(O)* is an isomorphism for
all O € O, then also for all O € Oy.

Let U € Of, U = 0,U---UOy for O; € O. We consider O; and V = OxU---UOy,.
Then O NV = (O3 NO2) U ---U (01 NOy) is again a union of elements of O
since it is an ¢-base. Now we prove the claim by induction on k. The case k = 1
is trivial. By induction Dg,, Dy, and Do,y are isomorphisms, so Dy is also an
isomorphism by the five-lemma (11.9) applied to the diagram (12.14.5).

Step 3. If O is a basis of open sets in M such that Do is an isomorphism for all
O € O, then also for all O € O.

IHfUeO, wehave U =0,U05U... = |_|;’i1 O; for O; € O. But then the diagram

H(U) [1#(©)
Dy JHDoi
H(U)" = @Hc(oi))* = Hm(on*
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commutes and implies that Dy is an isomorphism.

Step 4. If Dy is an isomorphism for each O € O where O is an i-base for the open
sets of M then Dy is an isomorphism for each open set U C M.

For ((Of)s) contains all open sets of M. This is a consequence of the proof that
each manifold admits a finite atlas. Then the result follows from steps 2 and 3.

Step 5. Dgm : H(R™) — H.(R™)* is an isomorphism.
We have
R fork=0 R fork=
EUCOES AR = o
0 fork>0 0 fork#m

The class [1] is a generator for H°(R™), and [«] is a generator for H™(R™) where
o is any m-form with compact support and [,, &« = 1. But then PZ..([1],[a]) =

Jom L =1.
Step 6. For each open subset U C R™ the mapping Dy is an isomorphism.

The set {{z € R™ : o’ < a' < b for all i} : a® < b’} is an i-base of R™. Each
element O in it is diffeomorphic (with orientation preserved) to R™, so Do is an
isomorphism by step 5. From step 4 the result follows.

Step 7. D, is an isomorphism for each oriented manifold M.

Let O be the the set of all open subsets of M which are diffeomorphic to an open
subset of R™, i. e. all charts of a maximal atlas. Then O is an i-base for M, and
Do is an isomorphism for each O € O. By step 4 Dy is an isomorphism for each
open U in M, thus also Dy. 0O

12.17. Corollary. For each oriented manifold M without boundary the bilinear
PairIngs

Py H* (M) x HY (M) — R,
Py HY(M) x H™ %(M) — R

are not degenerate.

12.18. Corollary. Let j:U — M be the embedding of an open submanifold of an
oriented manifold M of dimension m without boundary. Then of the following two
mappings one is an isomorphism if and only if the other one is:

j*  H¥(U) — H*(M),
et HIH(U) — H'*(M).

Proof. Use (12.14.3), P§(5*[a], [8]) = Py ([e],5.[8]). O
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12.19. Theorem. Let M be an oriented connected manifold of dimension m
without boundary. Then the integral

L:H}f(M)ﬁR

is an isomorphism. So ker [, = d(Q~1(M)) C Q' (M).

Proof. Considering m-forms with small support shows that the integral is surjec-
tive. By Poincaré duality (12.16) dimg H™(M)* = dimg H°(M) = 1 since M is
connected. O

Definition. The uniquely defined cohomology class wys € H*(M) with integral
Jyywar = 1is called the orientation class of the manifold M.

12.20. Relative cohomology with compact supports. Let M be a smooth
manifold and let N be a closed submanifold. Then the injection i : N — M is a
proper smooth mapping. We consider the spaces

QF(M,N) := {w e QF(M) : w|N = i*w = 0}

whose direct sum is a graded differential subalgebra (% (M, N),d) of (U5(M),d).
Its cohomology, denoted by H* (M, N), is called the relative De Rham cohomology
with compact supports of the manifold pair (M, N).

0 — QF (M, N) — Q (M) = QF(N) — 0

is an exact sequence of differential graded algebras. This is seen by the same proof
as of (11.16) with some obvious changes. Thus by (11.8) we have the following long
exact sequence in cohomology

. — H¥(M,N) — H*(M) — H*(N) 2 HMY(M,N) — ...

which is natural in the manifold pair (M, N). It is called the long ezact cohomology
sequence with compact supports of the pair (M, N).

12.21. Now let M be an oriented smooth manifold of dimension m with boundary
OM. Then OM is a closed submanifold of M. Since for w € Q" ~1(M, M) we have
Sy dw = [0 w =[5, 0 =0, the integral of m-forms factors as follows

QM (M,0M) — Q" (M) —=—

l fo

H"(M,0M)
to the cohomological integral [, : H*(M,0M) — R.
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Example. Let I = [a,b] be a compact intervall, then 09I = {a,b}. We have
HY(I) = 0 since fdt = df;t f(s)ds. The long exact sequence in cohomology of the
pair (I,0I) is

0 — HO(I,0I) — H°(I) — H°(OI) > HY(I,81) — HY(I) — H'(1)
| | | Il | |
0 R R? R 0 0
The connecting homomorphism § : HY(0I) — H(I,0I) is given by the following
procedure: Let (f(a), f(b)) € H°(dI), where f € C°°(I). Then

b b
6(f(a), f(b)) = [df] =/[df]=/ df=/ f)dt = f(b) — f(a).

So the fundamental theorem of calculus can be interpreted as the connecting ho-
momorphism for the long exact sequence of the relative cohomology for the pair

(1,81).

The general situation. Let M be an oriented smooth manifold with boundary
OM . We consider the following piece of the long exact sequence in cohomology with
compact supports of the pair (M,0M):

H" (M) ——— H™ Y(M) —%— H™(M,0M) — H™(M) ———0

I I\

R:R

The connecting homomorphism is given by
S[w|OM] = [dw] g (aroary, w € QN (M),

so commutation of the diagram above is equivalent to the validity of Stokes’ theo-
rem.

13. De Rham cohomology of compact manifolds

13.1. The oriented double cover. Let M be a manifold. We consider the
orientation bundle Or(M) of M which we dicussed in (10.6), and we consider the
subset or(M) := {v € Or(M) : |v| = 1}, see (10.7) for the modulus. We shall see
shortly that it is a submanifold of the total space Or(M), that it is orientable, and
that 7y : or(M) — M is a double cover of M. The manifold or(M) is called the
orientable double cover of M.

We first check that the total space Or(M) of the orientation bundle is orientable.
Let (U, uq) be an atlas for M. Then the orientation bundle is given by the cocycle
of transition functions

Top () = sign pqp(x) = signdet d(ug o u;l)(ua(:c)).
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Let (Uy, 7o) be the induced vector bundle atlas for Or(M), see (8.3). We consider
the mappings

Or(M)|Uy —— T2, xR >XTd ) x R € R
M /7“1
Ua

and we use them as charts for Or(M). The chart changes ug(Uag) X R — o (Uag) X
R are then given by

(1) = (ua o ug ' (y), Tap(ug" (y)))

= (ua 0 ug'(y),signdet d(ug o ug')((ua o ug")(y))t)

= (Uugq © urgl(y)7 sign det d(ug, o ugl)(y)t)
The Jacobi matrix of this mapping is

d(ua o ug')(y) *
0 sign det d(uq, © u[;l)(y)

which has positive determinant.
Now we let Z := {v € Or(M) : |v| < 1} which is a submanifold with boundary in

Or(M) of the same dimension and thus orientable. Its boundary 0Z coincides with
or(M), which is thus orientable.

Next we consider the diffeomorphism ¢ : or(M) — or(M) which is induced by the
multiplication with —1 in Or(M). We have p o ¢ = Id and 7, (z) = {z,¢(2)} for
z € or(M) and mp(z) = @.

Suppose that the manifold M is connected. Then the oriented double cover or(M)
has at most two connected components, since m); is a two sheeted convering map.
If or(M) has two components, then ¢ restricts to a diffeomorphism between them.
The projection 7y, if restricted to one of the components, becomes invertible, so
Or(M) admits a section which vanishes nowhere, thus M is orientable. So we see
that or(M) is connected if and only if M is not orientable.

The pullback mapping ¢* : Q(or(M)) — Q(or(M)) also satisfies ¢* o p* = Id. We
put

Q4
(o

(or(M)) : = {w € Qor(M)) : ¢*w = w},

(or(M)) : = {w € Q(or(M)) : p*w = —w}.

For each w € Q(or(M)) we have w = F(w + ¢*w) + +(w — p*w) € Qy(or(M)) &
Q_(or(M)), so Q(or(M)) = Qy(or(M)) ® Q_(or(M)). Since do p* = p* od these
two subspaces are invariant under d, thus we conclude that

(1) H*(or(M)) = H*(Q (or(M))) @ H*(Q—(or(M))).

Since 7}, : QM) — Q(or(M)) is an embedding with image Q4 (or(M)) we see that
the induced mapping 73, : H*(M) — H"(or(M)) is also an embedding with image
H @ (or(M))).

Draft from April 18, 2007 Peter W. Michor,



13.4 13. De Rham cohomology of compact manifolds 133

13.2. Theorem. For a compact manifold M we have dimg H*(M) < co.

Proof. Step 1. If M is orientable we have by Poincaré duality (12.16)

HE (M) 23 (R () = () P

D'm,fk *
A T k()

so H¥(M) is finite dimensional since otherwise dim(H*(M))* > dim H*(M).

Step 2. Let M be not orientable. Then from (13.1) we see that the oriented double
cover or(M) of M is compact, oriented, and connected, and we have dim H*(M) =
dim H*(Q4 (or(M))) < dim H*(or(M)) < co. O

13.3. Theorem. Let M be a connected manifold of dimension m. Then

H™ (M) = { R if M is compact and orientable,
Lo else.

Proof. If M is compact and orientable by (12.19) we the integral [, : H™(M) — R
is an isomorphism.

Next let M be compact but not orientable. Then the oriented double cover or(M)
is connected, compact and oriented. Let w € Q™(or(M)) be an m-form which
vanishes nowhere. Then also p*w is nowhere zero where ¢ : or(M) — or(M) is the
covering transformation from (13.1). So ¢*w = fw for a function f € C*(or(M))
which vanishes nowhere. So f > 0or f < 0. If f > 0 then o .= w+¢p*w = (1+ flw
is again nowhere 0 and p*a = «, so o = 7}, for an m-form B on M without zeros.
So M is orientable, a contradiction. Thus f < 0 and ¢ changes the orientation.

The m-form v := w—¢*w = (1— f)w has no zeros, so for(M) ~ > 0 if we orient or(M)
using w, thus the cohomology class [y] € H™(or(M)) is not zero. But ¢*y = —y
so v € Q_(or(M)), thus H™(Q_(or(M))) # 0. By the first part of the proof we
have H™(or(M)) = R and from (13.1) we get H™(or(M)) = H™(Q_(or(M))), so
H™(M) = H™(Q4 (or(M))) = 0.

Finally let us suppose that M is not compact. If M is orientable we have by
Poincaré duality (12.16) and by (12.3.1) that H™(M) = H)(M)* = 0.

If M is not orientable then or(M) is connected by (13.1) and not compact, so
H™(M)=H"(Qy(or(M))) C H™(or(M))=0. O

13.4. Corollary. Let M be a connected manifold which is not orientable. Then
or(M) is orientable and the Poincaré duality pairing of or(M) satisfies
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Proof. From (13.1) we know that or(M) is connected and orientable. So R =
H(or(M)) = H™(or(M))*.

Now we orient or(M) and choose a positive bump m-form w with compact support
on or(M) so that for(M) w > 0. From the proof of (13.3) we know that the covering
transformation ¢ : or(M) — or(M) changes the orientation, so ¢*w is negatively
oriented, for(M) ¢*w < 0. Then w — p*w € Q™ (or(M)) and for(M) (w—p*w) > 0,
so (H™)_(or(M)) =R and (H)4(or(M)) = 0.

Since ¢* is an algebra homomorphism we have
O (or(M)) A Q)4 (0 (M) © (27") 4+ (0r (M),
QF (or(M)) A ()~ (or(M) © () (or(M)).
From (H!")4(or(M)) = 0 the first two results follows. The last two assertions then

follow from this and H*(or(M)) = H% (or(M)) & H* (or(M)) and the analogous
decomposition of H*(or(M)). O

13.5. Theorem. For the real projective spaces we have

HY(RP") =R
HFRP") =0 for1 <k <mn,
HO(RP") — { R for odd n,

0  for even n.

Proof. The projection 7 : S™ — RP" is a smooth covering mapping with 2 sheets,
the covering transformation is the antipodal mapping A : S — S™, x — —z. We
put 2,(S") ={w € Q") : A*w = w} and Q_(5") = {w € Q(") : A*w = —w}.
The pullback 7* : Q(RP™) — Q(S™) is an embedding onto Q4 (S™).

Let A be the determinant function on the oriented Euclidean space R"*!. We
identify 7,5™ with {z}+ in R"*! and we consider the n-form wgn € Q"(S™) which
is given by (wgn)z(X1,...,Xpn) = A(z, X1,...,X,). Then we have

(A*wgn)o(X1, ..., Xn) = (wsn) a@) (T A X1, ..., Ty A.Xy)
wsn)—o(=X1,. .., —Xp)
=A(—z,—X1,...,—Xp)
= (-1)"" Az, X1,..., X,)

(

—1)" N wsn)e(X1,..., X,)

Since wgn is invariant under the action of the group SO(n + 1,R) it must be the
Riemannian volume form, so

7r’<
n (n+1)7r% ﬁ form — 2k — 1

wsn = vol(S™) = S = e
2 1-35...(2k—3) for n = 2k — 2
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Thus [wgn] € H™(S™) is a generator for the cohomology. We have A*wgn =
(—1)" lwgn, so
Q1 (s")  for odd n,
wgen €
Q" (S™)  for even n.

Thus H™(RP™) = H™(Q4(S™)) equals H"(S™) = R for odd n and equals 0 for even
n.

Since RP"™ is connected we have H’(RP") = R. For 1 < k < n we have H*(RP") =
Hk(Q4(S™) c HF(S™) =0. O

13.6. Corollary. Let M be a compact manifold. Then for all Betti numbers we
have by,(M) := dimg H*(M) < oco. If M is compact and orientable of dimension m
we have bp(M) = by, (M).

Proof. This follows from (13.2) and from Poincaré duality (12.16). O

13.7. Euler-Poincaré characteristic. If M is compact then all Betti numbers
are finite, so the Euler Poincaré characteristic (see also (11.2))

dim M
X = > (1) (M) = far(—1)
k=0
is defined.

Theorem. Let M be a compact and orientable manifold of dimension m. Then
we have:

(1) If m is odd then xpr = 0.

(2) If m =2n for odd n then xar = b, (M) =0 mod (2).

(3) If m = 4k then xar = bax (M) = signature(P3F) mod (2).

Proof. From (13.6) we have by(M) = bp—q(M). Thus the Euler Poincaré char-
acteristic is given by xam = >0 4(—1)%q = Y200 o(=1)7bm—g = (=1)"xn which
implies (1).

If m = 2n we have y = Zzio(—l)qbq =2 ZZ;&(—l)qbq + (=1)"bp, 50 X1 = bn(
mod 2). In general we have for a compact oriented manifold

Phal o) = [ ang=(-110 [ §ra= (1m0 pg(), )
M M
For odd n and m = 2n we see that Py, is a skew symmetric non degenerate bilinear
form on H™(M), so b, must be even (see (4.7) or (31.4) below) which implies (2).

(3). If m = 4k then PZF is a non degenerate symmetric bilinear form on H?*(M), an
inner product. By the signature of a non degenerate symmetric inner product one
means the number of positive eigenvalues minus the number of negative eigenvalues,
so the number dim H?*(M), — dim H?*(M)_ =: ay — a_, but since H**(M), &
H?*(M)_ = H?¢(M) we have a; +a_ = bog, 50 ay —a_ = bo, — 2a_ = boy(
mod 2). O
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13.8. The mapping degree. Let M and N be smooth compact oriented mani-
folds, both of the same dimension m. Then for any smooth mapping f: M — N
there is a real number deg f, called the degree of f, which is given in the bottom
row of the diagram m

¢ mapy HE)

I I

R%R

1%
1%

where the vertical arrows are isomorphisms by (12.19), and where deg f is the linear
mapping given by multiplication with that number. So we also have the defining
relation

/f*w:degf/w for all w € Q™(N).
M N

13.9. Lemma. The mapping degree deg has the following properties:

(1) deg(f og) =degf-degg, deg(ldy) = 1.

(2) If f, g: M — N are (smoothly) homotopic then deg f = degg.

(3) Ifdeg f # 0 then f is surjective.

(4) If f : M — M is a diffeomorphism then deg f = 1 if f respects the orienta-
tion and deg f = —1 if f reverses the orientation.

Proof. (1) and (2) are clear. (3) If f(M) # N we choose a bump m-form w on N
with support in the open set N\ f(M). Then f*w = 0 so we have 0 = [,, f*w =

deg f [y w. Since [y w # 0 we get deg f = 0.

(4) follows either directly from the definition of the integral (10.7) of from (13.11)
below. O

13.10. Examples on spheres. Let f € O(n+ 1,R) and restrict it to a mapping
f:8™ — 8" Then deg f = det f. This follows from the description of the volume
form on S™ given in the proof of (13.5).

Let f, g: S™ — S™ be smooth mappings. If f(x) # —g(x) for all x € S™ then the
mappings f and g are smoothly homotopic: The homotopy moves f(x) along the
shorter arc of the geodesic (big circle) to g(z). So deg f = degg.

If f(z) # —x for all z € S™ then f is homotopic to Idgn, so deg f = 1.
If f(z) # x for all x € S™ then f is homotopic to —Idgn, so deg f = (—1)"*1.

The hairy ball theorem says that on S™ for even n each vector field vanishes some-
where. This can be seen as follows. The tangent bundle of the sphere is

TS™ = {(z,y) € R"™ x R" ™ . |22 = 1, (2,y) = 0},

so a vector field without zeros is a mapping =z — (z,g(z)) with g(z)Llx; then
f(z) == g(z)/|g(x)| defines a smooth mapping f : S™ — S™ with f(z) Lz for all .
So f(z) # x for all z, thus deg f = (—1)""! = —1. But also f(z) # —z for all x,
so deg f = 1, a contradiction.
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Finally we consider the unit circle S* % C = R2. Tts volume form is given by

w:=i*(zdy —ydzx) = i*%gzdx; obviously we have [q, xdy — ydx = 27. Now let

f: 81 — S be smooth, f(t) = (z(t),y(t)) for 0 <t < 27. Then

1 *
deg f = 5- [ " (ady ~ ydo)
™ . Js1
is the winding number about 0 from compex analysis.

13.11. The mapping degree is an integer. Let f : M — N be a smooth
mapping between compact oriented manifolds of dimension m. Let b € N be a
regular value for f which exists by Sard’s theorem, see (1.18). Then for each
x € f~1(b) the tangent mapping 7}, f mapping is invertible, so f is diffeomorphism
near . Thus f~1(b) is a finite set, since M is compact. We define the mapping
e: M — {-1,0,1} by
0 if T, f is not invertible
e(r)=141 if Ty, f is invertible and respects orientations

—1 if T, f is invertible and changes orientations.

13.12. Theorem. In the setting of (13.11), if b € N is a regular value for f, then
deg f = Z e(z).
z€f=1(b)
In particular deg f is always an integer.

Proof. The proof is the same as for lemma (12.12) with obvious changes. [

14. Lie groups III. Analysis on Lie groups

Invariant integration on Lie groups

14.1. Invariant differential forms on Lie groups. Let G be a real Lie group
of dimension n with Lie algebra g. Then the tangent bundle of G is a trivial
vector bundle, see (6.7), so G is orientable. Recall from section (4) the notation:
u: G x G — G is the multiplication, u, : G — G is left translation by x, and
uY : G — G is right translation. v : G — G is the inversion.

A differential form w € Q"(G) is called left invariant if pfw = w for all z € G. Then
w is uniquely determined by its value w, € A"T*G = A™g*. For each determinant
function A on g there is a unique left invariant n-form LA on G which is given by

(1) (LA)e (X1, .oy X)) = ATy (pg-1)- X1, ooy T (1) X0),
(La)z = To(pz-1)"A.
Likewise there is a unique right invariant n-form Ra which is given by

(2) (Ra)a(X1,-oo, Xn) o= AT (") X0, T ). X0),
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14.2. Lemma. We have for alla € G

(1) (u*)*La = det(Ad(a™"))La,
(2) (ta)*Ra = det(Ad(a))Ra,
(3) (RA)a = det(Ad(a))(La)q-

Proof. We compute as follows:
(W) La)e(X1,s oo, Xn) = (La)za(Te(p*)-X1s - -+, T (p™). Xn)
= AToa(tiway-1) To (1) - X1, - oo s Toa(fi(za)-1) - Te (1) - X0n)
= A(To(pta—1) - Tea(pe—1) Te(p®)- X1, Ta(pta—1) Toapte—1) Te(1®). Xn)
= A(Ta(pa-1)-Te(p®) To(pip-1)-X1, . ... ,Ta(ua—l)-Te(u“)-Tw(um—l)-Xn)
= A(Ad(a™ ). T (pg1)- X1, ., Ad(a™ ). T (pg-1).-X,)
= det(Ad(a™ ") A(Ty (1) X1, -+, To(pa—1)-Xn)
= det(Ad(a™ ) (La)z(X1, ..., X0).
((a)*Ra)e (X1, ..o, Xn) = (Ba)az(Te(pa)- X1, - -, Tepta) - Xn)
= AT (1) ™). To(pa) X1, e+ s T ()T (1) X )
= AT (1) Taw(® ) To(pta)-X1, oo Talp® )T (6 )-Tolpta) - Xn)
= A(Ta(p® ) Topa) Te(p® )Xo Talp® ) Te(a) T (). X0)
= A(Ad(a). Ty (1™ ). X1, ..., Ad(a).To(1® ). Xn)
= det(Ad(a)A(Tu(p® ). X1, ..., Tu(p® ). X,)
= det(Ad(a))(Ra)e(X1, ..., X,).
det(Ad(a))(La)a(X1, ..., Xn)
= det(Ad(a))A(Ta(pta-1)-X1, -+, Talpta-1)-Xn)
= A(Ad(a) Ta(pa—1)-X1,- -, Ad(a). To(ptg—1)-Xn)
— ATa(1 ) Te(ta) Talpta— )Xy oo Tulp® ). Telpta) Taltta—1). X)
= A(Ta(p ) X1, To(p® ). Xn) = (Ra)a(X1, -, Xp). O

14.3. Corollary and Definition. The Lie group G admits a bi-invariant (i.e.
left and right invariant) n-form if and only if det(Ad(a)) =1 for all a € G.

The Lie group G is called unimodular if |det(Ad(a))| =1 for all a € G.
Note that det(Ad(a)) > 0 if G is connected.
Proof. This is obvious from lemma (14.2). O

14.4. Haar measure. We orient the Lie group G by a left invariant n-form La.
If f € C*(G,R) is a smooth function with compact support on G then the integral
Jo fLa is defined and we have

Jwints = [ wirra) = [ sia,
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because p, : G — G is an orientation preserving diffeomorphism of G. Thus f —
Jo fLA is a left invariant integration on G, which is also denoted by [ f(z)drz,
and which gives rise to a left invariant measure on G, the so called Haar measure.
It is unique up to a multiplicative constant, since dim(A™g*) = 1. In the other
notation the left invariance looks like

/ flaz)dpz = / f(z)dpz for all f € C°(G,R),a € G.
G G
From lemma (14.2.1) we have
[y s = det(ad@) [ () (7La)
€ G
= det(Ad(a)) [ fLa.

since the mapping p is orientation preserving if and only if det(Ad(a)) > 0. So
a left Haar measure is also a right invariant one if and only if the Lie group G is
unimodular.

14.5. Lemma. Fach compact Lie group is unimodular.

Proof. The mapping detoAd : G — GL(1,R) is a homomorphism of Lie groups,
so its image is a compact subgroup of GL(1,R). Thus det(Ad(G)) equals {1} or
{1,—1}. In both cases we have |det(Ad(a))|=1foralla e G. O

Analysis for mappings between Lie groups

14.6. Definition. Let G and H be Lie groups with Lie algebras g and b, respec-
tively, and let f : G — H be a smooth mapping. Then we define the mapping
Df:G— L(g,h) by

Df(x) = Ty (W D)) Tu f Te (") = 6.f (@) Te (1),
and we call it the right trivialized derivative of f.

14.7. Lemma. The chain rule: For smooth g: K — G and f: G — H we have
D(fog)(x) = Df(g(x)) o Dg(x).
The product rule: For f,h € C*(G, H) we have

D(fh)(x) = Df(z) + Ad(f(2))Dh(z).

Proof. We compute as follows:

D(f o g)(x) = T(p! 9 )T (f 0 g).T. (")
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= T( OO ™) Ty oy () To(u8). T (09 ™) T (g). T (1)
Df(g(x)).-Dy().
D(fh)(w) = T(u @MD" Ty (o (£, h)).To(p”)
T (@)~ 1) ( h(@) ™ )Tty n(ay - (Lo f Te(p®), Toh Te(p"))
(@ (e (T ( WO £ T (1 )+T(Mf(z)).Tzh.Te(u”3))
)
(

= T(u
= T(pV)” I)TfT( ®) o+ D)L (g (0) T (") Toh T ()
Df(z)+ Ad(f(z)).Dh(z). O

14.8. Inverse function theorem. Let f : G — H be smooth and for some
x € G let Df(x): g — b be invertible. Then f is a diffeomorphism from a suitable
neighborhood of x in G onto a neighborhood of f(x) in H, and for the derivative

we have D(f~')(f(x)) = (Df(x))~"
Proof. This follows from the usual inverse function theorem. O

14.9. Lemma. Let f € C®(G,G) and let A € AY™Cg* be a determinant function
on g. Then we have for all x € G,

(f*Ra)z = det(Df(2))(Ra)e-

Proof. Let dim G = n. We compute as follows

(F*Ra)«(X1, ..o, Xn) = (Ra) p(a) (Tuf- X1y oo, T fX0)
A(T(n f@)’l)Tle,...)

= AT )T f T (). T (). X, )
ADf(z).T(" ).X1,...)

14.10. Theorem. Transformation formula for multiple integrals. Let f :
G — G be a diffeomorphism, let A € AY"™Cg*. Then for any g € C2(G,R) we
have

/ o(f ()] det (D f (x)|dp = / o(v)dry,
G G

where drx is the right Haar measure, given by RA.

Proof. We consider the locally constant function e(z) = sign det(D f(z)) which is
1 on those connected components where f respects the orientation and is —1 on the
other components. Then the integral is the sum of all integrals over the connected
components and we may investigate each one separately, so let us restrict attention
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to the component G of the identity. By a right translation (which does not change
the integrals) we may assume that f(Go) = Go. So finally let us assume without
loss of generality that G is connected, so that e is constant. Then by lemma (14.9)

we have
LQRA:E/Gf*(gRA)=€Lf*(g)f (Ra)
~ [(wonedettDNRs = [ (g0 pldet(D|Rs. O
G G

14.11. Theorem. Let G be a compact and connected Lie group, let f € C*(G, Q)
and A € A Cg* . Then we have for g € C=(G),

degf/ gRA:/(gof)det(Df)RA, or
deg f / Y)dry = / o(f () det(Df (2))dpz.

Here deg f, the mapping degree of f, see (13.8), is an integer.

Proof. From lemma (14.9) we have f*Ra = det(Df)Ra. Using this and the
defining relation from (13.8) for deg f we may compute as follows:

degf/gRAf/f (4Ra) = /f

/ (g0 f)det(Df)Ra. O

14.12. Examples. Let G be a compact connected Lie group.

1. If f = p*: G — G then D(pu*)(z) = Idy. From theorem (14.11) we get
fG gRA = fG (g o u*)Ra, the right invariance of the right Haar measure.

2. If f = pig : G — G then D(pg)(x) = T(1 ). Ty (p1a). To(pu®) = Ad(a). So the
last two results give [, gRA = [,(g © pa)| det Ad(a)|Ra which we already know
from (14.4).

3. If f(z) = 22 = u(z,x) we have
Df(x) =T (1) Tgappte(To(p®), Te(”)

= To(p® ) oo (™) (Topta) Te (™) + To (1" ) T ("))
= Ad(z) + Id,.

Let us now suppose that fG RA =1, then we get
deg(( )?) = deg(( )2)/ RaA = / det(Idg + Ad(z))dgx
G G
/ g(z?) det(Idy + Ad(z))dpx :/ det(Idy +Ad(x))d3x/ g(z)dgx.
G G G
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4. Let f(z) =a* for k €N, [, drz = 1. Then we claim that

k-1
D(( ")) = Ad(a).
i=0
This follows from induction, starting from example 3 above, since

D(( (@) = D(Ida( ) (@)
— D(Idg)(x) + Ad(x).D(( )*"")(x) by (14.7)

k—2 k—1
= Idg + Ad(2)() _ Ad(x")) = > Ad(x").
1=0 1=0
We conclude that -
deg( )* :/ det (Z Ad(:z:’)) dpa.
G i=0

If G is abelian we have deg( )* = k since then Ad(z) = Id,.

5. Let f(z) = v(z) = ~'. Then we have Dv(z) = Tu’®@  T,w.T.u® =
—Ad(x~!). Using this we see that the result in 4. holds also for negative k, if
the summation is interpreted in the right way:

0 k—1
D(( )Py = ) Ad@')=-> Ad(z™).
i=—k+1 i=0

Cohomology of compact connected Lie groups

14.13. Let G be a connected Lie group with Lie algebra g. The De Rham coho-
mology of G is the cohomology of the graded differential algebra (Q2(G),d). We
will investigate now what is contributed by the subcomplex of the left invariant
differential forms.

Definition. A differential form w € Q(G) is called left invariant if piw = w for all
a € G. We denote by Q(G) the subspace of all left invariant forms. Clearly the

mapping
L:Ag* — QL(G),
(Lw)x(Xla e ,Xk,) = (.U(T(,U,Ifl).Xl, . ,T(‘Uz—l).Xk),

is a linear isomorphism. Since u* od = d o pu} the space (Q5(G),d) is a graded
differential subalgebra of (Q(G),d).

We shall also need the representation Ad:G — GL(Ag*) which is given by EZt(a) =
A(Ad(a=1)*) or

(Ad(a)w)(X1,...,Xp) = w(Ad(a™ ). X1, ..., Ad(a™").Xp).
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14.14. Lemma.
(1) Via the isomorphism L : Ag* — Qr(G) the exterior differential d has the
following form on Ag*:
dw(Xo,..., Xp) = Y (~1)™Mw(Xy, X;], Xo, ... Xiy . X, Xp),

0<i<j<k

where w € AFg* and X; € g.
(2) For X € g we have i(Lx)QL(G) C Qp(G) and L1, Qr(G) C QL(G). Thus
we have induced mappings

ixtl\kg* —>Ak_1 *7
(ixw)(Xl,... ,kal) :w(X,Xl,... an71>;
Lx : Ag* — AFgr,

k

(Lxw)(X1,... . Xp) =Y (D'w(X, X, X1,..., X;, ... Xp).
=1

(3) These mappings satisfy all the properties from section (9), in particular

Lx =ixod+doix, see(9.9.2),
Lxod=doLx, see (9.9.5),
[Lx,Ly] = Lixy) see (9.6.3)
[Lx,iy] =ixy]s see (9.7.3)

(4) The representation Ad:G — GL(Ag*) has deriative T.Ad.X = Lx.

Proof. For w € A*g* and X; € g the function

(Lo)a(Lxo (@), - .., Lx, (x)) = w(T(pz—1).Lix, (2), .. .)
(T (ppp—1).T(ppz)-X1,...)
w(Xla s 7Xk)

is constant in x. This implies already that i(Lx)QL(G) C Q5 (G) and the form of
ix in 2. Then by (9.8.2) we have

(dw)(Xo, ..., Xi) = (dLy,)(Lx,,---,Lx,)(e)

+ Z (—1)i+jw([Xi7Xj],X0,...,)?i,...,)/(\'j7...Xk),
0<i<j<k

from which assertion (1) follows since the first summand is 0. Similarly we have

(‘CXW)(Xla cee >Xk) = (‘CLXLw)(LXU .- '7ka)(e)

k
= Lx(e)(@(X1,.... Xp)) + > (-D)'w([X,Xi], X1,.... X;, ... Xp).
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Again the first summand is 0 and the second result of (2) follows.
(3) This is obvious.
(4) For X and X; € g and for w € AFg* we have
(T.AdX)w)(X1,..., Xi) = &, (Ad(exp(tX))w)(X1, ..., X¢)
= %|0 w(Ad(exp(—tX)).X1,... , Ad(exp(—tX)). X))

w(Xl, . 7)(2;1, —ad(X)Xi, XZ'+17 e Xk)

|
VM”

i=1

B

=S (1) w(X, Xi], X1, ..., Xi, ... X3)
=1
= (ﬂxw)(Xl,. .. ,Xk>. [l

14.15. Lemma of Maschke. Let G be a compact Lie group, let
0=V 5V BV —0

be an exact sequence of G-modules and homomorphisms such that each V; is a
complete locally convex vector space and the representation of G on each V; consists
of continuous linear mappings with g — g.v continuous G — V; for each v € Vj.
Then also the sequence

. G
(0 =)Vi¥ = V5" = V57 =0
is ezact, where V& .= {v € V; : gv = v for all g € G}.

Proof. We prove first that p“ is surjective. Let vy € V& C V3. Since p: Vo — V3
is surjective there is an vy € Va with p(vs) = vs. We consider the element 0y :=
fG x.vodyw; the integral makes sense since x — x.vs is a continuous mapping G —
V5, G is compact, and Riemann sums converge in the locally convex topology of V5.
We assume that [, dzz = 1. Then we have a.0y = a. [, z.vadpx = [, (ax).vadpz =
fG x.wadpx = D9 by the left invariance of the integral, see (14.4), where one uses
continuous linear functionals to reduce to the scalar valued case. So ¥ € Vi& and
since p is a G-homomorphism we get

G'EQ: ’522 Xr.vodr,x
29 (52) = p(i) p</G d1.2)

_ /G p(@.v2)da = /G 2.p(vs)dpw

:/m.vgdm&:/ v3dr T = vs3.
G

Now we prove that the sequence is exact at V.&. Clearly p© 0i% = (po4)|V,¢ = 0.
Suppose conversely that vy € V& with p&(vy) = p(v2) = 0. Then there is an
vy € Vj with i(vy) = vg. Consider 9y := fG z.vidpz. As above we see that 9, € V,©
and that iG (’Dl) = V2. O

So p% is surjective.
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14.16. Theorem (Chevalley, Eilenberg). Let G be a compact connected Lie
group with Lie algebra g. Then we have:
(1) H*(G) = H*(Ag*,d) := H*(g).
(2) H*(g) = H*(Ag*,d) = (Ag*)? = {w € Ag*: Lxw =0 for all X € g}, the
space of all g-invariant forms on g.

The algebra H*(g) = H(Ag*,d) is called the Chevalley cohomology of the Lie alge-
bra g.

Proof. (Following [Pitie, 1976].)

(1) Let Z¥(G) = ker(d : Q*(G) — Q*+1(@G)), and let us consider the following exact
sequence of vector spaces:

4 ZMG) = HYG) — 0

(3) Ta(e)
The group G acts on Q(G) by a +— p’_,, this action commutes with d and induces
thus an action of G of Z¥(G) and also on H*¥(G). On the space Q(G) we may
consider the compact C'*°-topology (uniform convergence on the compact G, in all
derivatives separately, in a fixed set of charts). In this topology d is continuous,
Z¥(G) is closed, and the action of G is pointwise continuous. So the assumptions
of the lemma of Maschke (14.15) are satisfied and we conclude that the following
sequence is also exact:

(4) (e

ZM@)¢ — HY (@) -0

Since G is connected, for each a € G we may find a smooth curve ¢ : [0,1] — G
with ¢(0) = e and ¢(1) = a. Then (t,2) — pep-1(z) = c(t)"'z is a smooth
homotopy between I'dg and -1, so by (11.4) the two mappings induce the same
mapping in homology; we have u’_, = Id : H*(G) — H*(G) for each a € G. Thus
H*(G)¢ = H*(G). Furthermore Z*(G)¢ = ker(d : Q% (G) — Q¥*1(G)), so from
the exact sequence (4) we may conclude that

¢ _ ker(d: Q4(G) — 97M(G))

H*(@) = H*(G
(@)= G = 0k () = 9 (@)

= H*(Ag*,d).

(2) From (14.14.3) we have Lx od = d o Lx, so by (14.14.4) we conclude that

Ad(a) od =do Ad(a) : Ag* — Ag* since G is connected. Thus the the sequence

(5) AFlgr L 2R (ge) — HF(Ag*,d) — 0,

is an exact sequence of G-modules and G-homomorphisms, where Z*(g*) = ker(d :
AFg* — AFFtlg*).  All spaces are finite dimensional, so the lemma of Maschke
(14.15) is applicable and we may conclude that also the following sequence is exact:

(6) (AF=1g")G L Z8(g") ¢ — H*(Ag*,d)¢ — 0,
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The space H*(Ag*,d)“ consist of all cohomology classes a with ;lvd(a)a = « for all
a € G. Since G is connected, by (14.14.4) these are exactly the o with Lxa =0
for all X € g. For w € Ag* with dw = 0 we have by (14.14.3) that Lxw =
ixdw + dixw = dixw, so that Lxa = 0 for all a« € H¥(Ag*,d). Thus we get
HF(Ag*,d) = H*(Ag*,d)¢. Also we have (Ag*)® = (Ag*)? so that the exact
sequence (6) tranlates to

(7) H"(g) = H*(Ag",d) = H*((Ag")*, d).

Now let w € (A*g*)® = {¢ : Lxp = 0 for all X € g} and consider the inversion
v:G — G. Then we have for w € A*g* and X; € g:

(V' Lw)a(Te(pa) X1, - Te(pta) - Xi) =

w)a—t (Tav.Te(pa) X1, ..., Tav.Te(pa) - Xx)
Yot (“T (") (pra=2) Te(pta) X1, )
o (=Te(u 1>.X1,...,fn<w”>.xk>
Dew(Tpe Tu® X, ..., Tua T . X5)
DFw(Ad(a). X, ..., Ad(a). Xy)
)

)
1)

w

D*(Ad(a™ )w) (X1, ..., Xi)
1 kw(Xl, ooy, X)) since w € (A’“g*)g
F(Lw)a(Telpta) X1, Tolpa). Xp).

ave v* L, = (—1)*¥L,, and thus also (—1)¥*1 Ly, = v*dL, =
1)* L4, which implies dw = 0. Hence we have d|(Ag*)? =

So for w € (A*g*)? w
dv* L, = (—1)*dL,,
0.

From (7) we now get H*(g) = H*((Ag*)?,0) = (AFg*)® as required. [

= (L
= (L
= (L
(=
(=
(=
(=
(=
¢ ha
= (=

14.17. Corollary. Let G be a compact connected Lie group. Then its Poincaré
polynomial is given by

falt) = / det(Ad(z) + tIdg)dpz.
el
Proof. Let dimG = n. By definition (11.2) and by Poincaré duality (13.6) we
have . N
t) =Y be(G)t" = be(G)t" " ZdlmRHk Gtk
k=0 k=0

On the other hand we hand we have

/det(Ad(a:)+tIdg)dLm:/ det(Ad(J;*l)*+t1dg*)de

/ ZTrace (A*Ad(z=Y*)t"*dpz by (14.19) below
G k=0

_ Z / Trace(Ad(z)|A*g")dpa .
k=0"G
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If p: G — GL(V) is a finite dimensional representation of G then the operator
fG p(x)drz : V — V is just a projection onto V¢, the space of fixed points of
the representation, see the proof of the lemma of Maschke (14.14). The trace of a
projection is the dimension of the image. So

/GTrace(Ad(a)|Akg*)de = Trace </G(Ad(a)Akg*)de>
= dim(A*g*)% = dim H*(G). O

14.18. Let T = (S')" be the n-dimensional torus, let t" be its Lie algebra. The
bracket is zero since the torus is an abelian group. From theorem (14.16) we
have then that H*(T") = (A(t*)*)" = A(t")*, so the Poincaré Polynomial is
fre(t) = (L + )™

14.19. Lemma. Let V be an n-dimensional vector space and let A:V — V be a
linear mapping. Then we have

det(A+ tldy) =Y " * Trace(A* A).
k=0

Proof. By AFA: A¥V — AFV we mean the mapping v1 A« - -Avy — Avy A---AAvg.
Let e1,...,e, be a basis of V. By the definition of the determinant we have

det(A+tldy)(er A--- Nep) = (Aey +ter) A--- A (Aey, + tey)

n
:Zt""“ Z er A NAeg, N---NAej, A Aen.
k=0

i1 <<,
The multivectors (e;, A---Ae;, )i, <...<i, are a basis of A¥V and we can thus write

(A*A)(es, A Ney ) = Aes, N--- A Ae;,, = Z Aldies N Ney,,

J1<-<Jk
where (AJ v ) is the matrix of A¥A in this basis. We see that
er A AAeg, Ao NAey A Ne = ARTEer A Aey.
Consequently we have
det(A+tldy)ey A+ Aey = Zt" YT Al A Ney
1< <ig

= Zt”_k Trace(AXA)e; A - Aey,
k=0

which implies the result. [
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15. Extensions of Lie algebras and Lie groups

In this section we describe first the theory of semidirect products and central ex-
tensions of Lie algebras, later the more involved theory of general extensions with
non-commutative kernels. For the latter we follow the presentation from [Alek-
seevsky, Michor, Ruppert, 2000], with special emphasis to connections with the (al-
gebraic) theory of covariant exterior derivatives, curvature and the Bianchi identity
in differential geometry (see section (15.3)). The results are due to [Hochschild,
1954], [Mori, 1953], [Shukla, 1966], and generalizations for Lie algebroids are in
[Mackenzie, 1987].

The analogous result for super Lie algebras are available in [Alekseevsky, Michor,
Ruppert, 2001].

The theory of group extensions and their interpretation in terms of cohomology
is well known, see [Eilenberg, MacLane, 1947], [Hochschild, Serre, 1953], [Giraud,
1971], [Azcérraga, Izquierdo, 1995], e.g.

15.1. Extensions. An extension of a Lie algebra g with kernel § is an exact
sequence of homomorphisms of Lie algebras:

OHthLgHO,

(1) This extension is called a semidirect product if we can find a section s: g — e
which is a Lie algebra homomorphism. Then we have a representation of the Lie
algebra o : g — L(h,h) which is given by ax(H) = [s(X), H] where we sup-
press the injection 4. It is a representation since ajxyjH = [s([X,Y]),H] =
[5(X), s(Y)], H] = [s(X), [s(Y), H]] — [s(Y), [s(X, H)]] = (axay — ayax)H. This
representation takes values in the Lie algebra der(h) of derivations of h, so « :
g — der(h). From the data a,s we can reconstruct the extension e since on § X g
we have [H 4+ s(X),H' + s(X')] = [H,H'| + [s(X),H'] — [s(X"),H] + [ X, X'] =
[H H+ax(H) —ax/(H) + [X, X'].

(2) The extension is called central extension if h or rather i(h) is in the center of e.

15.2. Describing extensions. Consider any exact sequence of homomorphisms
of Lie algebras:
0—h Le L g— 0.

Consider a linear mapping s : g — e with po s = Idg. Then s induces mappings
(1) a:g—>der(f)), aX<H): [S(X)aHL
2
(2) p:No—=b  p(X,Y)=[s(X),s(Y)] - s([X,Y]),
which are easily seen to satisfy

(3) [ax, ay] —ax vy = ad,y(xy)

(4) > (axn¥:2) = p([X.Y),2)). = 0
cyclic{X,Y,Z}
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We can completely describe the Lie algebra structure on ¢ = h @ s(g) in terms of «
and p :

(5) [Hi+s(X1), Hz +5(X2)] =
= ([H1, Ho] + ax, Hy — ax, Hy + p(X1, X2)) + s[X1, X2]

and one can check that formula (5) gives a Lie algebra structure on h @ s(g), if
a:g— der(h) and p: A>g — b satisfy (3) and (4).

15.3. Motivation: Lie algebra extensions associated to a principal bun-
dle.

Let m: P — M = P/K be a principal bundle with structure group K, see section
(18); i.e. P is a manifold with a free right action of a Lie group K and 7 is the
projection on the orbit space M = P/K. Denote by g = X(M) the Lie algebra
of the vector fields on M, by ¢ = X(P)X the Lie algebra of K-invariant vector
fields on P and by h = X, (P)¥ the ideal of the K-invariant vertical vector
fields of e. Geometrically, ¢ is the Lie algebra of infinitesimal automorphisms of the
principal bundle P and § is the ideal of infinitesimal automorphisms acting trivially
on M, i.e. the Lie algebra of infinitesimal gauge transformations. We have a natural
homomorphism 7, : ¢ — g with the kernel b, i.e. ¢ is an extension of g by means §.

Note that we have an additional structure of C*°(M)-module on g, b, ¢, such that
(X, fY] = fIX,Y] + (m. X) fY, where X,Y € ¢, f € C°°(M). In particular, b is a
Lie algebra over C*°(M). The extension

0—-h—oe—g—0

is also an extension of C*°(M)-modules.

Assume now that the section s : g — e is a homomorphism of C°(M)-modules.
Then it can be considered as a connection in the principal bundle 7, see section
(19), and the h-valued 2-form p as its curvature. In this sense we interpret the
constructions from section (15.1) as follows in (15.4) below. The analogy with
differential geometry has also been noticed by [Lecomte, 1985] and [Lecomte, 1994].

15.4. Geometric interpretation. Note that (15.2.2) looks like the Maurer-
Cartan formula for the curvature on principal bundles of differential geometry
(19.2.3)

p=ds+ %[5,5]/\,

where for an arbitrary vector space V' the usual Chevalley differential, see (14.14.2),

is given by
d: L (V) — L (V)
d(p(X(), e 7.X—p) = Z(—l)H_J(p([X“ Xj], X(), e ,XZ', e ,Xj, e ,Xp)

1<j

Draft from April 18, 2007 Peter W. Michor,



150 Chapter III. Differential Forms and De Rham Cohomology 15.5

and where for a vector space W and a Lie algebra f the N-graded (super) Lie bracket
[, ]aon Li., (W), see (19.2), is given by

[¢7¢]A(X17~~ p+q ZSlgl’l a'lv'“vXap)?w(Xa(p-l—l)?'")]f'

pl |
Similarly formula (15.2.3) reads as
ad, = do + 3o, ala.

Thus we view s as a connection in the sense of a horizontal lift of vector fields on
the base of a bundle, and « as an induced connection, see (19.8). Namely, for every
der(h)-module V we put

an : Lo, (V) = L (8:V)

skew
p

ane(Xo, ..., Xp) =Y _(=D'ax,(¢(Xo,..., Xi, ..., Xp)).
=0

Then we have the covariant exterior differential (on the sections of an associated
vector bundle, see (19.12))

(1) So i LV

skew

(V) — L5 (85 V), dap = anp +dp,

skew

for which formula (15.2.4) looks like the Bianchi identity, see (19.5.6), dop = 0.
Moreover one can prove by direct evaluation that another well known result from
differential geometry holds, namely (19.5.9)

(2) 5a0a(p) = [p,¢ln, ¥ € LA (g:h).

If we change the linear section s to s’ = s + b for linear b : g — b, then we get

(3) ay =ax + adZ(X)
(4) P(X,)Y)=p(X,Y)+axb(Y) —ayb(X) — b([X,Y]) + [bX,bY]
= p(X,Y) + (6.0)(X,Y) + [bX, bY].
pl=p+08ab+ 5[b,ba.

15.5. Theorem. Let ) and g be Lie algebras.

Then isomorphism classes of extensions of g over b, i.e. short exact sequences of Lie
algebras 0 — h — ¢ — g — 0, modulo the equivalence described by the commutative
diagram of Lie algebra homomorphisms
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correspond bijectively to equivalence classes of data of the following form:

(1) A linear mapping o : g — der(h),

(2) a skew-symmetric bilinear mapping p: g X g — b

such that

(3) lax, ay] — aixy) = ady(x,v),

(4) Z (aXp(Y, 7Z) - p([X,Y], Z)) =0 equivalently, 6op = 0.
cyclic

On the vector space ¢ :==H & g a Lie algebra structure is given by

151

(5) [Hy+ X1, Hy + Xo|e = [Hy, Haly + ax, Ho — ax, Hy + p(X1, X2) + [ X1, Xolg,

the associated exact sequence is

Oﬁhgh@g:e&gqo,

Two data (a, p) and (¢, p") are equivalent if there exists a linear mapping b:g — b

such that

(6) O/X =ax + adZ(X),

(1) PXY) = p(X,Y) + axb(Y) — ayb(X) = b([X,Y]) + [b(X), b(Y)]

Pl =p+08ab+ 3[b,bla,
the corresponding isomorphism being

e=haeg—hag="¢, H+Xw—H-bX)+X.

Moreover, a datum (o, p) corresponds to a split extension (a semidirect product)
if and only if (o, p) is equivalent to to a datum of the form (a’,0) (then o is a
homomorphism). This is the case if and only if there exists a mapping b: g — b

such that

(8) p=—0ab— %[bv b]/\-

Proof. Straigthforward computations. O

15.6. Corollary. [Lecomte, Roger, 1986] Let g and h be Lie algebras such that
b has no center. Then isomorphism classes of extensions of g over §j correspond

bijectively to Lie homomorphisms

G : g — out(h) = der(h)/ ad(h).
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Proof. If (a,p) is a datum, then the map & : g — der(h)/ad(h) is a Lie algebra
homomorphism by (15.5.3). Conversely, let & be given. Choose a linear lift « :
g — der(h) of @. Since @ is a Lie algebra homomorphism and § has no center,
there is a uniquely defined skew symmetric linear mapping p : g X g — b such that
[ax,ay] — axy] = ad,(x,y). Condition (15.5.4) is then automatically satisfied.
For later use also, we record the simple proof:

> Jaxo(vi2) - p(1X,Y],2),H
cyclicX,Y,Z

= Y (axlo(v.2), B = (Y, 2),ax H] = [p(X, Y1, 2), H])
cyclicX,Y,Z

= Z (Otx [y, az] — axapy,z) — [y, azlax + oy, zjax

cyclicX,Y,Z
— lox,y) az] + Oé[[x,y]Z]>H
= Z ([OéX, [ay,az]] - [aX,Oé[Y,zﬂ - [Oé[X’y],Oéz] + Oé[[X’y]Z])H =0.
cyclicX,Y,Z

Thus (o, p) describes an extension by theorem (15.5). The rest is clear. O

15.7. Remarks. If § has no center and @ : g — out(h) = der(h)/ad(h) is a
given homomorphism, the extension corresponding to & can be constructed in the
following easy way: It is given by the pullback diagram

0 b der(h) Xous(p) § —2— § —— 0
| | «
0 b der(h) —"— out(h) —— 0

where der(h) Xous(p) @ is the Lie subalgebra
der(h) X out(n) 8 := {(D, X) € der(h) x g : (D) = &(X)} C der(h) x g.

We owe this remark to E. Vinberg.
If h has no center and satisfies der(h) = b, and if b is normal in a Lie algebra e,
then ¢ 2 h @ e¢/h, since Out(h) = 0.

15.8. Theorem. Let g and § be Lie algebras and let

a: g — out(h) = der(h)/ ad(h)

be a Lie algebra homomorphism. Then the following are equivalent:
(1) For one (equivalently: any) linear lift a : g — der(h) of & choose p : /\2 g—
b satisfying ([ax,ay] — apx,y)) = ad,(x,y). Then the d5-cohomology class

of A= Na, p) :=bap: N> g — Z(b) in H3(g; Z(h)) vanishes.
(2) There exists an extension 0 — h — ¢ — g — 0 inducing the homomorphism

.
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If this is the case then all extensions 0 — b — ¢ — g — 0 inducing the homomor-
phism & are parameterized by H?(g,(Z(h),a)), the second Chevalley cohomology
space of g with values in the center Z (), considered as g-module via &.

Proof. Using once more the computation in the proof of corollary (15.6) we see
that ad(A(X,Y,Z2)) = ad(dap(X,Y,Z)) = 0 so that M(X,Y,Z) € Z(h). The Lie
algebra out(h) = der(h)/ad(h) acts on the center Z(h), thus Z(h) is a g-module
via @, and d5 is the differential of the Chevalley cohomology. Using (15.4.2) we see
that

aA = 8adap = [p, I = —(=1)**[p, pln = 0,
so that [\] € H3(g; Z(h)).
Let us check next that the cohomology class [A] does not depend on the choices

we made. If we are given a pair (a,p) as above and we take another linear lift
o : g — der(h) then o'y = ax + ady(x) for some linear b: g — h. We consider

P \e—b, PXY)=p(X,Y) + (8a)(X,Y) + [B(X), b(Y)].

Easy computations show that

[a'x, oy ] = O‘EX,Y] = ady(xy)
AMa, p) = dap =darp’ =N, /)
so that even the cochain did not change. So let us consider for fixed o two linear
mappings

2
P /\9 —b, [ax,ay]— aixy] = adp(X,Y) = adp'(X,Y) .
Then p— o' =: pn: A’ g — Z(B) and clearly A(a, p) — A(a, p') = 0up — bap’ = dap.
If there exists an extension inducing & then for any lift o we may find p as in (15.5)
such that A(a, p) = 0. On the other hand, given a pair («, p) as in (1) such that
Aa, p)] = 0 € H3(g,(Z(h),@)), there exists pu: A\°g — Z(h) such that sz = \.
But then
ad(p—p)(x,y) = adpxy),  dalp—p) =0,

so that («, p—p) satisfy the conditions of (15.5) and thus define an extension which
induces a.

Finally, suppose that (1) is satisfied, and let us determine how many extensions
there exist which induce @. By (15.5) we have to determine all equivalence classes
of data (a, p) as in (15.5). We may fix the linear lift v and one mapping p : /\2 g—h
which satisfies (15.5.3) and (15.5.4), and we have to find all p’ with this property.
But then p— o/ = pu: A*g — Z(h) and

datt =0ap —0ap’ =0—-0=0

so that p is a 2-cocycle. Moreover we may still pass to equivalent data in the sense
of (15.5) using some b : g — bh which does not change «, i.e. b: g — Z(h). The
corresponding p' is, by (15.5.7), p' = p+ dab + 3[b,b]x = p + dab. Thus only the
cohomology class of p matters. [J
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15.9. Corollary. Let g and § be Lie algebras such that b is abelian. Then iso-
morphism classes of extensions of g over h correspond bijectively to the set of all
pairs (a, [p]), where o : g — gl(h) = der(h) is a homomorphism of Lie algebras and
[p] € H*(g,bh) is a Chevalley cohomology class with coefficients in the g-module b
given by «.

Isomorphism classes of central extensions correspond to elements [p] € H*(g,R)®b
(0 action of g on by).

Proof. This is obvious from theorem (15.8). O

15.10. An interpretation of the class A. Let ) and g be Lie algebras and let
a homomorphism & : g — der(h)/ ad(h) be given. We consider the extension

0 — ad(h) — der(h) — der(h)/ad(h) — 0

and the following diagram, where the bottom right hand square is a pullback (com-
pare with remark (15.7)):

0 0
l l
Z(h) Z(h)
0——h - >; ———————————— rg—0

PR

~
o

©
s}

«—

Qi

i
1
0 0
y pull back

0 — ad(h) ——— der(h) ———der(h)/ad(h) ———0

The left hand vertical column describes h as a central extension of ad(h) with
abelian kernel Z(h) which is moreover killed under the action of g via @; it is given
by a cohomology class [v] € H?(ad(h); Z(h))?. In order to get an extension e of g
with kernel b as in the third row we have to check that the cohomology class [v]
is in the image of i* : H?(eo; Z(h)) — H?(ad(h); Z(h))?. It would be interesting
to express this in terms of of the Hochschild-Serre exact sequence, see [Hochschild,
Serre, 1953].
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CHAPTER IV
Bundles and Connections

16. Derivations on the Algebra of Differential Forms
and the Frolicher-Nijenhuis Bracket

16.1. Derivations. In this section let M be a smooth manifold. We consider
the graded commutative algebra Q(M) = @i QF(M) = @3> QF(M) of
differential forms on M, where we put Q*(M) = 0 for k¥ < 0 and k& > dim M.
We denote by Dery, Q(M) the space of all (graded) derivations of degree k, i.e. all
linear mappings D : Q(M) — Q(M) with D(Qf(M)) C QFH¢(M) and D(p A ) =
D(p) A+ (~1)¥ A D() for € OL(M).

Lemma. Then the space Der Q(M) = @, Der;, Q(M) is a graded Lie algebra with
the graded commutator [Dy, D] := Dy o Dy — (=1)¥1%2Dy 0 Dy as bracket. This
means that the bracket is graded anticommutative, and satisfies the graded Jacobi
identity

[D1, Dy] = —(—1)"*2[Dy, Dy],
[D1,[Ds, D3]] = [[D1, Da], D3] + (=1)**2[ D, [Dy, D3]]

(so that ad(D1) = [D1, ] is itself a derivation of degree k1).
Proof. Plug in the definition of the graded commutator and compute. [

In section (9) we have already met some graded derivations: for a vector field X on
M the derivation iy is of degree —1, Lx is of degree 0, and d is of degree 1. Note
also that the important formula Lx = dix + ix d translates to Lx = [ix,d].

16.2. Algebraic derivations. A derivation D € Der, Q(M) is called algebraic
if D| Q%(M) = 0. Then D(fw) = f.D(w) for f € C°>°(M), so D is of tensorial
character by (9.3). So D induces a derivation D, € Dery AT*M for each z € M. Tt
is uniquely determined by its restriction to 1-forms D, |T;M : T) M — A*1T*M
which we may view as an element K, € A*"'T*M ® T, M depending smoothly
on x € M. To express this dependence we write D = ix = i(K), where K €
D(AMIT*M @ TM) =: Q¥ (M; TM). Note the defining equation: ix(w) = wo K
for w € QY (M). We call Q(M,TM) = 21;61»1 QF (M, TM) the space of all vector
valued differential forms.
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Theorem. (1) For K € QF1(M,TM) the formula

(irw) (X1, oo, Xpe) =
(k+1)‘(£ ) Z sigho .w(K(Xo1,. - s Xo(kt1))) Xo(ht2)s---)

0ESk4e

for w € QYM), X; € X(M) (or T,M) defines an algebraic graded derivation
i € Derg Q(M) and any algebraic derivation is of this form.

(2) By i([K, L") = [ix,ir] we get a bracket [ , " on Q*TH(M,TM) which
defines a graded Lie algebra structure with the grading as indicated, and for K €
QMY (M, TM), L € QY (M, TM) we have

[K, L) =igL — (-D)*i K
where ig(w® X) 1= ig(w) @ X.

[ , ]" is called the algebraic bracket or the Nijenhuis-Richardson bracket, see
[Nijenhuis-Richardson, 1967].

Proof. Since AT} M is the free graded commutative algebra generated by the vec-
tor space T M any K € QF1(M,TM) extends to a graded derivation. By ap-
plying it to an exterior product of 1-forms one can derive the formula in (1). The
graded commutator of two algebraic derivations is again algebraic, so the injection
i QY (M, TM) — Der,(Q2(M)) induces a graded Lie bracket on Q**1(M,TM)
whose form can be seen by applying it to a 1-form. O

16.3. Lie derivations. The exterior derivative d is an element of Der; Q(M). In
view of the formula Lx = [ix,d] = ixd + dix for vector fields X, we define for
K € QF(M;TM) the Lie derivation Lx = L(K) € Dery Q(M) by Lk := [ix,d] =
i d— (71)k71diK.

Then the mapping £ : Q(M,TM) — Der Q(M) is injective, since L f = ixdf =
df o K for f € C>®(M).

Theorem. For any graded derivation D € Dery Q(M) there are unique K €
QF(M;TM) and L € Q¥ (M;TM) such that

D=Lk +1ir.
We have L =0 if and only if [D,d] = 0. D is algebraic if and only if K = 0.

Proof. Let X; € X(M) be vector fields. Then f +— (Df)(Xy,...,Xy) is a deriva-
tion C*(M) — C°°(M), so there exists a vector field K (Xy,...,X) € X(M) by
(3.3) such that

(DAY (X1,..., X)) = K(Xq,...,Xp) f =df (K(X1,...,Xk)).

Clearly K(X1,...,X}) is C°°(M)-linear in each X; and alternating, so K is tenso-
rial by (9.3), K € Q¥(M;TM).
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The defining equation for K is Df = df o K = igdf = Lk f for f € C®(M).
Thus D — Lk is an algebraic derivation, so D — Lx = iy, by (16.2) for unique
L € QMY (M; TM).

Since we have [d,d] = 2d? = 0, by the graded Jacobi identity, we obtain 0 =
L is injective, so the last assertions follow. [

16.4. Applying i(Idrar) on a k-fold exterior product of 1-forms we get i(Idrps)w =
kw for w € QF(M). Thus we have L(Idry)w = i(Idrpr)dw — di(Idpp)w =
(k+1)dw — kdw = dw. Thus L(Idrp) = d.

16.5. Let K € QF(M;TM) and L € Q(M;TM). Then clearly [[Lx,Lz],d] = 0,
so we have

[£(K), £(L)] = L([K, L])

for a uniquely defined [K, L] € Q*¢(M;TM). This vector valued form [K, L] is
called the Frolicher-Nijenhuis bracket of K and L.

Theorem. The space Q(M;TM) = zi:n%M QOF(M;TM) with its usual grading is
a graded Lie algebra for the Frélicher-Nijenhuis bracket. So we have

[K,L] = —(-1)*[L, K]
(K1, [Ky, Ks]] = [[K1, Ko, Ks] + (—1)"%2[Ky, [Ky, K]

Idry € QY(M;TM) is in the center, i.e. [K,Idry] =0 for all K.

L:(QUM;TM),[ , ])— DerQ(M) is an injective homomorphism of graded Lie
algebras. For vector fields the Frolicher-Nijenhuis bracket coincides with the Lie
bracket.

Proof. df o [X,Y] = L([X,Y])f = [Lx,Ly]f. The rest is clear. O
16.6. Lemma. For K € QF(M;TM) and L € QY (M;TM) we have

[Lr,ir) = i([K,L]) — (~D)*L(iLK), or
lir, Lx] = L(iLK) — (=1)"i([L, K]).

This generalizes (9.7.3).

Proof. For f € C>*°(M) we have [ir,Lx|f = irixdf —0 = ip(df o K) = df o
(i K)=L(GiLK)f. So [ir, Lkx] — L(ir K) is an algebraic derivation.

[[iL"CK]vd] = [iLa [‘CK’dH - (_1)k€[LK7 [iLvd]] =
=0 — (=)"L(K,L]) = (-1)*[([L, K]),d].

Since [ ,d] kills the ‘L’s” and is injective on the ‘i’s’, the algebraic part of [iy, Lk]
is (=1)*i([L,K]). O
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16.7. Module structure. The space Der Q(M) is a graded module over the
graded algebra Q(M) with the action (w A D)y = w A D(p), because Q(M) is
graded commutative.

Theorem. Let the degree of w be q, of p be k, and of ¥ be £. Let the other degrees
be as indicated. Then we have:

(1) [wA Dy, Dy] = w A [Dy, Ds] — (=1)@H*0k2 Dy () A Dy

(2) i(wAL)=wAi(L)

(3) WALk =L(wAK)+ (1) Yi(do A K).

(4) [wA Ly, L] = w A [Ly, L) —
— (=)t DE=D (LY A Ly

(5) [wA K1, Ko = w A [Ky, Ko — (=1 TR0k (K)o A K
+ (=) Frdw Ai(K) K.

(6) [PRX Y RY]=pAY®[X,Y]

— (iydp ANYp @ X — (-D)Mixdp Ao ®Y)

— (d(ivo A1) @ X — (=1)*d(ixt A p) @)

=pANYR[X, Y]+ oALxY QY —Lyp Ay @ X

+(-D)F (dpNixyp @Y +iyp ANdYp @ X).
Proof. For (1), (2), (3) write out the definitions. For (4) compute i([wA L1, Lo]").
For (5) compute L(jw A K7, K3]). For (6) use (5) . O

16.8. Theorem. For K € QF(M;TM) and w € QY(M) the Lie derivative of w
along K is given by the following formula, where the X; are vector fields on M.

(EKW)(Xl,... XkJr[):
:k.e.ZSIgnaﬁ Xotye oo s Xot) (WX (et1)s - » Xo(t))

+ m ZSIgno’ w([K(Xgh [N ,ng), Xa(k+1)]a Xa(k+2)7 .. )

_q)h1
+ = 1)1 (= 1121251gn0‘*} X017X02]aXa37~-~)7Xa(k+2)7-~-)~

Proof. It suffices to consider K = ¢ ® X. Then by (16.7.3) we have L(p ® X) =
oA Lx — (—1)*"'dp Aix. Now use the global formulas of section (9) to expand
this. O

16.9. Theorem. For K € QF(M;TM) and L € QY(M;TM) we have for the
Frolicher-Nijenhuis bracket [K, L] the following formula, where the X; are vector
fields on M.

[KvL](Xla 7Xk+2) =
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_ _1 :
= zra Z s1gn o [K(Xgl, “e ,ng), L(Xo—(k+1)7 N >Xa(k+é))]

+ i 2 sien o LK (Xo1, -, Xok), Xo(ein)s Xo(rs2)---)

1k .
+ % ngna K([L(Xo1y -+ s Xot), Xorn))s Xoer2)s-- )
k 1
+ ooy 1(£ Ty Z&gna L(K([X51, X02], Xo3,- ), Xo(ht2)s---)

(k 1)e
+ (k(11 v 1)|2'ZSIgD0'K gl,X ] XU3,...),XU(5+2),...).

Proof. Tt suffices to consider K = p® X and L = ¢¥®Y, then for [pR@ X, ¥ QY] we
may use (16.7.6) and evaluate that at (X1,..., Xgye). After some combinatorial
computation we get the right hand side of the above formula for K = ¢ ® X and
L=y®Y. O

There are more illuminating ways to prove this formula, see [Michor, 1987].

16.10. Local formulas. In a local chart (U,u) on the manifold M we put K |
=Y K.d"®0;, L|U =Y 1L,d°®9;, and w | U = Zwﬂ,dv, where a = (1 <
a1 < ag < - < ap < dimM) is a form index, d* = du®* A ... Adu®, 0; = Bu‘

and so on.

Plugging X; = 0;, into the global formulas (16.2), (16.8), and (16.9), we get the
following local formulas:

(%
ZK(.U ‘ U E 041 akwiak+1»--ak+1{—l d

A E
KL ‘U ( oq...0k zozk+1 Qe
_ (—1)(16_1)(2_1)[/& ‘ K7 ) d* ® 0;

1...Qp LY 41 Afep

‘CKW‘U Z( Q1.0 lwak+1~~~ak+£
(D (O Ky ) Wi )

KLU =0 (Kl oy 5L
_ ( )kELz a K]

(o3

aq...000 Qo1 Qg
_ngtl L 128 L;kﬂ Qe
ke
(DML, i O Ky ) 47 90

16.11. Theorem. For K; € Q% (M;TM) and L; € Q¥+ (M;TM) we have

(1) [Lry + i, Lry +in,] = L ([K1, Ko] +ip, Ko — (—1)"*i, K1)
+1i ([L1, La]" + [K1, Lo] — (—1)"*[K,, Ly]) .
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Each summand of this formula looks like a semidirect product of graded Lie algebras,
but the mappings

i Q(M;TM) — End(Q(M;TM),[ , )
ad: Q(M; TM) — End(Q(M;TM),[ , ")

do not take values in the subspaces of graded derivations. We have instead for
K c Q¥(M;TM) and L € Q"Y1 (M;TM) the following relations:

(2) ip Ky, Ko = [ip K1, Ko] + (=1)"[ Ky, i K]
= (=DM Fi([K, L) K = (~1)® R4y, L)) K )
(3) [K7 [L17 LQ]/\] = [[K7 Ll]? LQ]A + (_1)kk1 [Lh [K7 L2]]/\_

— (D™ EEOE, Lo) = (~)®F0%i(Lo) K, L))

The algebraic meaning of the relations of this theorem and its consequences in
group theory have been investigated in [Michor, 1989]. The corresponding product
of groups is well known to algebraists under the name ‘Zappa-Szep’-product.

Proof. Equation (1) is an immediate consequence of (16.6). Equations (2) and (3)
follow from (1) by writing out the graded Jacobi identity, or as follows: Consider
L(ir[K1, K3]) and use (16.6) repeatedly to obtain £ of the right hand side of (2).
Then consider i([K, [L1, L2]"]) and use again (16.6) several times to obtain ¢ of the
right hand side of (3). O

16.12. Corollary (of 8.9). For K, L € QY(M;TM) we have

[K,L)(X,Y) = [KX,LY] - [KY, LX]
- L([KX,Y] - [KY, X])
- K([LX,Y] - [LY, X])
+ (LK + KL)[X,Y].

16.13. Curvature. Let P € Q'(M;TM) be a fiber projection, i.e. Po P = P.
This is the most general case of a (first order) connection. We may call ker P the
horizontal space and im P the vertical space of the connection. If P is of constant
rank, then both are sub vector bundles of TM. If im P is some primarily fixed sub
vector bundle or (tangent bundle of) a foliation, P can be called a connection for
it. Special cases of this will be treated extensively later on. The following result is
immediate from (16.12).

Lemma. We have
[P,P] = 2R + 2R,

where R, R € Q>(M;TM) are given by R(X,Y) = P[(Id — P)X,(Id — P)Y] and

R(X,Y) = (Id — P)[PX, PY].
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If P has constant rank, then R is the obstruction against integrability of the hor-
izontal bundle ker P, and R is the obstruction against integrability of the vertical
bundle im P. Thus we call R the curvature and R the cocurvature of the connection
P. We will see later, that for a principal fiber bundle R is just the negative of the
usual curvature.

16.14. Lemma (Bianchi identity). If P € QY(M;TM) is a connection (fiber
projection) with curvature R and cocurvature R, then we have

[P,R+ R] =0
[R,P] =irR+izR.

Proof. We have [P, P] = 2R + 2R by (16.13) and [P, [P, P]] = 0 by the graded
Jacobi identity. So the first formula follows. We have 2R = P o [P, P] = ip p) P.
By (16.11.2) we get ip p)[P, P] = 2[ijp,p) P, P] — 0 = 4[R, P]. Therefore [R, P] =
1ip,p) [P, Pl =i(R+ R)(R+ R) = irR + izR since R has vertical values and kills
vertical vectors, so irR = 0; likewise for R. [

16.15. Naturality of the Froélicher-Nijenhuis bracket. Let f : M — N be
a smooth mapping between manifolds. Two vector valued forms K € QF(M;TM)
and K’ € QF(N;TN) are called f-related or f-dependent, if for all X; € T,M we
have

(1) Ko (Tof - X, Tof - Xp) = Tof - Ko(X1, ..., Xp).

Theorem.

(2) If K and K' as above are f-related then ix o f* = f*oig: : Q(N) — Q(M).

(3) Ifig o f*| BY(N) = f*oix: | B{(N), then K and K' are f-related, where
B! denotes the space of exact 1-forms.

(4) If K; and KJ’- are f-related for j = 1,2, then ik, Ko andig; Ky are f-related,
and also [K1, K3]" and [K}, K4 are f-related.

(5) If K and K' are f-related then Li o f* = f*o Lk : Q(N) — Q(M).

(6) If Lxo f* | QON) = f*o L | Q°(N), then K and K’ are f-related.

(7) If K; and K are f-related for j = 1,2, then their Frélicher-Nijenhuis
brackets [K1, Ks] and [K{, K} are also f-related.

Proof. (2) By (16.2) we have for w € Q4(N) and X; € T, M:
(sz*w)L(Xl, e 7Xq+k—1) =
= iy D sign o (F*w)e(Ka(Xot, - Xok)s Xo(ka1),---)

= sy D signowie) (Tof - Ko(Xo1, ), Tof - Xogri)s - )

= sy D sien o wie) (Ko (Tof - Xo1s ), T f - Xo(erys )

(ffigw)e(Xi, ... Xggr—1)
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(3) follows from this computation, since the df, f € C°°(M) separate points.

(4) follows from the same computation for K instead of w, the result for the bracket
then follows from (16.2.2).

(5) The algebra homomorphism f* intertwines the operators iy and g+ by (2), and
f* commutes with the exterior derivative d. Thus f* intertwines the commutators
[iK,d] = ,CK and [iK/,d] = EK’-

(6) Forg € Q°(N)wehave Ly f*g=ixgdf*g=r1ix f*dgand f* L g = f*ix: dg.
By (3) the result follows.

(7) The algebra homomorphism f* intertwines L, and £ K1, 8O also their graded

commutators which equal L£([Ki, Ka]) and L([K}, K3]), respectively. Now use
(6). O

16.16. Let f : M — N be a local diffeomorphism. Then we can consider the
pullback operator f*: Q(N;TN) — Q(M;TM), given by

(1) (F K)o(X1, ., Xi) = (Tof) ' Kyo) (T f - Xu,. . T f - Xi).

Note that this is a special case of the pullback operator for sections of natural vector
bundles in (8.16). Clearly K and f*K are then f-related.

Theorem. In this situation we have:
(2) frIK, L ="K, f*L].
(3) frikL =iprf*L.

() fr K LN =K, fL]"

(5) For a vector field X € X(M) and K € Q(M;TM) by (8.16) the Lie deriv-
ative Lx K = %|0 (FI)*K is defined. Then we have Lx K = [X, K], the
Frolicher-Niyjenhuis-bracket.

We may say that the Frolicher-Nijenhuis bracket, [ , ]*, etc. are natural bilinear
mappings.

Proof. (2) — (4) are obvious from (16.15). (5) Obviously Lx is R-linear, so it
suffices to check this formula for K =9 ®Y, ¢ € Q(M) and Y € X(M). But then

Lx(W®Y)=Lxh @Y +9®LxY by (8.17)
=LxY QY +¢®[X,Y]
= [X,4®Y] by (16.7.6). O

16.17. Remark. At last we mention the best known application of the Froli-
cher-Nijenhuis bracket, which also led to its discovery. A vector valued 1-form
J € QY(M;TM) with JoJ = —Id is called an almost complex structure; if it exists,
dim M is even and J can be viewed as a fiber multiplication with v/—1 on TM. By
(16.12) we have

[J,J](X,Y) = 2([JX,JY] - [X,Y] — J[X,JY] — J[JX,Y]).
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The vector valued form %[J, J] is also called the Nijenhuis tensor of J. For it the
following result is true:

A manifold M with a almost complex structure J is a complex manifold (i.e.,
there exists an atlas for M with holomorphic chart-change mappings) if and only
if [J, J] = 0. See [Newlander-Nirenberg, 1957].

17. Fiber Bundles and Connections

17.1. Definition. A (fiber) bundle (E,p, M, S) consists of manifolds E, M, S, and
a smooth mapping p : E — M; furthermore each « € M has an open neighborhood
U such that E | U := p~}(U) is diffeomorphic to U x S via a fiber respecting
diffeomorphism:

E|U v UxS

N A

FE is called the total space, M is called the base space or basis, p is a surjective
submersion, called the projection, and S is called standard fiber. (U,v) as above is
called a fiber chart.

A collection of fiber charts (Uy, 1), such that (U,) is an open cover of M, is called
a "fiber bundle atlas”. If we fix such an atlas, then 1, oqu_l(x, s) = (z,Yap(z, s)),
where a5 : (UsNUg) xS — S is smooth and ¥qs(z, ) is a diffeomorphism of S for
each x € Uyp := UyNUg. We may thus consider the mappings ¥ag : Uag — Diff(.5)
with values in the group Diff(S) of all diffeomorphisms of S; their differentiability
is a subtle question, which will not be discussed in this book, but see [Michor,
1988]. In either form these mappings 1, are called the transition functions of the
bundle. They satisfy the cocycle condition: Yag(x)0hgy(x) = Yo () for x € Uapy
and Yoo (r) = Idg for € U,. Therefore the collection (1,3) is called a cocycle of
transition functions.

Given an open cover (U,) of a manifold M and a cocycle of transition functions
(1ap) we may construct a fiber bundle (E,p, M, S) similarly as in (8.3).

17.2. Lemma. Let p: N — M be a surjective submersion (a fibered manifold)
which is proper, so that p~*(K) is compact in N for each compact K C M, and let
M be connected. Then (N,p, M) is a fiber bundle.

Proof. We have to produce a fiber chart at each zop € M. So let (U,u) be a
chart centered at xg on M such that w(U) =2 R™. For each z € U let & (y) =
(Tyu)~tu(x), then we have &, € X(U) which depends smoothly on z € U, such
that w(F15* u=1(2)) = z+t.u(x), thus each &, is a complete vector field on U. Since
p is a submersion, with the help of a partition of unity on p~*(U) we may construct
vector fields 7, € X(p~!(U)) which depend smoothly on x € U and are p-related
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to & Tpmy = & op. Thus po Flj® = Flf” op by (3.14), so FII* is fiber respecting,
and since p is proper and &, is complete, 7, has a global flow too. Denote p~! ()
by S. Then ¢ : U x S — p~}(U), defined by p(x,y) = F17(y), is a diffeomorphism
and is fiber respecting, so (U, ¢~ 1!) is a fiber chart. Since M is connected, the fibers
p~1(x) are all diffeomorphic.

17.3. Let (E,p, M, S) be a fiber bundle; we consider the fiber linear tangent map-
ping Tp : TE — TM and its kernel ker Tp =: VE which is called the vertical
bundle of E. The following is special case of (16.13).

Definition. A connection on the fiber bundle (F, p, M, S) is a vector valued 1-form
® € QY(E;VE) with values in the vertical bundle V E such that ® o ® = ® and
Im® = VE; so ® is just a projection TE — VE.

Then ker @ is of constant rank, so by (8.7) ker @ is a sub vector bundle of TE, it is
called the space of horizontal vectors or the horizontal bundle and it is denoted by
HE =ker®. Clearly TE=HE®VE and T,F = H,E ® V,FE for u € E.

Now we consider the mapping (T'p,7g) : TE — TM xp; E. Then by definition
(Tp, ﬂ'E)_l(Op(u),u) =VuE, so (Tp,mg) | HE : HE — TM x,; E is fiber linear
over F and injective, so by reason of dimensions it is a fiber linear isomorphism:
Its inverse is denoted by

C:=((Tp,7E) | HE)_1 ITMxy FE— HE — TE.

So C:TM xp F — TFE is fiber linear over E and is a right inverse for (T'p, 7g).
C is called the horizontal lift associated to the connection ®.

Note the formula ®(¢,) = &, — C(Tp.&y,u) for &, € T,E. So we can equally well
describe a connection ® by specifying C. Then we call ® the vertical projection (no
confusion with (8.12) will arise) and x := idpp — ® = C o (T'p, 7g) will be called
the horizontal projection.

17.4. Curvature. If ® : TE — VE is a connection on the bundle (E,p, M, S5),
then as in (16.13) the curvature R of @ is given by

2R =[®,®] = [Id — ®,1d — ®] = [y, x] € V*(F;VE)

(The cocurvature R vanishes since the vertical bundle V E is integrable). We have
R(X,Y) = 1[®,®)(X,Y) = ®[xX, xY], so R is an obstruction against integrability
of the horizontal subbundle. Note that for vector fields £,n € X(M) and their
horizontal lifts C¢, Cn € X(F) we have R(CE,Cn) = [CE,Cn] — C([€,n]). Since the
vertical bundle V E is integrable, by (16.14) we have the Bianchi identity [®, R] = 0.

17.5. Pullback. Let (E,p, M, S) be a fiber bundle and consider a smooth mapping
f: N — M. Since p is a submersion, f and p are transversal in the sense of (2.16)
and thus the pullback N x (¢ s ) E exists. It will be called the pullback of the fiber
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bundle E by f and we will denote it by f*FE. The following diagram sets up some

further notation for it: “f
e P g

A

f

N —— M.

Proposition. In the situation above we have:

(1) (f*E, f*p,N,S) is again a fiber bundle, and p*f is a fiber wise diffeomor-
phism.

(2) If ® € QYE;VE) C QYE;TE) is a connection on the bundle E, then the
vector valued form f*®, given by (f*®),(X) := Vo, (p* f)~L.®.T,(p* ). X for
X e T, E, is a connection on the bundle f*E. The forms f*® and ® are
p* f-related in the sense of (16.15).

(3) The curvatures of f*® and ® are also p* f-related.

Proof. (1). If (Uy, %) is a fiber bundle atlas of (E,p, M, .S) in the sense of (17.1),
then (f~1(Uy), (f*p,pra ot op* f)) is a fiber bundle atlas for (f*E, f*p, N, S), by
the formal universal properties of a pullback (2.17). (2) is obvious. (3) follows from
(2) and (16.15.7). O

17.6. Let us suppose that a connection ® on the bundle (E,p, M,S) has zero
curvature. Then by (17.4) the horizontal bundle is integrable and gives rise to
the horizontal foliation by (3.28.2). Each point u € FE lies on a unique leaf L(u)
such that T,L(u) = H,E for each v € L(u). The restriction p | L(u) is locally a
diffeomorphism, but in general it is neither surjective nor is it a covering onto its
image. This is seen by devising suitable horizontal foliations on the trivial bundle
pry R x ST — St or pryR x R — R, like L(0,t) = {(tan(s — t), s) : s € R}.

17.7. Local description. Let ® be a connection on (E,p, M,S). Let us fix a
fiber bundle atlas (U,) with transition functions (¢ng), and let us consider the
connection ((1o)71)*® € QY (U, x S;U, x TS), which may be written in the form

(Vo)1) @) (&xymy) =2 —T*(&s,y) + 1y for & € T,U, and ny, € T, S,

since it reproduces vertical vectors. The I'* are given by

(04, T(€2,9)) i= =T (V0).®.T () " .(£x, 0y)-

We consider I'* as an element of the space Q! (Uy,; X(5)), a 1-form on U® with values
in the infinite dimensional Lie algebra X(S) of all vector fields on the standard
fiber. The I'* are called the Christoffel forms of the connection ® with respect to
the bundle atlas (Uy, ¥q).

Lemma. The transformation law for the Christoffel forms is

Ty(djaﬁ(ma ))Fﬁ(gmvy) = Fa(fzﬂ/’aﬁ(%y)) - Tm(d)aﬁ( 7y))£x
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The curvature R of ® satisfies

(o) R =dl* + [0, T%]x(s).

Here dI'® is the exterior derivative of the 1-form I'* € Q!(U,; X(S)) with values in
the complete locally convex space X(S). We will later also use the Lie derivative
of it and the usual formulas apply: consult [Frolicher, Kriegl, 1988] for calculus in
infinite dimensional spaces.

The formula for the curvature is the Maurer-Cartan formula which in this general
setting appears only in the level of local description.

Proof. From (¢4 o (¥5) 1) (z,y) = (z,%as(x,y)) we get that
T(ta o (¥)1)-(6asy) = (€& Tw,y) (Yap)-(€x,my)) and thus:

T(5")-(02, 7 (€x,y)) = —@(T(v5 ") (€, 0y)) =

@(T(¢;l)- (Yo 095 ")-(€as 0y)) =
q’(T(w;l)(&z,T@cy>(¢aﬁ)(£x, v))) =

= —®(T(5") (&, s o)) = BT (5" (O, Tia ) Y (€ 0y)) =
:T(¢;l)( T Yap(2,9))) = T3 ) (00, Ta(Wap( ,y))-Ea)-

This implies the transformation law.

For the curvature R of ® we have by (17.4) and (17.5.3)

(Yo ) R((E
= (3!

*

), (E2n%) =
) @ [(Id — () ®)(Ehn'), (Id — (v 1) @) (€%, 7°)] =
= (g 1) P[(EN,T(E)), (€2, T%(€?))] =

= (o 1)@ ([¢, 67,6 T (&) — T (E) + [ (1), T (€?)]) =
= —T([¢",€%]) + £'T(€) — T (¢N) + [T (¢1), T(¢%)] =
:dra(€1,§2) + L€, T (EM)]x(s). O

17.8. Theorem (Parallel transport). Let ® be a connection on a bundle
(E,p,M,S) and let ¢ : (a,b) — M be a smooth curve with 0 € (a,b), ¢(0) = x.
Then there is a neighborhood U of E, x {0} in E, X (a,b) and a smooth mapping
Pt. : U — E such that:

(1) p(Pt(c, uq,t)) = c(t) if defined, and Pt(c, ug,0) = uy.

(2) @(% Pt(c, uy,t)) = 0 if defined.

(3) Reparametrisation invariance: If f : (a’,V') — (a,b) is smooth with 0 €

(a’, "), then Pt(c,us, f(t)) = Pt(co f,Pt(c, us, £(0)),t) if defined.
(4) U is mazimal for properties (1) and (2).
(5) In a certain sense Pt depends smoothly also on c.
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First proof. In local bundle coordinates ® (4 Pt(c,u,,t)) = 0 is an ordinary dif-
ferential equation of first order, nonlinear, with initial condition Pt(c, u,,0) = u,.
So there is a maximally defined local solution curve which is unique. All further
properties are consequences of uniqueness.

Second proof. Consider the pullback bundle (¢*E,c*p,(a,b),S) and the pull-
back connection ¢*® on it. It has zero curvature, since the horizontal bundle is
1-dimensional. By (17.6) the horizontal foliation exists and the parallel transport
just follows a leaf and we may map it back to F, in detail:

Pt(c,uz,t) = p*e((c*p | L(ug))~1(t)).

Third proof. Consider a fiber bundle atlas (Uy, 1) as in (17.7). Then we have
ba(Pt(c, 5 (,9),1)) = (c(t),7(y, 1)), where

0= ((a") @) (Fet), £y, 1) = =T (&), (y,1)) + E~(y,1),

so v(y, t) is the integral curve (evolution line) through y € S of the time dependent
vector field I'* (%c(t)) on S. This vector field visibly depends smoothly on c.
Clearly local solutions exist and all properties follow, even (5). For more detailed
information on (5) we refer to [Michor, 1983] or [Kriegl, Michor, 1997]. O

17.9. A connection ® on (E,p, M, S) is called a complete connection, if the parallel
transport Pt. along any smooth curve ¢ : (a,b) — M is defined on the whole of
Ec() x (a,b). The third proof of theorem (17.8) shows that on a fiber bundle with
compact standard fiber any connection is complete.

The following is a sufficient condition for a connection ® to be complete:

There exists a fiber bundle atlas (Uq, %) and complete Riemannian met-
rics g, on the standard fiber S such that each Christoffel form I'* €
QY(U,, X(9)) takes values in the linear subspace of g,-bounded vector fields
on S

For in the third proof of theorem (17.8) above the time dependent vector field
I*(4c(t)) on S is ga-bounded for compact time intervals. By (23.9) this vector
field is complete. So by continuation the solution exists globally.

A complete connection is called an Ehresmann connection in [Greub - Halperin -
Vanstone I, p 314], where the following result is given as an exercise.

Theorem. Fach fiber bundle admits complete connections.

Proof. Let dimM = m. Let (U,,%s) be a fiber bundle atlas as in (17.1). By
topological dimension theory [Nagata, 1965] the open cover (U,) of M admits a
refinement such that any m+2 members have empty intersection, see also (1.1). Let
(Uy) itself have this property. Choose a smooth partition of unity (f,) subordinated
to (Uy). Then the sets V, :={x: fo(z) > ”#2 } C U, form still an open cover of
M since Y fo(z) = 1 and at most m+1 of the f,(x) can be nonzero. By renaming
assume that each V, is connected. Then we choose an open cover (W) of M such

that W, C V.
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Now let g1 and g2 be complete Riemannian metrics on M and S, respectively
(see (23.8)). For not connected Riemannian manifolds complete means that each
connected component is complete. Then ¢1|U, X g2 is a Riemannian metric on
Uy, x S and we consider the metric g := Y fot’(91|Us X g2) on E. Obviously
p: E — M is a Riemannian submersion for the metrics g and ¢;: this means
that Tup : (Tu(Ep))™, 9u) = TpyM, (91)p(w)) is an isometry for each u € E.
We choose now the connection ® : TE — V E as the orthonormal projection with
respect to the Riemannian metric g.

Claim. ¢ is a complete connection on F.

Let ¢ : [0,1] — M be a smooth curve. We choose a partition 0 = ¢y < t; <
-+ <ty = 1 such that c([t;, t;11]) C V,, for suitable ;. It suffices to show that
Pt(c(ti+ ), uct),t) exists for all 0 < ¢ < t;41 —t; and all u,), for all i, since
then we may piece them together. So we may assume that ¢ : [0,1] — V, for
some «. Let us now assume that for for = ¢(0) and some y € S the paral-
lel transport Pt(c, ¥, (z,y),t) is defined only for t € [0,¢') for some 0 < ' < 1.
By the third proof of (17.8) we have Pt(c,v;(x,y),t) = ¥, (c(t),v(t)), where
v : [0,#) — S is the maximally defined integral curve through y € S of the
time dependent vector field T*(4¢(t), ) on S. We put g, := (¢5')*g, then
(90) ey = (1) X (S £ 00, ) g2)y. Since pry : (Vax S, ga) — (Vas 91[Va)
is a Riemannian submersion and since the connection (¢/;1)*® is also given by or-
thonormal projection onto the vertical bundle, we get

t/
o0 > gi-lengthf (c) = ga-length(c,v) = / (¢ (£), Lr(1))]g., dt =
0

- / VIR, + 35 F5(e() (Yas(e(t), —)*g2) (£1(E), (1)) dt >
> / I le0) | Sy (D) dt > —— /t/|dv<t> d.
= 0 «@ dt g2 _\/ﬂm 0 dt 92

So go-length(y) is finite and since the Riemannian metric go on S is complete,
lim ¢ y(t) =: y(t') exists in S and the integral curve v can be continued. O

17.10. Holonomy groups and Lie algebras. Let (E,p, M, S) be a fiber bundle
with a complete connection ®, and let us assume that M is connected. We choose
a fixed base point g € M and we identify E,, with the standard fiber S. For
each closed piecewise smooth curve ¢ : [0,1] — M through z the parallel transport
Pt(c, ,1)=: Pt(c,1) (pieced together over the smooth parts of ¢) is a diffeomor-
phism of S. All these diffeomorphisms form together the group Hol(®,zg), the
holonomy group of ® at xg, a subgroup of the diffeomorphism group Diff(S). If we
consider only those piecewise smooth curves which are homotopic to zero, we get a
subgroup Holy(®, z¢), called the restricted holonomy group of the connection ® at
Zo-

Now let C': TM x5 E — TE be the horizontal lifting as in (17.3), and let R be
the curvature ((17.4)) of the connection ®. For any € M and X, € T, M the
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horizontal lift C(X,) := C(X,, ):FE, — TFE is a vector field along E,. For X,
and Y, € T, M we consider R(CX,,CY,) € X(E,). Now we choose any piecewise
smooth curve ¢ from zy to x and consider the diffeomorphism Pt(c,t) : S = E,, —
E, and the pullback Pt(c,1)*R(CX,,CY,) € X(S). Let us denote by hol(®, z)
the closed linear subspace, generated by all these vector fields (for all z € M,
Xz, Yo € T, M and curves ¢ from xg to z) in X(S) with respect to the compact
C*>°-topology, and let us call it the holonomy Lie algebra of ® at xg.

Lemma. hol(®,x) is a Lie subalgebra of X(5).

Proof. For X € X(M) we consider the local flow FIEX of the horizontal lift of X.
It restricts to parallel transport along any of the flow lines of X in M. Then for
vector fields on M the expression

Lo (FIS)*(FI7Y)* (F1IC )" (FIS?)*R(CU, CV) | Ey,
= (FI$™)*[CY, (FI€5)* (FIS?)*R(CU,CV)] | Ey,
= [(FI{™)*CY, (FIS?)*R(CU,CV)] | Eq,

is in hol(®, z), since it is closed in the compact C*°-topology and the derivative
can be written as a limit. Thus

[(FICXY [CYy, OYa), (FISZ)*R(CU,CV)] | Eyy € hol(®, 20)
by the Jacobi identity and
[(FIS¥)*C Y1, Ya), (FIS?)*R(CU,CV)] | Ey, € hol(®,2p),
so also their difference
(FIS)"R(CYh, CYa), (FIS?) R(CU,CV)] | Ex,
is in hol(®,z¢). O

17.11. The following theorem is a generalization of the theorem of [Nijenhuis,
1953, 1954] and [Ambrose-Singer, 1953] on principal connections. The reader who
does not know principal connections is advised to read parts of sections (18) and
(19) first. We include this result here in order not to disturb the development in
section (19) later.

Theorem. Let ® be a complete connection on the fibre bundle (E,p, M,S) and let
M be connected. Suppose that for some (hence any) xo € M the holonomy Lie
algebra hol(®, xy) is finite dimensional and consists of complete vector fields on the
fiber E,

Then there is a principal bundle (P, p, M, G) with finite dimensional structure group
G, a connection w on it and a smooth action of G on S such that the Lie algebra g of
G equals the holonomy Lie algebra hol(®, xq), the fibre bundle E is isomorphic to the
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associated bundle P[S], and ® is the connection induced by w. The structure group
G equals the holonomy group Hol(®,xg). P and w are unique up to isomorphism.

By a theorem of [Palais, 1957] a finite dimensional Lie subalgebra of X(E;,) like
hol(®, z() consists of complete vector fields if and only if it is generated by complete
vector fields as a Lie algebra.

Proof. Let us again identify E,, and S. Then g := hol(®,z) is a finite dimen-
sional Lie subalgebra of X(5), and since each vector field in it is complete, there
is a finite dimensional connected Lie group Gy of diffeomorphisms of S with Lie
algebra g, by theorem (6.5).

Claim 1. Gy contains Holy(®, z), the restricted holonomy group.
Let f € Holy(®,zp), then f = Pt(c,1) for a piecewise smooth closed curve ¢
through x, which is nullhomotopic. Since the parallel transport is essentially
invariant under reparametrisation, (17.8), we can replace ¢ by c o g, where g is
smooth and flat at each corner of ¢. So we may assume that c itself is smooth.
Since ¢ is homotopic to zero, by approximation we may assume that there is a
smooth homotopy H : R? — M with H1[[0,1] = ¢ and Hl|[0,1] = x¢. Then
fr == Pt(Hy, 1) is a curve in Holg(®, z¢) which is smooth as a mapping R x S — S
this can be seen by using the proof of claim 2 below or as in the proof of (19.7.4).
We will continue the proof of claim 1 below.
Claim 2. (< f,)o fi' =: Z, is in g for all t.
To prove claim 2 we consider the pullback bundle H*E — R2 with the induced
connection H*®. It is sufficient to prove claim 2 there. Let X = % and Y = %
be constant vector fields on R?, so [X,Y] = 0. Then Pt(c, s) = FIS* |S and so on.
We put

frs = FIC% o F19Y o FICX 0 FICY . 5 — 8,

so ft,1 = ft. Then we have in the vector space X(.5)
(L frs) 0 frd = —(FIS%)*CY + (FIS)* (FIFY)*(F1€)) Y,
1
o il = [ (G o 1) ds
1
= [ (R ex ey« (I ox, (Y (e oy
—(FIS%)*(FICY )*(FI°X)*[OX, CY]) ds.

Since [X, Y] = 0 we have [CX,CY] = ®[CX,CY] = R(CX,CY) and (FIX)*Y =Y
thus
(FIFX) Cy = ¢ ()Y ) + @ (FIF %) CY)
t t
=CY +/ LP(FIF*)*CY dt = CY +/ (FIC)* [CX,CY] dt
0 0

t t
=COY + / B(FICN)*R(CX,CY) dt = CY + / (FIC*)*R(CX,CY) dt.
0 0
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The flows (FIS¥)* and its derivatives Lox = [CX, ] do not lead out of g, thus
all parts of the integrand above are in g and so (% fi1)o ftfll is in g for all £ and
claim 2 follows.

Now claim 1 can be shown as follows. There is a unique smooth curve g(t) in Gy
satistying T.(u9®)Z, = Z;.g(t) = %g(t) and g(0) = e; via the action of Gy on S
the curve g(t) is a curve of diffeomorphisms on S, generated by the time dependent
vector field Z;, so g(t) = f; and f = fi1 is in Gy. So we get Holy(®, z) C Gp.

Claim 3. Holy(®, zo) equals Gy.

In the proof of claim 1 we have seen that Holg(®, ) is a smoothly arcwise connected
subgroup of Gy, so it is a connected Lie subgroup by the theorem of Yamabe (5.6).
It suffices thus to show that the Lie algebra g of G is contained in the Lie algebra of
Holp(®, ), and for that it is enough to show, that for each £ in a linearly spanning
subset of g there is a smooth mapping f : [—1,1] x S — S such that the associated
curve f lies in Holo(®, 29) with f(0) = 0 and f(0) = £.

By definition we may assume & = Pt(c¢,1)*R(CX,,CY,) for X,, Y, € T, M and
a smooth curve ¢ in M from zg to xz. We extend X, and Y, to vector fields X
and Y € X(M) with [X,Y] = 0 near x. We may also suppose that Z € X(M) is
a vector field which extends ¢'(t) along ¢(t): if ¢ is simple we approximate it by
an embedding and can consequently extend ¢/(t) to such a vector field. If ¢ is not
simple we do this for each simple piece of ¢ and have then several vector fields Z
instead of one below. So we have

¢ = (FI?)"R(CX,CY) = (FI{?)*[CX,CY] since [X,Y](z) =0
F

(
= (FIfZ) 1|, o (FIY o FIX o FICY 0 FICX) by (3.16)
1
-2

L =0 (FICZ 0 FICY o FICK o FICY o FICX 0 FICZ),

where the parallel transport in the last equation first follows ¢ from zg to x, then
follows a small closed parallelogram near x in M (since [X,Y] = 0 near z) and then
follows ¢ back to xg. This curve is clearly nullhomotopic.

Step 4. Now we make Hol(®,z() into a Lie group which we call G, by taking
Holp(®,x9) = Go as its connected component of the identity. Then the quotient
Hol(®, z9)/ Holy(®, ) is a countable group, since the fundamental group m (M) is
countable (by Morse theory M is homotopy equivalent to a countable CW-complex).

Step 5. Construction of a cocycle of transition functions with values in G. Let
(U, g : Uy — R™) be a locally finite smooth atlas for M such that each u, : Uy, —
R™ is surjective. Put z, := u;*(0) and choose smooth curves ¢, : [0,1] — M
with ¢, (0) = x9 and ¢o(1) = 4. For each x € U, let ¢ : [0,1] — M be the
smooth curve t +— ug!(t.uq(z)), then ¢ connects z, and z and the mapping
(x,t) — Z(t) is smooth U, x [0,1] — M. Now we define a fiber bundle atlas
(Ua, Vo : E|Uy — Uy x S) by 5 (2, 8) = Pt(c2,1) Pt(ca, 1) s. Then 1, is smooth
since Pt(cZ,1) = FIICXz for a local vector field X, depending smoothly on z. Let
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us investigate the transition functions.

waz/}ﬁ_l(x, s) = (z,Pt(ca, 1) Pt(cZ, 1) Pt(c, 1) Pt(cs, 1) )

= (m,Pt(Cg.cg.(cz)_l.(ca)_l,4) s)
=: (z,%ap(x) s), where Y3 : Usp — G.

Clearly ¥gq : Uy x S — S is smooth which implies that g, : Usq — G is
also smooth. (¢,g) is a cocycle of transition functions and we use it to glue a
principal bundle with structure group G over M which we call (P, p, M, G). From its
construction it is clear that the associated bundle P[S] = Px S equals (E, p, M, S).
Step 6. Lifting the connection ® to P.

For this we have to compute the Christoffel symbols of & with respect to the atlas
of step 5. To do this directly is quite difficult since we have to differentiate the
parallel transport with respect to the curve. Fortunately there is another way. Let
¢:[0,1] — U, be a smooth curve. Then we have

%4 (Pt(c’ t)w;1(6(0)7 S)) =
- (c(t), Pt((ca)~L,1) Pt((c50)~1, 1) Pt(c, ) Pt(c®, 1) Pt(ca, 1)5)
= (c(t),7(t)-5),

where v(t) is a smooth curve in the holonomy group G. Let I'® € QY (U,, X(9))
be the Christoffel symbol of the connection ® with respect to the chart (Uy, ¥y )-
From the third proof of theorem (17.8) we have

wa(Pt(ca t)¢;1(0(0)7 S)) = (C(t)7 :Y(tv S))>

where ¥(t,s) is the integral curve through s of the time dependent vector field
Fa(%c(t)) on S. But then we get

P (ge®) (At 5) = Gt s) = & (v(t)-5) = (Fy(1))s,

So I'* takes values in the Lie sub algebra of fundamental vector fields for the
action of G on S. By theorem (19.9) below the connection ® is thus induced by
a principal connection w on P. Since by (19.8) the principal connection w has the
‘same’ holonomy group as ® and since this is also the structure group of P, the
principal connection w is irreducible, see (19.7). O

18. Principal Fiber Bundles and G-Bundles

18.1. Definition. Let G be a Lie group and let (E,p, M,S) be a fiber bundle as
in (17.1). A G-bundle structure on the fiber bundle consists of the following data:

(1) A left action £: G x S — S of the Lie group on the standard fiber.
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(2) A fiber bundle atlas (U,, o) whose transition functions (¢,3) act on S
via the G-action: There is a family of smooth mappings (¢as : Usg — G)
which satisfies the cocycle condition pag(2)@sy () = Yay(z) for € Uapy
and @qq(x) = e, the unit in the group, such that Y.g(x, s) = £(pas(x),s) =
Yap(x).s.

A fiber bundle with a G-bundle structure is called a G-bundle. A fiber bundle atlas
as in (2) is called a G-atlas and the family (p,3) is also called a cocycle of transition
functions, but now for the G-bundle.

To be more precise, two G-atlases are said to be equivalent (to describe the same
G-bundle), if their union is also a G-atlas. This translates as follows to the two
cocycles of transition functions, where we assume that the two coverings of M are
the same (by passing to the common refinement, if necessary): (pap) and (¢,5)
are called cohomologous if there is a family (7, : Uy — G) such that ¢.g(x) =
Ta() "0l 5().73(2) holds for all 2 € Uyp, compare with (8.3).

In (2) one should specify only an equivalence class of G-bundle structures or only
a cohomology class of cocycles of G-valued transition functions. The proof of (8.3)
now shows that from any open cover (U, ) of M, some cocycle of transition functions
(pap : Uap — G) for it, and a left G-action on a manifold S, we may construct
a G-bundle, which depends only on the cohomology class of the cocycle. By some
abuse of notation we write (F,p, M, S, G) for a fiber bundle with specified G-bundle
structure.

Examples. The tangent bundle of a manifold M is a fiber bundle with structure
group GL(m). More general a vector bundle (E,p,M,V) as in (8.1) is a fiber
bundle with standard fiber the vector space V' and with GL(V)-structure.

18.2. Definition. A principal (fiber) bundle (P,p, M,G) is a G-bundle with typi-
cal fiber a Lie group G, where the left action of G on G is just the left translation.

So by (18.1) we are given a bundle atlas (Uy, o : PlUs — U, x G) such that
we have <pa<plgl(x, a) = (z, pas(z).a) for the cocycle of transition functions (pags :
Uap — G). This is now called a principal bundle atlas. Clearly the principal bundle
is uniquely specified by the cohomology class of its cocycle of transition functions.

Each principal bundle admits a unique right action 7 : P x G — P, called the
principal right action, given by pq(r(¢,1(x,a),9)) = (x,ag). Since left and right
translation on G commute, this is well defined. As in (6.1) we write r(u,g) =
u.g when the meaning is clear. The principal right action is visibly free and for
any u, € P, the partial mapping r,, = r(uy, ): G — P, is a diffeomorphism
onto the fiber through u,, whose inverse is denoted by 7,, : P, — G. These
inverses together give a smooth mapping 7: P x; P — G, whose local expression
is 7(p5 (2, a), o5 (x,b)) = a~1.b. This mapping is also uniquely determined by
the implicit equation r(uy,T(uy,v,)) = v,, thus we also have 7(uy.g,ul.g") =
g L7 (ug,ul).g" and T(ug, ug) = e.

When considering principal bundles the reader should think of frame bundles as
the foremost examples for this book. They will be treated in (18.11) below.
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18.3. Lemma. Let p: P — M be a surjective submersion (a fibered manifold),
and let G be a Lie group which acts freely on P such that the orbits of the action
are exactly the fibers p~1(x) of p. Then (P,p, M,G) is a principal fiber bundle.

Proof. Let the action be a right one by using the group inversion if necessary. Let
Sa : Uy — P Dbe local sections (right inverses) for p : P — M such that (U,) is an
open cover of M. Let ¢! : U, x G — P|U, be given by ¢ *(z,a) = s ().a, which
is obviously injective with invertible tangent mapping, so its inverse ¢, : P|U, —
U, X G is a fiber respecting diffeomorphism. So (U,, ¢4 ) is already a fiber bundle
atlas. Let 7: P x s P — G be given by the implicit equation r(us, 7(u,, ul)) = ul,
where r is the right G-action. 7 is smooth by the implicit function theorem and
clearly we have 7(ug, u..g) = 7(uz, ul).g and @ (ug) = (2, 7(sq(x), uz)). Thus we
have $a3 (2,0) = Pa(55(2)-9) = (2, 7(50(2),55(2).0) = (3, 7(s0(2), 55(x))-)
and (U,, ¢q) is a principal bundle atlas. O

18.4. Remarks. In the proof of Lemma (18.3) we have seen, that a principal
bundle atlas of a principal fiber bundle (P, p, M,G) is already determined if we
specify a family of smooth sections of P, whose domains of definition cover the
base M.

Lemma (18.3) can serve as an equivalent definition for a principal bundle. But this
is true only if an implicit function theorem is available, so in topology or in infinite
dimensional differential geometry one should stick to our original definition.

From the Lemma itself it follows, that the pullback f*P over a smooth mapping
f: M’ — M is again a principal fiber bundle.

18.5. Homogeneous spaces. Let G be a Lie group with Lie algebra g. Let K
be a closed subgroup of G, then by theorem (5.5) K is a closed Lie subgroup whose
Lie algebra will be denoted by €. By theorem (5.10) there is a unique structure of a
smooth manifold on the quotient space G/K such that the projection p : G — G/K
is a submersion, so by the implicit function theorem p admits local sections.

Theorem. (G,p,G/K,K) is a principal fiber bundle.

Proof. The group multiplication of G restricts to a free right action p : GX K — G,
whose orbits are exactly the fibers of p. By lemma (18.3) the result follows. O

For the convenience of the reader we discuss now the best known homogeneous
spaces.

The group SO(n) acts transitively on S"~! C R™. The isotropy group of the ‘north
pole’ (1,0,...,0) is the subgroup

(0 so¢-1)

which we identify with SO(n —1). So S"~! = SO(n)/SO(n — 1) and we get a
principal fiber bundle (SO(n),p, S"~1,SO(n — 1)). Likewise
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(O(n),p, S 1,0(n — 1)),

(SU(n),p,S*"=1,8U(n — 1)),

(U(n),p, S*=1 U(n —1)), and

(Sp(n),p, S*"=1 Sp(n — 1)) are principal fiber bundles.

The Grassmann manifold G(k,n;R) is the space of all k-planes containing 0 in
R™. The group O(n) acts transitively on it and the isotropy group of the k-plane

R* x {0} is the subgroup
O(k) 0
0 Omn-k))’

therefore G(k,n;R) = O(n)/O(k) x O(n — k) is a compact manifold and we get the
principal fiber bundle (O(n),p, G(k,n;R), O(k) x O(n — k)). Likewise
(50(n),p,G(k,n;R), S(O(k) x O(n — k))),

(SO(n), p, G(k,n;R), SO(k) x SO(n — k)),

(U(n),p,G(k,n;C),U(k) x U(n —k)), and

(Sp(n),p, G(k,n; H), Sp(k) x Sp(n — k)) are principal fiber bundles.

The Stiefel manifold V(k,n;R) is the space of all orthonormal k-frames in R™.
Clearly the group O(n) acts transitively on V (k, n;R) and the isotropy subgroup of
(e1,...,ex) is Iy x O(n—k), so V(k,n;R) = O(n)/O(n — k) is a compact manifold,
and (O(n),p,V(k,n;R),O(n — k)) is a principal fiber bundle. But O(k) also acts
from the right on V(k,n;R), its orbits are exactly the fibers of the projection
p: V(k,n;R) — G(k,n;R). So by lemma (18.3) we get a principal fiber bundle
(V(k,n,R),p, G(k,n;R),O(k)). Indeed we have the following diagram where all
arrows are projections of principal fiber bundles, and where the respective structure
groups are written on the arrows:

O(n) O(n —k) V(k,n;R)
(1) 0<k>J Joaf)
V(n—k,n;R) W (k,n;R),

V(k,n) is also diffeomorphic to the space { A € L(RF,R") : A*.A = I}, ie.
the space of all linear isometries R¥ — R™. There are furthermore complex and
quaternionic versions of the Stiefel manifolds, and flag manifolds.

18.6. Homomorphisms. Let x : (P,p, M,G) — (P',p', M',G) be a principal
fiber bundle homomorphism, i.e. a smooth G-equivariant mapping x : P — P’.
Then obviously the diagram

X

p—X _,p
(1) PJ Jp’
M—= M

commutes for a uniquely determined smooth mapping x : M — M’. For each
x € M the mapping x, := x|P: : Pr — P)ﬁ((x) is G-equivariant and therefore a
diffeomorphism, so diagram (1) is a pullback diagram.
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But the most general notion of a homomorphism of principal bundles is the fol-
lowing. Let ® : G — G’ be a homomorphism of Lie groups. x : (P,p, M,G) —
(P',p', M', @) is called a homomorphism over ® of principal bundles, if x : P — P’
is smooth and x(u.g) = x(u).®(g) holds in general. Then x is fiber respecting, so
diagram (1) makes again sense, but it is no longer a pullback diagram in general.

If x covers the identity on the base, it is called a reduction of the structure group
G’ to G for the principal bundle (P’,p’, M', G') — the name comes from the case,
when @ is the embedding of a subgroup.

By the universal property of the pullback any general homomorphism x of principal
fiber bundles over a group homomorphism can be written as the composition of a
reduction of structure groups and a pullback homomorphism as follows, where we
also indicate the structure groups:

(Pv G) - (X*Plv G/) - (Plv G/)

N

M X M’

18.7. Associated bundles. Let (P,p, M,G) be a principal bundle and let ¢ :
G x S — S be a left action of the structure group G on a manifold .S. We consider
the right action R: (P x S) x G — P x S, given by R((u,s),g) = (u.g,g~1.s).

Theorem. In this situation we have:

(1) The space P xS of orbits of the action R carries a unique smooth manifold
structure such that the quotient map q: P X S — P Xg S is a submersion.

(2) (PxgS,p, M, S,G) is a G-bundle in a canonical way, wherep : PxgS — M
s given by

PXSL>P><GS

(a) me pJ

PLM.

In this diagram q, : {u} x S — (P xg S)p) 5 a diffeomorphism for each
u € P.
(3) (P x S,q,P xg S,QG) is a principal fiber bundle with principal action R.
(4) If (Ua, @0 : PlUy — Uy x G) is a principal bundle atlas with cocycle of
transition functions (pap @ Uasg — G), then together with the left action
£:G xS — S this cocycle is also one for the G-bundle (P x¢ S,p, M, S, G).

Notation. (PxgS,p, M, S, G) is called the associated bundle for the action ¢ : G x
S — 5. We will also denote it by P[S, £] or simply P[S] and we will write p for p if no
confusion is possible. We also define the smooth mapping 7 = 7% : Px 3, P[S,{] — S
by 7(ug,vz) = g (ve). It satisfies 7(u,q(u,s)) = s, q(ug, 7(Uz,vs)) = Vs, and
T(tg.9,v2) = g~ 1.7(ug,v,). In the special situation, where S = G and the action
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is left translation, so that P[G] = P, this mapping coincides with 7 considered in
(18.2).

Proof. In the setting of diagram (a) in (2) the mapping p o pry is constant on
the R-orbits, so p exists as a mapping. Let (U,,pa : PlUs — Uy x G) be a
principal bundle atlas with transition functions (pag : Usg — G). We define
Pl iUy xS — p1(U,) C P xg S by vl (x,s) = q(e;'(x,e),s), which is fiber
respecting. For each point in p~!(z) C P xg S there is exactly one s € S such
that the orbit correspondmg to this point passes through (¢;!(z,e),s), namely
G (Ug, o5t (2, €))7~ 8" if (ug,s') is the orbit, since the principal right action is
free. Thus ¢, (z, ):S — p'(z) is bijective. Furthermore

s=T

% (z, 5)—51(905 (z,€),s)
= q(p5 ' (@, 0ap(2).€),8) = g, (z,€).005(1), 5)
= g, (2, €), pap(x).5) = ¥ ' (z,00p(x).5),
s)

SO wawﬁ_l(x,s) = (z,9ap(x).s) So (Ua,q) is a G-atlas for P x¢ S and makes it
into a smooth manifold and a G-bundle. The defining equation for ¥, shows that
q is smooth and a submersion and consequently the smooth structure on P xg S
is uniquely defined, and p is smooth by the universal properties of a submersion.

By the definition of 1, the diagram

pil(Ua)xS%—XIckUaxGxS

(5) qJ Idx ¢
Yo

P (Uy) ————Uy x S

commutes; since its lines are diffeomorphisms we conclude that ¢, : {u} x S —
p (p(u)) is a diffeomorphism. So (1), (2), and (4) are checked.

(3) follows directly from lemma (18.3). We give below an explicit chart construction.
We rewrite the last diagram in the following form:

p HUy) x S ——— ¢ (Vi) A V., x G

(6) CIJ Jpﬁ

p ' (Ua) Va

Here V,, := p~1(U,) C Px¢S, and the diffeomorphism ), is given by the expression
At (Wt (@, 8), 9) = (05 (2, 9),97"5). Then we have

At (W (2, 9), 9) = A5 (W5 (4, 9al).s), 9)

= (¢5'(2,9), 97" palx).5)
2

=

o (2 0ap(2).9), 97 pap(x)Ls)
El(wgl(ﬂﬁ S), @aﬂ(x)ng)a

S0 AaAg Yt (2, 8),9) = (W3 (2, 8), ap(r).g) and (P x S, q, P xS, G) is a princi-
pal bundle with structure group G and the same cocycle (pq3) we started with. O
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18.8. Corollary. Let (E,p, M,S,G) be a G-bundle, specified by a cocycle of tran-
sition functions (¢ag) with values in G and a left action ¢ of G on S. Then from the
cocycle of transition functions we may glue a unique principal bundle (P,p, M, Q)
such that E = P[S,{]. O

This is the usual way a differential geometer thinks of an associated bundle. He
is given a bundle F, a principal bundle P, and the G-bundle structure then is
described with the help of the mappings 7 and gq.

18.9. Equivariant mappings and associated bundles.

(1) Let (P, p, M, G) be a principal fiber bundle and consider two left actions of G,
:GxS— Sand V' : Gx S — 8. Let furthermore f : S — S’ be a G-equivariant
smooth mapping, so f(g.s) = g.f(s) or foly = £iof. Then Idpx f: PxS — PxS’
is equivariant for the actions R : (PXxS)xG — PxSand R’ : (PxS')xG — Px S’
and is thus a homomorphism of principal bundles, so there is an induced mapping

PxS%PxS’

(2) qJ Jq’

PXGSMPXGS/,

which is fiber respecting over M, and a homomorphism of G-bundles in the sense
of the definition (18.10) below.

(3)Let x : (P,p, M,G) — (P',p', M’,G) be a principal fiber bundle homomorphism
as in (18.6). Furthermore we consider a smooth left action £ : G x S — S. Then
x X Idg : P xS — P’ x S is G-equivariant and induces a mapping x X¢g Idg :
P xg S — P’ xg S, which is fiber respecting over M, fiber wise a diffeomorphism,
and again a homomorphism of G-bundles in the sense of definition (18.10) below.

(4) Now we consider the situation of 1 and 2 at the same time. We have two
associated bundles P[S,¢] and P'[S",¢']. Let x : (P,p, M,G) — (P',p',M’',G) be
a principal fiber bundle homomorphism and let f : S — S’ be an G-equivariant
mapping. Then x X f : P xS — P’ x S is clearly G-equivariant and therefore
induces a mapping x x¢ f : P[S, €] — P'[S’,¢'] which again is a homomorphism of
G-bundles.

(5) Let S be a point. Then P[S] = P xg¢ S = M. Furthermore let y € S’ be
a fixed point of the action ¢’ : G x S’ — 5’ then the inclusion i : {y} — 5’ is
G-equivariant, thus Idp X i induces Idp Xg i : M = P[{y}] — P[S’], which is a
global section of the associated bundle P[S’].

If the action of G on S is trivial, so g.s = s for all s € S, then the associated bundle
is trivial: P[S] = M x S. For a trivial principal fiber bundle any associated bundle
is trivial.

18.10. Definition. In the situation of (18.9), a smooth fiber respecting mapping
v : P[S, ] — P'[S", V'] covering a smooth mapping 7 : M — M’ of the bases is called
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a homomorphism of G-bundles, if the following conditions are satisfied: P is iso-
morphic to the pullback ¥* P/, and the local representations of 7 in pullback-related
fiber bundle atlases belonging to the two G-bundles are fiber wise G-equivariant.

Let us describe this in more detail now. Let (U!,v.) be a G-atlas for P’[S’,¢']
with cocycle of transition functions (¢, 5), belonging to the principal fiber bundle
atlas (U.,¢.) of (P',p’,M’,G). Then the pullback-related principal fiber bundle
atlas (U = 7 H(UL), pa) for P = 4*P" as described in the proof of (17.5) has the
cocycle of transition functions (¢as = ¢,,5 ©7); it induces the G-atlas (U, ¥a)
for P[S,€]. Then (¢, oyo ') (z,s) = (3(x),7a(z,s)) and y(z, ):S — S is
required to be G-equivariant for all a and all z € U,.

Lemma. Let~y: P[S,{] — P'[S",{'] be a homomorphism of G-bundles as defined
above. Then there is a homomorphism x : (P,p, M,G) — (P',p', M', Q) of principal
bundles and a G-equivariant mapping f : S — S" such that v = x xg f : P[S,{] —
P's 0).

Proof. The homomorphism x : (P,p, M,G) — (P’,p’;M’',G) of principal fiber
bundles is already determined by the requirement that P = *P’, and we have
¥ = X. The G-equivariant mapping f : S — S’ can be read off the following
diagram
S
P X M P[S} — 5
(1) X X ’YJ ‘f

S
P/ X g7 P/[S/] T S/,

which by the assumptions is seen to be well defined in the right column. O

So a homomorphism of G-bundles is described by the whole triple (x : P — P’, f :
S — 8’ (G-equivariant), v : P[S] — P’[S’]), such that diagram (1) commutes.

18.11. Associated vector bundles. Let (P,p, M, G) be a principal fiber bundle,
and consider a representation p : G — GL(V) of G on a finite dimensional vector
space V. Then P[V,p| is an associated fiber bundle with structure group G, but
also with structure group GL(V), for in the canonically associated fiber bundle
atlas the transition functions have also values in GL(V'). So by section (8) P[V, p]
is a vector bundle.

Now let F be a covariant smooth functor from the category of finite dimensional
vector spaces and linear mappings into itself, as considered in section (8.8). Then
clearly Fop: G — GL(V) — GL(F(V)) is another representation of G and the
associated bundle P[F(V'), F o p] coincides with the vector bundle F(P[V, p]) con-
structed with the method of (8.8), but now it has an extra G-bundle structure.
For contravariant functors F we have to consider the representation F o p o v,
where v(g) = g~ 1.
functor L(V, W) may be applied to two different representations of two structure

A similar choice works for bifunctors. In particular the bi-
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groups of two principal bundles over the same base M to construct a vector bundle
L(PIV, p), P'IV', ) = (P xar PL(V,V'), Lo ((pov) x p)].

If (E,p, M) is a vector bundle with n-dimensional fibers we may consider the open
subset GL(R"™, E) C L(M x R™, E), a fiber bundle over the base M, whose fiber
over x € M is the space GL(R", E,,) of all invertible linear mappings. Composition
from the right by elements of GL(n) gives a free right action on GL(R", E) whose
orbits are exactly the fibers, so by lemma (18.3) we have a principal fiber bundle
(GL(R™, E),p, M,GL(n)). The associated bundle GL(R", E)[R"] for the banal rep-
resentation of GL(n) on R™ is isomorphic to the vector bundle (E, p, M) we started
with, for the evaluation mapping ev : GL(R™, E) X R™ — F is invariant under the
right action R of GL(n), and locally in the image there are smooth sections to it, so
it factors to a fiber linear diffeomorphism GL(R", E)[R"] = GL(R", E)xgrmR" —
E. The principal bundle GL(R", E) is called the linear frame bundle of E. Note
that local sections of GL(R™, E) are exactly the local frame fields of the vector
bundle F as discussed in (8.5).

To illustrate the notion of reduction of structure group, we consider now a vector
bundle (E,p, M,R™) equipped with a Riemannian metric g, that is a section g €
C*(S?E*) such that g, is a positive definite inner product on E, for each z € M.
Any vector bundle admits Riemannian metrics: local existence is clear and we may
glue with the help of a partition of unity on M, since the positive definite sec-
tions form an open convex subset. Now let s’ = (s1,...,s],) € C*(GL(R", E)|U)
be a local frame field of the bundle E over U C M. Now we may apply the
Gram-Schmidt orthonormalization procedure to the basis (s1(z),... ,sn(x)) of E,
for each x € U. Since this procedure is smooth (even real analytic), we obtain a
frame field s = (s1,...,8,) of E over U which is orthonormal with respect to g.
We call it an orthonormal frame field. Now let (U,) be an open cover of M with
orthonormal frame fields s® = (s§, ..., s%), where s* is defined on U,. We consider
the vector bundle charts (Uy,¥q : E|Uy — U, X R™) given by the orthonormal
frame fields: ¥, (x,v,... ,0") = Y s&¥(x).0! =: s%(x).v. For z € U,s we have
s&(x)=>" 5?(x).gga I(x) for C®-functions gas? : Uss — R. Since s*(z) and 57 (z)
are both orthonormal bases of E,, the matrix gos(z) = (gas?(z)) is an element
of O(n,R). We write s* = s%.gg, for short. Then we have 1/}51(:1071)) = s (x)v =
5%(x).gap(x).v = ¥ 1 (x, gap(x).v) and consequently wawgl(x,v) = (2, gap(x).v).
So the (gap : Uap — O(n,R)) are the cocycle of transition functions for the vec-
tor bundle atlas (Uy,%s). So we have constructed an O(n,R)-structure on FE.
The corresponding principal fiber bundle will be denoted by O(R™, (FE,g)); it is
usually called the orthonormal frame bundle of E. 1t is derived from the linear
frame bundle GL(R™, E) by reduction of the structure group from GL(n) to O(n).
The phenomenon discussed here plays a prominent role in the theory of classifying
spaces.

18.12. Sections of associated bundles. Let (P,p, M,G) be a principal fiber
bundle and £ : G x S — S a left action. Let C*(P,S)¢ denote the space of all
smooth mappings f : P — S which are G-equivariant in the sense that f(u.g) =
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g~ L.f(u) holds for g € G and u € P.

Theorem. The sections of the associated bundle P[S, ] correspond exactly to the
G-equivariant mappings P — S; we have a bijection C> (P, S)¢ = T'(P[9]).

This result follows from (18.9) and (18.10). Since it is very important we include a
direct proof.

Proof. If f € C°°(P,5)¢ we construct sy € I'(P[S]) in the following way: The
mapping graph(f) = (Id, f) : P — P x S is G-equivariant, since (Id, f)(u.g) =
(u.g, f(u.g)) = (u.g,97 .f(v)) = ((Id, f)(u)).g. So it induces a smooth section
sy € T(P[S]) as seen from (18.9) and the diagram:

Px{Pt}%PMPxS

(1) pJ Jq
M1 plg]

If conversely s € ['(P[S]) we define f; € C®(P,S9)¢ by fs := 75 o (Idp X
s): P=Pxy M — P xy P[S] — S. This is G-equivariant since f,(uz.g) =
79 (tz.g,5(2)) = g 175 (up, 8(2)) = g7 . fs(u,) by (18.7). These constructions are
inverse to each other since we have f(s)(u) = 75 (u, ss(p(w))) = 75 (u, q(u, f(u))) =
F () and s o) (p(1)) = g, fo()) = (7 (u, (p(w))) = 5(p(w)). O

18.13. Induced representations. Let K be a closed subgroup of a Lie group G.
Let p: K — GL(V) be a representation in a vector space V', which we assume to be
finite dimensional for the beginning. Then we consider the principal fiber bundle
(G,p,G/K,K) and the associated vector bundle (G[V],p,G/K). The smooth (or
even continuous) sections of G[V] correspond exactly to the K-equivariant map-
pings f : G — V, those satisfying f(gk) = p(k=1)f(g), by lemma (18.12). Each
g € G acts as a principal bundle homomorphism by left translation

Hg a

p |»

a/k 1 q/k.

So by (18.9) we have an induced isomorphism of vector bundles

Mg X Idv

GxV GxV

Hg xgV

Hg

G/K G/K

—~G
which gives rise to the representation ind - p of G in the space I'(G[V]), defined by
~a

(indyep) (9)(5) = (g X5 V) 080 figs = (ttg 12 V) (s):
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Now let us assume that the original representation p is unitary, p : K — U(V) for

I = (v,v)

is an invariant symmetric homogeneuous polynomial V' — R of degree 2, so it is

a complex vector space V' with inner product {( , )y. Then v — |jv

equivariant where K acts trivial on R. By (18.9) again we get an induced mapping
G[V] — G[R] = G/K x R, which we can polarize to a smooth fiberwise hermitian
form ( , ) on the vector bundle G[V]. We may also express this by

vy -1,V -1V

<Uac7wac>G[V] = <T uxavx)aTV(umwx»V = <k' T (uxyvx)ak T (Uacywac)>V =

= <TV(uI'k7 vl)) TV(U$.]€7 wm)>V

for some u, € G, using the mapping 7 : G xg/n G[V] — V from (18.7); it
does not depend on the choice of u,. Still another way to describe the fiberwise
hermitian form is

(GxV)xg/k (GxV)

| \f)

l ) 14

G/K;

here f((g1,v1), (g2,v2)) := (v1, p(7% (g1, g2))v2)v where we use the mapping 7 :
G X/ kG — K given by 78 (g1,92) = g7 *g2 from (18.2). From this last description
it is also clear that each g € G acts as an isometric vector bundle homomorphism.
Now we consider the natural line bundle Vol'/?(G/K) of all 1-densities on the
manifold G/K from (10.4). Then for i-densities p; € I'(Vol'/?(G/M)) and any
diffeomorphism f : G/K — G/K the push forward f.u; is defined and for those

with compact support we have fG/K(f*ul.f*,uz) = fG/K felpa.pe) = fG/K 41 h2.
The hermitian inner product on G[V] now defines a fiberwise hermitian mapping

(5 Daw

(GIV] ® Vol'?(G/K)) x gk (G[V] @ Vol'/*(G/K)) ——L Vol (G/L)

and on the space C°(G[V] ® Vol'/?(G/K)) of all smooth sections with compact
support we have the following hermitian inner product

(01702> 12/ <0'170'2>G[V]'
G/K

For a decomposable section o; = s; ® a; (where s; € I'(G[V]) and where «o; €
C(Vol'/?(G/K))) we may consider (using (18.12)) the equivariants lifts fs, :
G — V, their invariant inner product (fs,, fs,)v : G — C, and its factorisation to
(fs1) fsa)y : G/K — C. Then

<01702> = /G/K<fslafsz>v a1Q.
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Obviously the resulting action of the group G on I'(G[V] ® Vol'/3(G/K)) is unitary
with respect to the hermitian inner product, and it can be extended to the Hilbert
space completion of this space of sections. The resulting unitary representation is
called the induced representation and is denoted by ind$ p.

If the original unitary representation p : K — U(V) is in an infinite dimensional
Hilbert space V', one can first restrict the representation p to the subspace of smooth
vectors, on which it is differentiable, and repeat the above construction with some
modifications. See [Michor, 1990] for more details on this infinite dimensional
construction.

18.14. Theorem. Consider a principal fiber bundle (P,p, M,G) and a closed
subgroup K of G. Then the reductions of structure group from G to K correspond
bijectively to the global sections of the associated bundle P[G/K, )] in a canonical

way, where X : G x G/K — G/K is the left action on the homogeneous space from
(5.10).

Proof. By (18.12) the section s € I'(P[G/K]) corresponds to f, € C*(P,G/K)%,
which is a surjective submersion since the action A : G x G/K — G/K is transitive.
Thus P, := f;!(e) is a submanifold of P which is stable under the right action of K
on P. Furthermore the K-orbits are exactly the fibers of the mapping p : P, — M,
so by lemma (18.3) we get a principal fiber bundle (Ps,p, M, K). The embedding
P, — P is then a reduction of structure groups as required.

If conversely we have a principal fiber bundle (P’,p’, M, K) and a reduction of
structure groups x : P’ — P, then x is an embedding covering the identity of M
and is K-equivariant, so we may view P’ as a sub fiber bundle of P which is stable
under the right action of K. Now we consider the mapping 7 : P X P — G from
(18.2) and restrict it to P x pr P’. Since we have 7(uy, vy.k) = 7(ug, vy).k for k € K
this restriction induces f : P — G/K by

PxyP —T @G

P=PxyP /K — a/k,
since P'/K = M; and from 7(u;.g,v;) = g 1.7(us,v,) it follows that f is G-
equivariant as required. Finally f=1(¢) = {u € P : 7(u, Ply) € K} =P sothe
two constructions are inverse to each other. [J

18.15. The bundle of gauges. If (P,p, M,G) is a principal fiber bundle we
denote by Aut(P) the group of all G-equivariant diffeomorphisms x : P — P. Then
pox = xop for a unique diffeomorphism x of M, so there is a group homomorphism
from Aut(P) into the group Diff(M) of all diffeomorphisms of M. The kernel of this
homomorphism is called Gau(P), the group of gauge transformations. So Gau(P)
is the space of all x : P — P which satisfy pox = p and x(u.g) = x(u).g. A vector
field € € X(P) is an infinitesimal gauge transformation if its flow Flf consists of
gauge transformations, i.e., if £ is vertical and G-invariant, (r9)*¢ = £.
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Theorem. The group Gau(P) of gauge transformations is equal to the space
Gau(P) = C*(P, (G, conj))® = T'(P|[G, conj)).

The Lie algebra Xyers(P)C of infinitesimal gauge transformations is equal to the
space
Xvere(P)9 = C(P, (3, Ad)) = T(Plg, Ad)).

Proof. We use again the mapping 7 : P x3y P — G from (18.2). For x €
Gau(P) we define f, € C>®(P,(G,conj))¥ by fy := 70 (Id,x). Then f,(u.g) =
7(u.g,x(u.g)) = g~ L.r(u, x(u)).g = conj,—1 fy(u), so fy is indeed G-equivariant.
If conversely f € C=(P, (G, conj))¢ is given, we define x; : P — P by x(u) =
u.f(u). It is easy to check that x; is indeed in Gau(P) and that the two construc-
tions are inverse to each other, namely

xr(ug) = ugf(ug) = ugg™" f(u)g = xs(u)g,

Py () = 7% (u, x5 (u) = 7%, . f(u) = 7€ (u,u) f(u) = f(u),

X7, () = ufy(u) = ur(u, x(u) = x(u).
The isomorphism C*(P, (G, conj))¢ = I'(P[G, conj]) is a special case of theorem
(18.12).

A vertical vector field £ € Xy(P) = T'(VP) is given uniquely by a mapping
fe: P — gvia §(u) = Te(ry). fe(u), and it is G-equivariant if and only if

To(ra).fe(u) = €(u) = ((r9)€)(w) = T(r7).£(u.g)
=T )To(rug) fe(ug) = To(r? oryg).fe(u.g)
= Te(ry o conj,). fe(u.g) = Te(ru). Ady - fe(u.g)

The isomorphism C*(P, (g, Ad))% = T'(P[g, Ad]) is again a special case of theorem
(18.12). O

18.16. The tangent bundles of homogeneous spaces. Let G be a Lie group
and K a closed subgroup, with Lie algebras g and £, respectively. We recall the
mapping Adg : G — Autric(g) from (4.24) and put Adg x = Adg|K : K —
Autpie(g). For X € tand k € K we have Adg x (k)X = Adg (k)X = Adg (k)X € ¢,
so £ is an invariant subspace for the representation Adg g of K in g, and we have
the factor representation Ad* : K — GL(g/¢). Then

(1) 0—-t—g—g/t—0

is short exact and K-equivariant.

Now we consider the principal fiber bundle (G, p, G/ K, K) and the associated vector
bundles G[g/¢, Ad*] and G[¢, Adg].
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Theorem. In these circumstances we have

T(G/K) = Glg/t, Ad"] = (G xx g/t p,G/K,g/t).
The left action g — T(fig) of G on T(G/K) corresponds to the canonical left action
of G on G x i g/¢. Furthermore Gg/t, Ad*] ® G[t, Adk]| is a trivial vector bundle.

Proof. For p: G — G/K we consider the tangent mapping T.p : g — T:(G/K)
which is linear and surjective and induces a linear 1somorph15m T.p : g/t —

T:(G/K). For k € K we have poconj, = pougopu® = iy op and con-
sequently Tep o Adg (k) = Tep o Te(conj,) = Tgfix o Tep. Thus the isomor-
phism T,p : g/t — T:(G/K) is K-equivariant for the representations Ad* and
Te) : k — Tefig, where, for the moment, we use the notation X : G x G/K — G/K
for the left action.

Let us now consider the associated vector bundle

G[Tg(G/K),Té}\] = (G XK Té(G/K),p7 G/K, Té(G/K)),
which is isomorphic to the vector bundle G[ /&, Ad*], since the representation
spaces are isomorphic. The mapping To\ : G x To(G/K) — T(G/K) (where
T, is the second partial tangent functor) is K-invariant, since ThA((g, X)k) =
ToX(gk, Tefig-1.X) = Tiigr.Thy-1.X = Ty X. Therefore it induces a mapping

1 as in the following diagram:

G x T:(G/K)

i \G/K

This mapping ¢ is an isomorphism of vector bundles.

(2) G xx T:(G/K)

It remains to show the last assertion. The short exact sequence (1) induces a
sequence of vector bundles over G/K:

G/K x 0 — G[e, Adg] — Glg, Adg k] — Glg/t, AdT] — G/K x 0
This sequence splits fiber wise thus also locally over G/ K, so we get G[g/t, AdL] ®
Glt, Adk] = Glg,Adg,k]. We have to show that G[g, Adg k] is a trivial vector
bundle. Let ¢ : G x g — G X g be given by ¢(g,X) = (g9,Adc(g9)X). Then for
k € K we have

o((g9,X).k) = o(gk, Adg x (k) X)
= (gk, Ada(g.k-k~1)X) = (gk, Ada(g) X).

So ¢ is K-equivariant for the ‘joint’ K-action to the ‘on the left’” K-action and
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therefore induces a mapping @ as in the diagram:

Gxg 14 Gxg
d J
(3) G XKy 14 G/K x g
D pri
G/K

The map @ is a vector bundle isomorphism. [J

18.17. Tangent bundles of Grassmann manifolds. From (18.5) we know that
(V(k,n) = O(n)/O(n — k),p, G(k,n),O(k)) is a principal fiber bundle. Using the
standard representation of O(k) we consider the associated vector bundle (Ej :=
V(k,n)[R¥],p, G(k,n)). Recall from (18.5) the description of V(k,n) as the space
of all linear isometries R¥ — R"; we get from it the evaluation mapping ev :
V(k,n) x R¥ — R™. The mapping (p, ev) in the diagram

V(k,n) x R¥
) g w‘)

By = V(k,n) xo@) R T>G(k,n) x R™

is O(k)-invariant for the action R and factors therefore to an embedding of vector
bundles ¢ : E, — G(k,n) x R™. So the fiber (Ey)w over the k-plane W in R™ is
just the linear subspace W. Note finally that the fiber wise orthogonal complement
Et of Ej, in the trivial vector bundle G(k,n) x R™ with its standard Riemannian
metric is isomorphic to the universal vector bundle E,_j over G(n — k,n), where
the isomorphism covers the diffeomorphism G(k,n) — G(n — k,n) given also by
the orthogonal complement mapping.

Corollary. The tangent bundle of the Grassmann manifold is

TG(k,n) = L(Ey, Ex").

Proof. We have G(k,n) = O(n)/(O(k) x O(n — k)), so by theorem (18.16) we get

TG(k,n) = O(n) O(k)xé(n_k)(so(n)/(so(k) x so(n —k))).

On the other hand we have V(k,n) = O(n)/O(n — k) and the right action of O(k)
commutes with the right action of O(n — k) on O(n), therefore

V(k,n)[R*] = (O(n)/O(n ~ k)) o5 R" = O(n) R,
(k)

X
O(k)x O(n—k)
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where O(n — k) acts trivially on R¥. We have

L(Ey, Ext) =L <O(n) X R*, O(n) X R"‘k>
O(k)xO(n—k) O(k)xO(n—k)

= 0(n) X L(RF,R"F),
O(k)xO(n—k)
where O(k) x O(n — k) acts on L(R* R"=%) by (A, B)(C) = B.C.A~!. Finally,
we have an O(k) x O(n — k) - equivariant linear isomorphism L(RF R"%) —
so(n)/(so(k) x so(n — k)), as follows:

so(n)/(so(k) x so(n —k))

(ske(vsvm)o){(fx _§T>: AGL(R’iR"’“)} O

0 skew

18.18. Tangent bundles and vertical bundles. Let (E,p, M,S) be a fiber
bundle. The sub vector bundle VE = {{ € TE: Tp.§ =0} of TE is called the
vertical bundle and is denoted by (VE, 7g, E).

Theorem. Let (P,p, M,G) be a principal fiber bundle with principal right action
r:PxG— P. Let £ : G x S — S be a left action. Then the following assertions
hold:
(1) (TP, Tp,TM,TG) is again a principal fiber bundle with principal right ac-
tion Tr : TP x TG — TP, where the structure group TG is the tangent
group of G, see (6.7).
(2) The vertical bundle (V P,m, P,g) of the principal bundle is trivial as a vector
bundle over P: VP = P x g.
(3) The wvertical bundle of the principal bundle as bundle over M is again a
principal bundle: (VP,pomw, M, TG).
(4) The tangent bundle of the associated bundle P[S,¥] is given by
T(P[S,¢]) =TP[TS,T¥.
(5) The vertical bundle of the associated bundle P[S,{] is given by
V(P[S,0]) = P[TS, Tol] = P x¢ TS.

Proof. Let (Uy, ¢q : P|Usy — Uy X G) be a principal fiber bundle atlas with cocycle
of transition functions (¢ag : Uss — G). Since T is a functor which respects
products, (TU,, Ty, : TP|TU, — TU, x TQG) is again a principal fiber bundle
atlas with cocycle of transition functions (Twag : TUss — T'G), describing the
principal fiber bundle (TP, Tp, TM,TG). The assertion about the principal action
is obvious. So (1) follows. For completeness sake we include here the transition
formula for this atlas in the right trivialization of T'G:

T(pa o 90,51)(5967 Te(Mg)'X) = (&, Te(/‘tpaﬁ(m)'g)-(dr(ﬁaﬁ(gw) + Ad(tpaﬁ(l‘))X)),
where dpa5 € QM (Uap; g) is the right logarithmic derivative of p,3, see (4.26).
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(2) The mapping (u, X) +— Te(ry).X = T(y,e)r.(04, X) is a vector bundle isomor-
phism P x g — VP over P.

(3) Obviously Tr : TP x TG — TP is a free right action which acts transitively on
the fibers of Tp : TP — TM. Since VP = (Tp)~'(0as), the bundle VP — M is
isomorphic to TP|0y; and T'r restricts to a free right action, which is transitive on
the fibers, so by lemma (18.3) the result follows.

(4) The transition functions of the fiber bundle P[S,¢] are given by the expression
Co(papx1Ids):Uyp xS — GxS — S. Then the transition functions of T'(P[S, {])
are T'(£ o (pap X Idg)) = Tl o (Tpap X Idpg) : TUyp x TS — TG x TS — TS,
from which the result follows.

(5) Vertical vectors in T'(P[S,¢]) have local representations (0;,7s) € TUqp X
TS. Under the transition functions of T'(P[S,¢]) they transform as T(¢ o (¢ag X
1ds)).(0z,ms) = T.(0p,502),Ms) = T s(2))Ns = Tol(pap(x),ns) and this im-
plies the result [OJ

19. Principal and Induced Connections

19.1. Principal connections. Let (P, p, M, G) be a principal fiber bundle. Recall
from (17.3) that a (general) connection on P is a fiber projection ® : TP —
VP, viewed as a 1-form in Q'(P,TP). Such a connection ® is called a principal
connection if it is G-equivariant for the principal right action r : P x G — P, so
that T'(r9).® = ®.T(r9) and ® is r9-related to itself, or (r?)*® = ® in the sense of
(16.16), for all g € G. By theorem (16.15.6) the curvature R = $.[®, ®] is then also
r9-related to itself for all g € G.

Recall from (18.18.2) that the vertical bundle of P is trivialized as a vector bundle
over P by the principal action. So

(1) w(Xy) =T.(r,) L. ®(X,) €g

and in this way we get a g-valued 1-form w € Q!(P,g), which is called the (Lie
algebra valued) connection form of the connection ®. Recall from (6.3). the fun-
damental vector field mapping ¢ : g — X(P) for the principal right action given
by (x(u) = Te(r,)X which satisfies T, (r9)(x (u) = (aq(g-1)x (v.g). The defining
equation for w can be written also as ®(X,) = Cu(x,,)(u).

Lemma. If ® € Q'(P,V P) is a principal connection on the principal fiber bundle
(P,p, M, Q) then the connection form has the following two properties:

(2) w reproduces the generators of fundamental vector fields: w({x(u)) = X for
all X € g.

(3) w is G-equivariant, ((r9)*w)(X,) = w(Tu(r9).X,) = Ad(g~1).w(X,) for
all g € G and X,, € T,P. Consequently we have for the Lie derivative
Leow=—ad(X)w.
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Conversely a 1-form w € QY(P,g) satisfying (2) defines a connection ® on P by
D(Xy) = Te(ry).w(Xy), which is a principal connection if and only if (3) is satis-
fied.

Proof. (2) Te(r.).w(Cx(u)) = ®(¢x(u)) = {x(u) = Te(ry).X. Since To(ry) : g —
V. P is an isomorphism, the result follows.

(3) Both directions follow from

Te(rug)'w(Tu(Tg)'Xu) = Cw(Tu(rg).Xu)(ug) = (D(Tu(Tg)Xu)
Te(rug>- Ad(g_l)-w(Xu) = CAd(g*l).w(Xu)(ug) = Tu(rg>'Cw(Xu)(u)
=T.(r?).®(X,) O

19.2. Curvature. Let ® be a principal connection on the principal fiber bundle
(P,p, M,G) with connection form w € Q'(P,g). We already noted in (19.1) that
the curvature R = %[®, ®] is then also G-equivariant, (r9)*R = R for all g € G.
Since R has vertical values we may again define a g-valued 2-form Q € Q2(P, g)
by Q(Xy,Y.) := —Tu(ru) L. R(X,,Y,), which is called the (Lie algebra-valued)
curvature form of the connection. We also have R(Xy,Y.) = —Co(x,,v,)(v). We
take the negative sign here to get the usual curvature form as in [Kobayashi-Nomizu
I, 1963].

We equip the space (P, g) of all g-valued forms on P in a canonical way with the
structure of a graded Lie algebra by

[\1176]/\()(1, e aXp+q) =

1 :
= > signo [U(Xo1,- . Xop), O Xopit)s - - » Xopia)la

or equivalently by [ @ X,0 @Y ]\ : =Y AN0®[X,Y],. From the latter description it
is clear that d[¥, O], = [dV, O], +(—1)48 ¥ [V, dO],. In particular for w € Q(P, g)
we have [w, w|A(X,Y) = 2[w(X),w(Y)]g.

Theorem. The curvature form £ of a principal connection with connection form

w has the following properties:

(1) Q is horizontal, i.e. it kills vertical vectors.

(2) Q is G-equivariant in the following sense: (r9)*Q = Ad(g~').Q. Conse-
quently Lo, Q = —ad(X).Q.

(3) The Maurer-Cartan formula holds: Q = dw + 3w, w]x.

Proof. (1) is true for R by (17.4). For (2) we compute as follows:

Te(Tug)-((r)* Q) (Xu, Yu) = Te(rug) QUTu(r?). Xy, Ty (r?).Y,) =
= —Ryy(Ty(r9). Xy, Ty(r9).Yy) = =Tu(r9).((r?)*R)( Xy, Ya) =
= —Tu(r?).R(Xy,Yy) = Tu(rg)(Q(Xu,Yu)(u) =
= Cad(g-1).0(X.,va) (ug) = Te(rug). Ad(g™"). Xy, Ya), by (6.3).
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(3) For X € g we have i¢, R =0 by (1), and using (19.1.2) we get

. 1 . 1., 1 .
Lx (dw + i[waw]/\) = i¢xdw + i[ZCxwaw]/\ - i[waZCXw]/\ =

=Leyw+ [X,wh = —ad(X)w +ad(X)w =0

So the formula holds for vertical vectors, and for horizontal vector fields &, €
I'(H(P)) we have

R(€777) = (I)[f — P&, n— (1)77] = ‘I’[fﬂ?] = Cw([ﬁ,r]])

1
(dw + Slw, w])(&,m) = Ew(n) —nw(§) —w((§,n) + 0= —w(&,7]) U
19.3. Lemma. Any principal fiber bundle (P,p, M,G) (with paracompact basis)
admits principal connections.

Proof. Let (Uy, @o : PlUy — U,y X G), be a principal fiber bundle atlas. Let us
define vo (T (&x, Teptg. X)) := X for &, € T,U, and X € g. Using lemma (6.3)
we get

((Th)*’ya)(T‘Pgl(fwa Teﬂg~X)) = ’Ya(Trh-T@(:l(fwa Te:ug-X)) =
= ’ya(Tcpgl(fx, T,uh~Te,ug'X)) =
= ’ya(Tcpgl(fr, Tetigh. Ad(hil).X)) = Ad(hil).)(7

so that v, € Q' (P|U,,g) satisfies the requirements of lemma (19.1) and thus is a
principal connection on P|U,. Now let (f,) be a smooth partition of unity on M
which is subordinated to the open cover (U,), and let w := Y _(fa 0 p)7a. Since
both requirements of lemma (19.1) are invariant under convex linear combinations,
w is a principal connection on P. [

19.4. Local descriptions of principal connections. We consider a principal
fiber bundle (P,p, M, G) with some principal fiber bundle atlas (Uy, ¢ : P|Uy —
Uy X G) and corresponding cocycle (9o : Uag — G) of transition functions. We
consider the sections s, € T'(P|U,) which are given by ¢, (sq(x)) = (z,e) and
satisfy sq.¢ag = Sg, since we have in turn:

¢al(55(2)) = papy'(@,€) = (,0a5())
s5(2) = " (z,e0ap(e)), = 05 ' (2, €)pap(t) = sa(T)pas().
(1) Let © € QY(G,g) be the left logarithmic derivative of the identity, i.e.
O(ng) := Ty(ptg-1)-ng. We will use the forms Onp 1= pag*© € Q' (Uap, 9).
Let ® = (ow € QY(P,VP) be a principal connection with connection form w €
QY(P,g). We may associate the following local data to the connection:
(2) wo = s w € QY (U, g), the physicists version or Cartan moving frame
version of the connection.
(3) The Christoffel forms T'* € Q' (U,, X(G)) from (17.7), which are given by

(02, T%(&x,9)) = =T(¢a)-®.T(pa) " (&, 0)-
(4) Yo := (p51)*w € Q1 (U, x G, g), the local expressions of w.
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Lemma. These local data have the following properties and are related by the fol-
lowing formulas.

(5) The forms w, € QY (Uy, @) satisfy the transition formulas
Wo = Ad(cpgi)wg + O34,

and any set of forms like that with this transition behavior determines a
unique principal connection.

(6) We have v, (51:7 T:ug~X) = 'Ya(gzv ) +X = Ad( )wa(fm) + X.
(7) We have I'“(£;) = —R., (¢,), a right invariant vector field, since

Fa(fw,g) = _Te(ug)-')/a(fmog) =
= —To(pg)- Ad(g™ " wa (&) = =T (1 )wa(&2)-

Proof. From the definition of the Christoffel forms we have

(02, T%(&2,9)) = —T(¢a)-2.T(pa) " (&2, 0)
() Tyt gy) 0T () (60,0,) by (19.11)
= —Te(pa o Toal(a, g)>W~T(<Pa)_1(§a:, 0g)
= —(Oz,T (1g)w-T(a) ™ (€2, 04))
—(0z, Te(pg)va(és,0g)), by (4),

where we also used ga(r =10 ) h) = $al93 (@, 9)) = Palp (zgh)) = (2, 9h).
This is the first part of (7). The second part follows from (6).

Yo (& Tg-X) = Va &2y 0g) + Yo (0s, Tpig. X)
= Ya(&,0g) + @(T(pa) ' 0z, Tpg- X))
= Ya(&2:0g) + w(Cx (05" (2, 9)))
:’Ya(fm’og)"‘

So the first part of (6) holds. The second part is seen from

’Ya(facvog) = Yal&e, Te(p?)0c) = (wo T(‘Pa)71 oT(Idx x p?))(&x,0¢) =
= (woT(r! o p ")) (& 0c) = Ad(g™Hw(T (w3 ") (Ex 0c))
= Ad(g7 ") (80" w)(&) = Ad(g™Hwa (&)

Via (7) the transition formulas for the w, are easily seen to be equivalent to the
transition formulas for the Christoffel forms in lemma (17.7). A direct proof goes
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as follows: We have s, (x) = sg(x)pga(z) = r(sg(z), psa(z)) and thus

wa (&) = w(T(sa)-&x)
= (W o Tlsh(a)ppa@)T)(Te55-Ex, 0p s (2) + (055 (%), Toppa-Ea))
= w(T(r#7*") Ty(55) L) + W(Tipy (2) (s () Lo (P50) -Ex)
= Ad(ppa(r) Hw(Tu(sp)-£x)
FW(Tph0 () (Tsp(@)) T (Bppa (@) © Hopa(@)—1)Te(Ppa)-Ee)
= Ad(ppa(r) " ws(és)
+ W(Te(rsp(0)ppa(2))-Opa-ta)
= Ad(pga(@) Hws(€) + Opalée). O

19.5. The covariant derivative. Let (P,p, M,G) be a principal fiber bundle
with principal connection ® = ( o w. We consider the horizontal projection x =
Idrp—® : TP — HP,cf. (17.3), which satisfies xox = x, imx = HP, ker y = V P,
and x o T(r9) =T(r9) o x for all g € G.

If W is a finite dimensional vector space, we consider the mapping x* : Q(P,W) —
Q(P, W) which is given by

(X*(P)u(Xl, s an) = @u(X(Xl)a co 7X(Xk))

The mapping x* is a projection onto the subspace of horizontal differential forms,
i.e. the space Qpor(P,W) :={tp € Q(P,W) :ixt¢ =0 for X € VP}. The notion of
horizontal form is independent of the choice of a connection.

The projection x* has the following properties: x*(o A ¥) = x*¢ A x*¢ if one of
the two forms has values in R; x* o x* = x*; x* o (r9)* = (r9)* o x* for all g € G;
X*w =0; and x* o L({x) = L({x) o x*. They follow easily from the corresponding

properties of x, the last property uses that Flf(x) = poPLX

We define the covariant exterior derivative d,, : QF(P,W) — QFFL(P, W) by the
prescription d,, := x* o d.

Theorem. The covariant exterior derivative d,, has the following properties.

(1) do(p AY) =dy, () AX*Y + (=1)%8ex*p Ad, (V) if p or ) is real valued.

) L({x)od, =d,oL({x) for each X € g.

) (r9)*od, =d, o (r9)* for each g € G.

) dyop*=dop*=p*od: UM, W) — Qpor(P,W).
5) dyow = Q, the curvature form.

) d,§2 =0, the Bianchi identity.

) dyox* —d, = x*0i(R), where R is the curvature.

) d,od, =x*0i(R)od.

) Let Qo (P, g)€ be the algebra of all horizontal G-equivariant g-valued forms,
ie. (r9)* e = Ad(g~" ). Then for any v € Quor(P,g)¢ we have dy,1) =
dl/) + [wv w]/\
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(10) The mapping ¥ — Gy, where Cu(Xq,..., Xp)(u) = Cp(xy,....x0)w) (1), 18
an isomorphism between Quor(P,g)¢ and the algebra Qo (P, VP)C of all
horizontal G-equivariant forms with values in the vertical bundle V P. Then

we have g,y = —[P, (yl.

Proof. (1) through (4) follow from the properties of x*.
(5) We have

(dow) (&) = (X dw)(§,n) = dw(xE, xn)
= (xOwxn) — (xmw(x€) — w(lxs, xn))
= —w([x& xn]) and
—C(QUE,m) = R(&m) = PIXE, X1 = Cu(xexn)-
(6) Using (19.2) we have
dw = dyy(dw + w,w]A)
= x"ddw + $x*d[w,w]s
= 53X ([dw, wp — [, dw]n) = Xx*[dw, W]
= [x"dw, x*w]s = 0, since x*w = 0.
(7) For ¢ € Q(P,W) we have
(dox"@)(Xo, .., Xi) = (dx ) (x(Xo), - - -, X(Xk))
= D (DX () (X (Xo), -5 X(Xi), - x(Xk)))

0<i<k

+ 2D () (X (X)X (X)) x(Xa), .

= 3 (DX (X)X, X(X)))
0<i<k

+ Z D o([x(Xi), X (X5)] = @[ (X0), x (X)) x(Xo), - -

:(dW)(X(XO)w-wX(Xk)) (sto)(X( )---aX(Xk))
= (dw + x"ir)(p)(Xo, - - -, Xi).

(8) dpd, = x*dx*d = (x*ir + x*d)d = x*ird holds by (7).
(9) If we insert one vertical vector field, say (x for X € g, into d,1), we get 0 by
definition. For the right hand side we use i¢, ¢ =0 and L¢ ¢ = 8%|0 (FIX ) *ep =

(resPtX ) sqp = 2 ’0 Ad(exp(—tX))y = —ad(X)y to get

iCX (d'(/J + [W’WA) = iCde + diﬁxw + [iﬁxw’w] - [w’iCxw]
= Lo+ [X, 9] = —ad(X)y + [X, 4] = 0.

5
ot 10
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Let now all vector fields &; be horizontal, then we get

(dw¢)(§0, cee agk) - (X*dﬂf)(fo, ce 751@) = d¢(§0» cee agk)a
(dw =+ [w7w]/\)(€07 ... afk) = d¢(£0a R 7£k)'

So the first formula holds.

(10) We proceed in a similar manner. Let ¥ be in the space Qf_(P,VP)% of
all horizontal G-equivariant forms with vertical values. Then for each X € g we
have ic, ¥ = 0; furthermore the G-equivariance (r9)*¥ = ¥ implies that L., ¥ =
[Cx,¥] =0 by (16.16.5). Using formula (16.11.2) we have

iCX [(I),\IJ} = [Z.CX(PV \II] - [(I)ﬂiCX\Il] +Z([(I)7CX])\IJ + Z([\Ijng])(I)
=[x, ¥]-0+0+0=0.

Let now all vector fields & again be horizontal, then from the huge formula (16.9)
for the Frolicher-Nijenhuis bracket only the following terms in the third and fifth
line survive:

[(I)a \Ij}(gl, oo aglJrl) -
= (}P[ ZSigHO’ Q([W(Eo1s - 1 E00)s Eae1)))

+ gty 2 sien o D(U([6o1, Eoa) Eosy -+ 5 Eo(ern))-

For f: P — g and horizontal { we have ®[£, (¢] = Ce(r) = Cap(e): It is C°°(P)-linear
in &; or imagine it in local coordinates. So the last expression becomes

—C(duy (o, -+ 5 &) = —C(dY(&o, ... &) = —C((d + [w, P]a) (o - - - 1 Ek))

as required. [

19.6. Theorem. Let (P,p, M,G) be a principal fiber bundle with principal connec-
tion w. Then the parallel transport for the principal connection is globally defined
and G-equivariant.

In detail: For each smooth curve ¢ : R — M there is a smooth mapping Pt. :
R x P,y — P such that the following holds:

(1) Pt(e,t,u) € Py, Pt(c,0) = Idp,,,, and w(% Pt(c, t,u)) = 0.

(2) Pt(c,t) : Pyoy — Peq) is G-equivariant, i.e. Pt(c,t,u.g) = Pt(c,t,u).g holds
for all g € G and v € P. Moreover we have Pt(c,t)*(Cx|Pu)) = (x|Pe(o)
forall X €g.

(3) For any smooth function f:R — R we have
Pt(c, f(t),u) = Pt(co f,t,Pt(c, f(0),u)).

Proof. By (19.4) the Christoffel forms I'* € Q!(U,, X(G)) of the connection w with
respect to a principal fiber bundle atlas (U, ¢o) are given by I'*(&,) = Ry, (¢,),
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so they take values in the Lie subalgebra Xg(G) of all right invariant vector fields
on G, which are bounded with respect to any right invariant Riemannian metric
on (. Each right invariant metric on a Lie group is complete. So the connection is
complete by the remark in (23.9).

Properties (1) and (3) follow from theorem (17.8), and (2) is seen as follows:
w(% Pt(c,t,u).g) = Ad(g’l)w(% Pt(c,t,u)) = 0 implies Pt(c, t,u).g = Pt(c, t,u.g).
For the second assertion we compute for u € Pq):

Pt(c.t)" (Cx | Pagy) (1) = TPt (e, ) Cx (Pe(es )
= T Pt(c, t)71%|0 Pt(c, t,u). exp(sX)
=T Pt(c,t)"" L]y Pt(c, t, u. exp(sX))
= Lo Pt(c,t) " Pt(c, t,u. exp(sX))
= Llou.exp(sX) = (x(u). O

19.7. Holonomy groups. Let (P,p, M, G) be a principal fiber bundle with prin-
cipal connection ® = ( ow. We assume that M is connected and we fix zg € M.

In (17.10) we defined the holonomy group Hol(®,zy) C Diff(P,,) as the group
of all Pt(c,1) : Py, — P, for ¢ any piecewise smooth closed loop through .
(Reparametrizing ¢ by a function which is flat at each corner of ¢ we may assume
that any ¢ is smooth.) If we consider only those curves ¢ which are nullhomotopic,
we obtain the restricted holonomy group Holy(®, (), a normal subgroup.

Now let us fix ug € Py,. The elements 7(ug, Pt(c,1,u9)) € G (for ¢ all piecewise
smooth closed loops through z() form a subgroup of the structure group G which
is isomorphic to Hol(®,x); we denote it by Hol(w,up) and we call it also the
holonomy group of the connection. Considering only nullhomotopic curves we get
the restricted holonomy group Holp(w, ug) a normal subgroup of Hol(w, ug).

Theorem. Let (P,p,M,G) be a principal fiber bundle with principal connection
® = (ow. We assume that M is connected and we fix xo € M and ug € Py, .

(1) We have an isomorphism Hol(w, ug) — Hol(®, zg) given by
g (u folu) = up.g.7(ug, w)) with inverse gy := 7(ug, f(uo)) — f.

(2) We have Hol(w,ug.g) = conj(g~*) Hol(w,ug) and
Holg(w, ug.g) = conj(g—*) Holg(w, ug).

(3) For each curve ¢ with ¢(0) = z¢ we have Hol(w, Pt(c,t,ug)) = Hol(w, up)
and Holy(w, Pt(c, t,ug)) = Holp(w, ug).

(4) The restricted holonomy group Holg(w,ug) is a connected Lie subgroup of
G. The quotient group Hol(w,ug)/Holg(w,ug) is at most countable, so
Hol(w, ug) is also a Lie subgroup of G.

(5) The Lie algebra hol(w,up) C g of Hol(w,ug) is generated by
{Q(X,,Y,) : X,Y, € T,P,u =Pt(c,1,up),c: [0,1] = M,c(0) = 20} as a
vector space. It is isomorphic to the Lie algebra hol(®,xg) we considered in
(17.10).
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(6) For ug € Py, let P(w,up) be the set of all Pt(c,t,ug) for ¢ any (piecewise)
smooth curve in M with ¢(0) = z¢ and for t € R. Then P(w,uq) s a sub
fiber bundle of P which is invariant under the right action of Hol(w,ug); so
it 1s itself a principal fiber bundle over M with structure group Hol(w, ug)
and we have a reduction of structure group, cf. (18.6) and (18.14). The
pullback of w to P(w,up) is then again a principal connection form i*w €
QY (P(w,up); hol(w, up)).

(7) P is foliated by the leaves P(w,u), u € Py,.

(8) If the curvature Q = 0 then Holp(w, ug) = {e} and each P(w,u) is a covering
of M. The leaves P(w,u) are all isomorphic and are associated to the
universal covering of M, which is a principal fiber bundle with structure
group the fundamental group 71 (M).

In view of assertion (6) a principal connection w is called irreducible if Hol(w, ug)
equals the structure group G for some (equivalently any) ug € Py, .

Proof. (1) follows from the definiton of Hol(w, uop).

(2) This follows from the properties of the mapping 7 from (18.2) and from the
from the G-equivariance of the parallel transport:

7(ug.g, Pt(c, 1, u9.9)) = 7(ug, Pt(c, 1, up).g) = g_l.T(uo, Pt(c,1,up)).g.

So via the diffeomorphism 7(ug, ): Py, — G the action of the holonomy group
Hol(®, up) on P, is conjugate to the left translation of Hol(w,ug) on G.

(3) By reparameterizing the curve ¢ we may assume that ¢ = 1, and we put
Pt(c,1,up) =: u;. Then by definition for an element g € G we have g € Hol(w, u1)
if and only if g = 7(u1,Pt(e, 1,u1)) for some closed smooth loop e through z; :=
c(1) = p(uy), i. e.

Pt(e, 1) (uo-g) = Pt(c, 1)(r9(ug)) = r9(Pt(c, 1)(ug)) = urg = Pt(e, 1)(Pt(c, 1)(uo))
ug.g = Pt(c,1) 7' Pt(e, 1) Pt(c, 1)(uo) = Pt(c.e.c™,3)(up),

where c.e.c™! is the curve travelling along c(t) for 0 < ¢ < 1, along e(t — 1) for
1 <t <2, and along ¢(3 —t) for 2 < ¢ < 3. This is equivalent to g € Hol(w, ug).
Furthermore e is nullhomotopic if and only if c.e.c™!

have Holg(w,u1) = Holp(w, ug).

(4) Let ¢ : [0,1] — M be a nullhomotopic curve through zo and let h : R? — M
be a smooth homotopy with h;|[0,1] = ¢ and h(0,s) = h(t,0) = h(t,1) = zo. We
consider the pullback bundle

is nullhomotopic, so we also

pep P p

s I

h

RZ—2 M.
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Then for the parallel transport Pt® on P and for the parallel transport Pt"® of
the pulled back connection we have

* h*®
Pt®(hy, 1,u0) = (p*h) PtV P((t, ), 1,u0) = (p*h)FIS" % (¢, up).

So t — 7(ug, Pt* (hy, 1,u0)) is a smooth curve in the Lie group G starting from e,
so Holp(w, up) is an arcwise connected subgroup of G. By the theorem of Yamabe
(which we mentioned without proof in (5.6)) the subgroup Holp(w,ug) is a Lie
subgroup of G. The quotient group Hol(w,ug)/ Holp(w, up) is a countable group,
since by Morse theory M is homotopy equivalent to a countable CW-complex, so
the fundamental group 7 (M) is countably generated, thus countable.

(5) Note first that for ¢ € G and X € X(M) we have for the horizontal lift
(r9)*CX = CX, since (r9)*® = & implies T,,(r?).H, P = H, 4P and thus
Tu(r?).C(X,u) = Tu(r?).(Tup| Hu P) ™ (X (p(w)))
= (Tugp|HugP) " (X (p(w))) = C(X,u.g).
The vector space hol(w) C g is normalized by the subgroup Hol(w,uy) C G since
for g = 7(uo, Pt(c, 1,up)) (where ¢ is a loop at x¢) and for u = Pt(c1, 1, ug) (where
¢1(0) = ) we have
Ad(g HC(X,u), C(Y,u)) = QUT,(r9).C(X,u), Ty (r9).C(Y,u))
=Q(C(X,u.g9),C(Y,u.g)) € hol(w),
u.g = Pt(c1, 1,up).g = Pt(c1, 1,ug.g) = Pt(er, 1, Pt(e, 1, up))
= Pt(ey.¢, 2,up).

We consider now the mapping

&' s hol(w) — X(Py,)
X (W) = Cad(r(uo,u)-1)x (1)-
It turns out that £3° is related to the right invariant vector field Rx on G under
the diffeomorphism 7(ug, )= (ry,) ! : Py, — G, since we have
Ty(rug)-Bx(9) = Tg(ruy)- Te(p?). X = Tuo(r?) Te(ru, ). X
= Ty (19)Cx (u0) = Caagg—1)x (U0-9) = X (uo0-9)-
Thus £*0 is the restriction to hol(w) C g of a Lie algebra anti homomorphism

g — X(Py,), and each vector field £5° on P, is complete. The dependence of £“°
on ug is explained by
X2 () = Cad(r(uog.w)—1)x (1) = Cad(r(uo.u) 1) Ad(g) x (1)
= ﬁfi‘éw)x(u)-
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Recall now that the holonomy Lie algebra hol(®, z() is the closed linear span of all
vector fields of the form Pt(c,1)* R(CX,CY), where X, Y € T, M and c is a curve
from xg to . Then we have for u = Pt(c, 1,up)

R(C(X,u), C(Y,u)) = Coc(x,u),c(v ) (1)
R(CX,CY)(ug) = T(r?)R(CX, CY)(u) = T(r?)Ca(c(x u),c(vu)) (W)

= Cad(g=1)(C(X,u),0(v,u) (U9) = EG(0(x )0 (v u)) (19)
(Pt(c, )*R(CX,CY))(ug.g) =

= T(Pt(c, 1) )ad(g-10(c(X.u),c(v.u)) (Ptle, 1, ug.g))

= (Pt(e, 1)"Cad(g-1)0(c(xu).C(vu))) (U0-9)

= CAd(g-1)Q(C(Xu),C (Vo) (U0-9) by (19.6.2)

= 55?C(X,u),0(y,u)) (u0-9)-

So £¥0 : hol(w) — hol(®, x¢) is a linear isomorphic. Since hol(®, ) is a Lie subalge-
bra of X(Py,) by (17.10) and &% : g — X(P,) is a Lie algebra anti homomorphism,
hol(w) is a Lie subalgebra of g. Moreover hol(®, z() consists of complete vector fields
and we may apply theorem (17.11) (only claim 3) which tells us that the Lie algebra
of the Lie group Hol(®, z¢) is hol(®, o). The diffeomorphism 7(ug, ): Py, — G
intertwines the actions and the infinitesimal actions in the right way.

(6) We define the sub vector bundle E C TP by E, := H,P+T.(r,). hol(w). From
the proof of 4 it follows that {y° are sections of E for each X € hol(w), thus E is a
vector bundle. Any vector field n € X(P) with values in F is a linear combination
with coefficients in C°°(P) of horizontal vector fields CX for X € X(M) and of (z
for Z € hol(w). Their Lie brackets are in turn

(CX, CY](u) = C[X, Y](u) + RCX, CY)(u)
= C[X,Y](u) + Cocxu),c(vu) (v) € T(E)
€2, CX] = Lc,CX = &|o(FI7)*CX =0,

since (r9)*CX = CX, see step (5) above. So E is an integrable subbundle and
induces a foliation by (3.28.2). Let L(ug) be the leaf of the foliation through wy.
Since for a curve ¢ in M the parallel transport Pt(c,¢,ug) is tangent to the leaf,
we have P(w,up) € L(ug). By definition the holonomy group Hol(®,z() acts
transitively and freely on P(w,ug) N Py,, and by (5) the restricted holonomy group
Holp(®, zo) acts transitively on each connected component of L(ug) N Py, , since the
vertical part of E is spanned by the generating vector fields of this action. This
is true for any fiber since we may conjugate the holonomy groups by a suitable
parallel transport to each fiber. Thus P(w,ug) = L(up) and by lemma (18.2) the
sub fiber bundle P(w, x¢) is a principal fiber bundle with structure group Hol(w, ug).
Since all horizontal spaces H, P with u € P(w,z) are tangential to P(w,xq), the
connection P restricts to a principal connection on P(w,zg) and we obtain the
looked for reduction of the structure group.

(7) This is obvious from the proof of (6).
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(8) If the curvature 2 is everywhere 0, the holonomy Lie algebra is zero, so P(w, u)
is a principal fiber bundle with discrete structure group, p|P(w,u) : P(w,u) — M
is a local diffeomorphism, since T, P(w,u) = H, P and Tp is invertible on it. By
the right action of the structure group we may translate each local section of p
to any point of the fiber, so p is a covering map. Parallel transport defines a
group homomorphism ¢ : 71 (M, z9) — Hol(®,ug) = Hol(w,up) (see the proof of
(4)). Let M be the universal covering space of M, then from topology one knows
that M — M is a principal fiber bundle with discrete structure group m1 (M, xo).
Let 7 (M) act on Hol(w, ug) by left translation via ¢, then the mapping f : M x
Hol(w, ug) — P(w, ug) which is given by f([c],g) = Pt(e, 1,uq).g is w1 (M )-invariant
and thus factors to a mapping

M X ey (M) Hol(w, up) = M[Hol(w,uo)] — P(w,up)
which is an isomorphism of Hol(w,ug)-bundles since the upper mapping admits

local sections by the curve lifting property of the universal cover. O

19.8. Inducing principal connections on associated bundles.

Let (P,p, M,G) be a principal bundle with principal right action r : P x G — P
and let £ : G x S — S be a left action of the structure group G on some manifold
S. Then we consider the associated bundle P[S] = P[S,{] = P xg S, constructed
n (18.7). Recall from (18.18) that its tangent and vertical bundle are given by
T(P[S,0])) =TP[TS,Tt] =TP xpe TS and V(P[S,{]) = P[TS,Tx¢] = P xg TS.

Let ® = (ow € QY(P,TP) be a principal connection on the principal bundle P.
We construct the induced connection ® € Q' (P[S],T(P[S])) by factorizing as in
the following diagram:

TPxTS —2X1 rpyTs = . T(PxS)

T

TP xrg TS —2 TP xra TS — = T(P x¢ 8).
Let us first check that the top mapping ® x Id is T'G-equivariant. For g € G and
X € g the inverse of T.(u,)X in the Lie group T'G is denoted by (T%(uq)X) ™!, see
lemma (6.7). Furthermore by (6.3) we have
Tr(&u, Te(pg) X) = Tu(r?)&u + Tr((0p x Lx)(u, g))
=Tu(r?)&u + To(ru)(Te(pg) X)
= Tu(rg)gu + CX(UQ)’

We may compute

(D % Td)(Tr(&u, Te(129) X ), TU(Te(129) X) ™, 1))
= (P(Tu(r?)€u + Cx (ug)), TU(Te(12) X) " 15))
= (P(Tu(r?)€u) + (Cx (ug)), T(Te(11g) X) " 1s))
= ((Tu(r?)®&u) + Cx (ug), TE((Te(ng) X) ™" 1))
( 1

Tr(®(&u), Te(pg) X), TL(Te(11g) X) ™" 1s))-
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So the mapping ® x Id factors to ® as indicated in the diagram, and we have
®o® = from (® x Id) o (® x Id) = ® x Id. The mapping @ is fiberwise linear,
since ® x Id and ¢’ = Tq are. The image of ® is

qd(VPxTS)=¢q(ker(Tp: TP xTS — TM))
=ker(Tp: TP xpc TS — TM) =V (P[S, ).

Thus ® is a connection on the associated bundle P[S]. We call it the induced

connection.

From the diagram it also follows, that the vector valued forms ® x Id € Q' (P x
S, TP x TS) and ® € Q' (P[S],T(P[S])) are (q : P x S — P[S])-related. So by
(16.15) we have for the curvatures

Réxld:%[@xld7®xld} :%[Q)’(I)] XOZRq;. XO,
1
2

that they are also g-related, i.e. Tqo (Rg X 0) = Rg o (T'q xp Tq).

By uniqueness of the solutions of the defining differential equation we also get that
Pt(f' (Ca t, q(uv 8)) = q(Ptq)(C, ta 7_1,), 8).

19.9. Recognizing induced connections. We consider again a principal fiber
bundle (P,p, M,G) and a left action ¢ : G x S — S. Suppose that we have a
conection ¥ € QY(P[S],T(P[S])) on the associated bundle P[S] = P[S,{]. Then
the following question arises: When is the connection ¥ induced from a principal
connection on P? If this is the case, we say that ¥ is compatible with the G-
structure on P[S]. The answer is given in the following

Theorem. Let ¥ be a (general) connection on the associated bundle P[S]. Let us
suppose that the action € is infinitesimally effective, i.e. the fundamental vector
field mapping ¢ : g — X(S) is injective.
Then the connection W is induced from a principal connection w on P if and only
if the following condition is satisfied:
In some (equivalently any) fiber bundle atlas (Uy, %) of P[S] belonging
to the G-structure of the associated bundle the Christoffel forms I'® €
QY Uy, X(9)) have values in the sub Lie algebra X ryna(S) of fundamental
vector fields for the action £.

Proof. Let (Uy, @q : P|Uy — Uy X G) be a principal fiber bundle atlas for P. Then
by the proof of theorem (18.7) the induced fiber bundle atlas (Uy, %4 : P[S]|Ua —
Uy % S) is given by

(1) Uy (m,8) = qlon (x,€),5),
(2) (Yo 0 Q) (05 (2, 9),5) = (2,9.5).
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Let ® = ¢ o w be a principal connection on P and let ® be the induced connection
on the associated bundle P[S]. By (17.7) its Christoffel symbols are given by

(02,75 (€ 5)) = =(T(¥a) © Do T (105 ")) (€ 0s)
~(T($a) 0o Tqo (T(pg") x 1d))(&:,0.,05) by (1)
~(T(%a) 0 Tqo (@ x Id))(T(¢5")(&s,0c),05) by (19.8)
~(T(%a) 0 Ta)(®(T (95 ") (€s, 0c)), 0s)

= (T(a) 0 Tq)(T (5 ") (02, T (& €)), 05) by (19.4.3)
= -T(aoqo (p;" x 1d))(0s,wa(és), 0s) by (19.4.7)
= —Te(t*)wa(z) by (2)

= —Cua(en)(8)-

So the condition is necessary.

Now let us conversely suppose that a connection ¥ on P[S] is given such that the
Christoffel forms I'g, with respect to a fiber bundle atlas of the G-structure have
values in X fy,,4(S). Then unique g-valued forms w, € Q'(U,, g) are given by the
equation

F(\I)i (fz) = _C(wa(gw)L

since the action is infinitesimally effective. From the transition formulas (17.7) for
the I' follow the transition formulas (19.4.5) for the w®, so that they give a unique
principal connection on P, which by the first part of the proof induces the given
connection ¥ on P[S]. O

19.10. Inducing principal connections on associated vector bundles.

Let (P,p, M,G) be a principal fiber bundle and let p : G — GL(W) be a repre-
sentation of the structure group G on a finite dimensional vector space W. We
consider the associated vector bundle (E := P[W, p],p, M, W), which was treated
in some detail in (18.11).

Recall from (8.12) that T'(F) = TP xp¢ TW has two vector bundle structures with
the projections

w5 T(E) = TP x7¢ TW — P x¢ W = E,
Tpopry: T(E) =TP xpg TW — TM.

Now let ® = ¢ ow € QY(P,TP) be a principal connection on P. We consider the
induced connection ® € Q(E,T(E)) from (19.8). A look at the diagram below
shows that the induced connection is linear in both vector bundle structures. We
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say that it is a linear connection on the associated bundle.

TP x TW ® x Id TPxTW = TP xW x W
T s
PxW
Tq Jq Tq
PxeW =E
TP XTra ™ (i) TP XTGTW — Tk
Tp Tp
TM

Recall now from (8.12) the vertical lift vig : F x3; E — V E, which is an isomor-
phism, pr;—mp—fiberwise linear and also pro—T'p—fiberwise linear.

Now we define the connector K of the linear connection ® by

K :=pryo(vlg) ' o®:TE - VE — Exy E— E.

Lemma. The connector K : TE — E is a vector bundle homomorphism for both
vector bundle structures on TE and satisfies Kovlg =pro: Exy E—TE — E.

So K is mg—p-fiberwise linear and Tp—p-fiberwise linear.

Proof. This follows from the fiberwise linearity of the composants of K and from
its definition. O

19.11. Linear connections. If (E,p, M) is a vector bundle, a connection ¥ €
QYE,TE) such that ¥V : TE — VE — TE is also Tp-Tp-fiberwise linear is called
a linear connection. An easy check with (19.9) or a direct construction shows that

¥ is then induced from a unique principal connection on the linear frame bundle
GL(R™, E) of E (where n is the fiber dimension of FE).

Equivalently a linear connection may be specified by a connector K : TE — E with
the three properties of lemma (19.10). For then HE := {&, : K(§,) = Op)} is a
complement to VE in TE which is Tp—fiberwise linearly chosen.

19.12. Covariant derivative on vector bundles. Let (E,p, M) be a vector
bundle with a linear connection, given by a connector K : TE — FE with the
properties in lemma (19.10).

For any manifold N, smooth mapping s : N — E, and vector field X € X(N) we
define the covariant derivative of s along X by

(1) Vxs=KoTsoX:N—-TN—>TE — E.

Draft from April 18, 2007 Peter W. Michor,



19.12 19. Principal and Induced Connections 203

If f: N — M is a fixed smooth mapping, let us denote by CJ?O (N, E) the vector
space of all smooth mappings s : N — E with pos = f — they are called sections
of F along f. From the universal property of the pullback it follows that the vector
space C7°(N, E) is canonically linearly isomorphic to the space I'(f*E) of sections
of the pullback bundle. Then the covariant derivative may be viewed as a bilinear

mapping
(2) V:X(N)x C{?(N,E) — C°(N, E).
In particular for f = Idys we have

V:X(M) x T(E) - T(E).

Lemma. This covariant derivative has the following properties:

(3) Vxs is C°(N)-linear in X € X(N). So for a tangent vector X, € T, N the
mapping Vx, : C3°(N, E) — Ej(,) makes sense and we have (Vxs)(z) =
VX(QC)S.

(4) Vxs is R-linear in s € C3°(N, E).

(5) Vx(h.s) = dh(X).s + h.Vxs for h € C*°(N), the derivation property of
Vx.

(6) For any manifold @ and smooth mapping g : Q — N and Y, € T,,QQ we have
Vryy,s = Vy,(sog). IfY € X(Q) and X € X(N) are g-related, then we
have Vy(sog) = (Vxs)og.

Proof. All these properties follow easily from the definition (1). O

Remark. Property (6) is not well understood in some differential geometric liter-
ature. See e.g. the clumsy and unclear treatment of it in [Eells-Lemaire, 1983].

For vector fields X, Y € X(M) and a section s € T'(E) an easy computation shows
that

RP(X,Y)s:=VxVys—VyVyxs—Vxy]s
= ([Vx,Vy] = Vixy))s

is C°°(M)-linear in X, Y, and s. By the method of (9.3) it follows that R¥ is a
2-form on M with values in the vector bundle L(E, E), i.e. R¥ € Q?*(M, L(E, E)).
It is called the curvature of the covariant derivative. See (19.16) below for the
relation to the principal curvature if E is an associated bundle.

For f: N — M, vector fields X, Y € X(N) and a section s € C3°(N, E) along f
one may prove that

vays — VyVXS — V[X,y]s = (f*RE)(X, Y)S = RE(Tf.X, TfY)s
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19.13. Covariant exterior derivative. Let (E,p, M) be a vector bundle with a
linear connection, given by a connector K : TE — E.

For a smooth mapping f: N — M let Q(N, f*E) be the vector space of all forms
on N with values in the vector bundle f*E. We can also view them as forms on NV
with values along f in F, but we do not introduce an extra notation for this.

The graded space Q(N, f*E) is a graded Q(N)-module via

(P A®)Xy, ... , Xprq) =
= ﬁ ZSign(J) L)0(«XU17 cee 7X0'p)q)(XJ(p+1)’ v >Xcr(p+q))'

The graded module homomorphisms H : Q(N, f*E) — Q(N, f*E) (so that H(p A
@) = (—1)deeH-deev, A [(D)) are easily seen to coincide with the mappings u(A)
for A € QP(N, f*L(E, E)), which are given by

(H(A)P) (X1, ..., Xptq) =
= 1Y sign(0) A(Xo1, - Xop) (@(Xo(pr1)ys - Xo(pra)):

The covariant exterior derivative dy : QP(N, f*E) — QPTY(N, f*E) is defined by
(where the X; are vector fields on N)

(dv®)(Xo, ..., X,) = Z(_ )iVx, ®(Xo,.... X5y, X,)

+ Z DX, X5, X0y X oo X o5 Xp).
0<i<j<p

Lemma. The covariant exterior derivative is well defined and has the following
properties.
(1) For s e T(f*E) = Q°(N, f*E) we have (dvs)(X) = Vxs.
(2) dy(pA®) =dp AP+ (—1)482p A dy®.
(3) For smooth g: Q — N and ® € Q(N, f*E) we have dy(g*®) = g*(dvP).
(4) dydy® = pu(f*R®)®.

Proof. It suffices to investigate decomposable forms ® = p® s for p € QP(N) and
s € T(f*E). Then from the definition we have dy(p®s) =dp @ s+ (—1)Pp Adys.
Since by (19.12.3) dy s € QY (N, f*E), the mapping dvy is well defined. This formula
also implies (2) immediately. (3) follows from (19.12.6). (4) is checked as follows:

dvdy(p®s) =dv(de ® s+ (—1)Pp Adys) by (2)
=0+ (=1)*p Adydys
= o A u(f*RF)s by the definition of RY
=u(f*R¥)(p@s). O
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19.14. Let (P,p, M,G) be a principal fiber bundle and let p : G — GL(W) be a
representation of the structure group G on a finite dimensional vector space W.

Theorem. There is a canonical isomorphism from the space of P|W, p]-valued dif-
ferential forms on M onto the space of horizontal G-equivariant W -valued differ-
ential forms on P:

¢ Q(M, P[W, p]) — Qor(P,W)E ={p € QP,W) :ixp=0
for all X € VP, (r9)*¢ = p(g~ ') o p for all g € G}.

In particular for W = R with trivial representation we see that
P QM) = Qnor (P) = {p € nor(P) : (1) = 0}
is also an isomorphism. The isomorphism
¢* - Q°(M, PIW]) = T(P[W]) — Q. (P,W)< = C*(P,W)¢
is a special case of the one from (18.12).
Proof. Recall the smooth mapping 7¢ : P x; P — G from (18.2), which satisfies

(U, T (g, V) = Ve, TC (Ug.g,ul.g") = g7 17 (g, 1,).g’, and 7€ (uy, us) = e.

Let ¢ € QF (P,W)¢, Xi,..., Xy € T,P, and X},...,X; € T, P such that

hor

Tup-Xi = Typ. X! for each i. Then we have for g = 7% (u, '), so that ug = u':

q(u, pu (X1, ., Xi)) = qlug, p(g™ ) pu(X1, ., Xp))
= q(u, ((r")"@)u(X1, ..., Xk))
= q(u, ug(Tu(r9). X1, ..., Tu(r?).Xy))
=q(u, o (X1,...,X})), since T,(r9)X; — X! € Vo P.

By this a vector bundle valued form ® € QF(M, P[W]) is uniquely determined.

For the converse recall the smooth mapping 7%V : P x5y P[W, p] — W from (18.7),
which satisfies 7V (u, q(u,w)) = w, q(ug, ™" (Up,vz)) = vz, and 7V (uzg,v,) =
plg )T (g, v).

For ® € QF(M, P[W]) we define ¢*® € QF(P, W) as follows. For X; € T,,P we put

(@) (X1, ..., Xi) =7 (u, @y (Tup- X1, - .., Tup. X))
Then ¢#® is smooth and horizontal. For ¢ € G we have

() (¢ ®)) (X1, o, Xi) = (6*®)ug (Tu(r?). X1, ..., Tu(r?).Xy)
W (ug, Ppug) (Tugp Tu(19).X1, ..., Tugp.Tu(r?). X))
(g~ )T (u, @y (Tup- X1, -, Tup- X))
p(g~ )@ P)u(X1, .., Xp).

Clearly the two constructions are inverse to each other. [
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19.15. Let (P,p, M,G) be a principal fiber bundle with a principal connection
® =(ow, and let p: G — GL(W) be a representation of the structure group G
on a finite dimensional vector space W. We consider the associated vector bundle
(E := P[W,pl,p, M,W), the induced connection ® on it and the corresponding
covariant derivative.

Theorem. The covariant exterior derivative d,, from (19.5) on P and the covariant
exterior derivative for P[W]-valued forms on M are connected by the mapping ¢*
from (19.14), as follows:

¢ ody =d,0q" : QM, P[W]) — Quor (P, W)C.

Proof. Let us consider first f € Q) (P,W)% = C>(P,W)%, then f = ¢*s for s €
I'(P[W]) and we have f(u) = 7V (u, s(p(u))) and s(p(u)) = q(u, f(u)) by (19.14)
and (18.12). Therefore we have Ts.Tp. X, = Tq(Xy,Tf.X.), where Tf. X, =
(f(w),df (X,)) € TW =W x W. If x : TP — HP is the horizontal projection as

in (19.5), we have T's.Tp.X,, = Ts.Tp.x. Xy = Tq(x-Xu, Tf.x-Xu). So we get

=7 (u,Vrpx,5) by (19.13.1)
=7V (u, K.Ts.Tp.X,,) by (19.12.1)
=W (u, KTq(x. X0, Tf.x.Xu)) from above

= TW(u,prg.vl;[IW]@).Tq(x.Xu,Tf.X.Xu)) by (19.10)

= 7" (u, pra-vlppy, Tq.(® x 1d)(x- X, Tfx-Xu))) by (19.8)

= TW(u,prg.vl;[IW].Tq(Ou,Tf.X.Xu))) since ®.x =0
=7V (u, q.pravlpl (0, TF.Xx-X4))) since ¢ is fiber linear
=" (u, q(u, df x-Xu)) = (X"df)(X.)

= (dut’s)(Xu).

Now we turn to the general case. It suffices to check the formula for a decomposable
P[W]-valued form ¥ = ¢ ® s € Q¥(M, P[W]), where ¢ € Q¥(M) and s € ['(P[W]).
Then we have

do* (Y @ 5) = du(p"¢ - ¢s)
= do(P*P) - ¢*s + (=1)"X*p*Y Adug’s by (19.5.1)
= \*p*dY - ¢Fs + (=1)Fp i A ¢Pdys from above and (19.5.4)
=p*dy - ¢*s+ (=) p*y A gldys
= ¢ (dyp @ 5+ (1) Adys)
=gfdy(p ®s). O
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19.16. Corollary. In the situation of theorem (19.15), the Lie algebra valued
curvature form Q € Q3 (P,g) and the curvature RPW] € Q?(M, L(P[W], P[W]))
are related by

# P[W] _
drppy BT =009,
where p' = Top : g — L(W, W) is the derivative of the representation p.

Proof. We use the notation of the proof of theorem (19.15). By this theorem we
have for X, Y € T, P

(dwd@ppy5)u(X,Y) = (¢*dvdys)u(X,Y)
= (¢"R"Wls),(X,Y)
=7 (u, RPN Tp. X, Tup.Y)s(p(u)))
= (@} ppwy.ppvy B D0 Y ) (o 9)(w)-

On the other hand we have by theorem (19.5.8)

(dwdwd?s)u(X,Y) = (x"irdg*s)u(X.Y)
= (d¢*s),(R(X,Y)) since R is horizontal
= (dg*s)(—Cax.v)(uw) by (19.2)
= &, (@) (FI5 ()
= %IOTW(u.exp(—tQ( ), s(p(u. exp(—t(X,Y)))))
= Glo ™ (w exp(—Q(X,Y)), s(p(w))
= Gilo P(exptUX, V)TV (u,s(p(u))) by (18.7)
=0 (QUX,Y))(¢*s)(u). O

—~  —

X,V
X,Y

20. Characteristic classes

20.1. Invariants of Lie algebras. Let G be a Lie group with Lie algebra g,
let @ g* be the tensor algebra over the dual space g*, the graded space of all
multilinear real (or complex) functionals on g. Let S(g*) be the symmetric algebra
over g* which corresponds to the algebra of polynomial functions on g. The adjoint
representation Ad : G — L(g, g) induces representations Ad* : G — L(Q) g*, & g*)
and also Ad* : G — L(S(g*),S(g*)), which are both given by Ad*(g)f = fo
(Ad(g7h) ® - @ Ad(g™1)). A tensor f € @g* (or a polynomial f € S(g*)) is
called an invariant of the Lie algebra if Ad*(g)f = f for all g € G. If the Lie group
G is connected, f is an invariant if and only if Lx f = 0 for all X € g, where Lx
is the restriction of the Lie derivative to left invariant tensor fields on G, which
coincides with the unique extension of ad(X)* : g* — g* to a derivation on ) g* or
S(g*), respectively. Compare this with the proof of (14.16.2). Obviously the space
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of all invariants is a graded subalgebra of ) g* or S(g*), respectively. The usual
notation for the algebra of invariant polynomials is

1(G) =P T1*G) = S(a")° = P 5*(a)°.

k>0 k>0

20.2. The Chern-Weil forms. Let (P,p, M, G) be a principal fiber bundle with
principal connection ® = ¢ o w and curvature R = ( o Q. For ¢; € QPi(P,g) and
f € S%(g*) ¢ ®" g* we have the differential forms

Y1 @p e @ thy € QPTTIPH(P g - @ g),
fo (1 ®n - ®nthg) € QT HPE(P),

The exterior derivative of the latter one is clearly given by

d(fo (1 ®n - ®ar)) = fod(hy ®n - ®n i)
=fo (Zf=1(*1)pl+m+pi711/’l QA Qpd; Qp -+ Bp 1/%)

Let us now consider an invariant polynomial f € I*(G) and the curvature form
Q€ Q2 (P,g¢ Then the 2k-form fo (Q®, --- @4 ) is horizontal since by

hor

(19.2.2) Q is horizontal. It is also G-invariant since by (19.2.2) we have

(r9)* (fo (2@ @AR) = fo((r!) Qan @A (r)"Q)
= fo(Ad(g "2 ®x - ®x Ad(g~ Q)
:fO(Q®/\®/\Q)

So by theorem (19.14) there is a uniquely defined 2k-form cw(f, P,w) € Q2*(M)
with p* cw(f, P,w) = f o (2 ®n -+ @ ), which we will call the Chern-Weil form
of f.

If h: N — M is a smooth mapping, then for the pullback bundle A* P the Chern-
Weil form is given by cw(f, h*P,h*w) = h* cw(f, P,w), which is easily seen by
applying p*.

20.3. Theorem. The Chern-Weil homomorphism. In the setting of (20.2)
we have:
(1) For f € I*(G) the Chern Weil form cw(f, P,w) is closed: dcw(f, P,w) =
0. So there is a well defined cohomology class Cw(f, P) = [cw(f, P,w)] €
H?K(M), called the characteristic class of the invariant polynomial f.
(2) The characteristic class Cw(f, P) does not depend on the choice of the prin-
cipal connection w.
(3) The mapping Cwp : I*(G) — H?**(M) is a homomorphism of commutative
algebras, and it is called the Chern-Weil homomorphism.
(4) If h: N — M is a smooth mapping, then the Chern-Weil homomorphism
for the pullback bundle h* P is given by

Cwpep = h* o Cwp : I*(G) — H*(N).
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Proof. (1) Since f € I*(G) is invariant we have for any X € g

0= 4|y Ad(exp(tXo))* f(X1,..., Xp) =
— 4o f(Ad(exp(tX0)) X1, .. ., Ad(exp(tXo) Xy) =
=S (X, X, X, Xg) =
= (X, Xil, X1, Xy, X

This implies that

d(f o (Q®n -+ @A) = fo (TE,2@n - Ond2@n -+ 81 9)
=kfo(dQA®n - @rQ)+kfo([w, s R ®aN)
=kfo(doQ®@sQ®n--®,02)=0, by (19.5.6).

pdew(f, P,w) =dp* cw(f, P,w)
=d(fo(Q®n---®AQ)) =0,

and thus dcw(f, P,w) = 0 since p* is injective.

(2) Let wo, w1 € Q'(P,g)¢ be two principal connections. Then we consider the
principal bundle (P x R,p x Id, M x R, @) and the principal connection @ = (1 —
Hwo + twy = (1 — t)(pr1)*we + t(pr1)*wy on it, where ¢ is the coordinate function

on R. Let Q be the curvature form of &@. Let insg : P — P x R be the embedding
at level s, insg(u) = (u, s). Then we have in turn by (19.2.3) for s = 0,1

* ~

ws = (ins;)*@
Qs = dw, + %[ws,wS]A
= d(ins,)*@ + 3[(ins,)*@, (inss) @] A
= (ins,)*(d& + 1[@, &]A)

= (ins,)*Q.
So we get for s = 0,1

p*(inss)* ew(f, P x R, @) = (ins;)*(p X Idg)* cw(f, P x R, @)
= (inss)"(f o (2®n -+ ®2 Q)
(inss)*ﬁ QN - DA (inss)*Q)

Since p* is injective we get (inss)* cw(f, P x R,&) = cw(f, P,ws) for s = 0,1, and
since insg and ins; are smoothly homotopic, the cohomology classes coincide.

(3) and (4) are obvious. O
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20.4. Local description of characteristic classes. Let (P,p, M,G) be a prin-
cipal fiber bundle with a principal connection w € Q' (P, g)¢. Let s, € T'(P|U,) be
a collection of local smooth sections of the bundle such that (U,) is an open cover
of M. Recall (from the proof of (18.3) for example) that then ., = (p, 7% (s4 ©
p, )):P|lU, — U, x G is a principal fiber bundle atlas with transition functions
pap(r) = 7%(sa(2), 55(x)).

Then we consider the physicists version from (19.4) of the connection w which
is descibed by the forms w, = siw € Q' (U,,g). They transform according to
W = Ad(gogal)wﬁ + O, where Ogy = gpgolzdcpag if G is a matrix group, see lemma
(19.4). This affine transformation law is due to the fact that w is not horizontal.

Let Q = dw + 3[w,w]s € QF, (P, g)¢ be the curvature of w, then we consider again

the local forms of the curvature:
Q1 =550 = 5. (dw + %[w,w]/\)
= d(sfw) + 3[siw, shw]a
=dwy + %[wa,wa]/\
Recall from theorem (19.14) that we have an isomorphism ¢* : Q(M, P[g, Ad]) —
Qhor(P,g)¢. Then Q, = s is the local frame expression of (¢*)~(Q) for the

induced chart P[g]|U, — U, x g, thus we have the the simple transformation
formula 2, = Ad(vag)2s.

If now f € I*(G) is an invariant of G, for the Chern-Weil form cw(f, P,w) we have
ew(f, Pw)|Uq : = s5(p" cw(f, P,w)) = s5,(f 0 (Q®p - @ ))
=fo(siQA®@n - ®p 55Q)
=fo(Qa®n - ®nQa),
where Qq @p -+ @7 Qo € VP (Uy,g®---@9).
20.5. Characteristic classes for vector bundles. For a real vector bundle
(E,p, M,R™) the characteristic classes are by definition the characteristic classes

of the linear frame bundle (GL(R", E),p, M,GL(n,R)). We write Cw(f, E) :=
Cw(f,GL(R", E)) for short. Likewise for complex vector bundles.

Let (P,p, M,G) be a principal bundle and let p : G — GL(V') be a representation
in a finite dimensional vector space. If w is a principal connection form on P with
curvature form ), then for the induced covariant derivative V on the associated
vector bundle P[V] and its curvature RPIV] we have ¢! RPIV! = p’ 0 Q by corollary
(19.16). So if the representation p is infinitesimally effective, i. e. if p’ : g — L(V, V)
is injective, then we see that actually RFV] € Q2(M, P[g]). If f € I*(G) is an
invariant, then we have the induced mapping
k

Px(®g)MPx]R

QJ q
PIX)al Py ew
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So the Chern-Weil form can also be written as (omitting P[(p’)~1])
CW(f,P,a)) = P[f] © (RP[V] ®/\ e ®/\ RP[V])
Sometimes we will make use of this expression.

All characteristic classes for a trivial vector bundle are zero, since the frame bundle
is then trivial and admits a principal connection with curvature 0.

We will determine the classical bases for the algebra of invariants for the matrix
groups GL(n,R), GL(n,C), O(n,R), SO(n,R), U(n), and discuss the resulting
characteristic classes for vector bundles.

20.6. The characteristic coefficients. . For a matrix A € gl(n,R) = L(R",R")
we consider the characteristic coefficients c}(A) which are given by the implicit
equation

(1) det(A +tT) = Zc Ak
From lemma (14.19) we have ¢} (A4) = Trace(AkA : AFR™ — AFR™). The charac-

teristic coeflicient ¢} is a homogeneous invariant polynomial of degree k, since we
have det(Ad(g)A + tI) = det(gAg—! + tI) = det(g(A + tI)g~1) = det(A + ¢I).

(3 5)) - oo
Proof. We have

det (<A 0 ) + tﬂn+m> = det(A + ¢1,,) det(B + tL,;,)

0 B
:(ic A= ’“) Zc Aypm!

0

Lemma. We have

3

+m

k
> (At (B) | R O
k=0 \j=0

20.7. Pontryagin classes. Let (E,p, M) be a real vector bundle. Then the
Pontryagin classes are given by

-1
E)=|—=—
Pi(E) (%ﬁ
The factor \/1*1 makes this class to be an integer class (in H**(M,Z)) and makes
several 1ntegral formulas (like the Gauss-Bonnet-Chern formula) more beautiful. In

principle one should always replace the curvature Q by - FQ The inhomoge-

>2k Cw(cimE By c H*(M;R), po(E)=1¢€ H°(M;R).

neous cohomology class

= pr(E) € H*(M,R)
k>0

is called the total Pontryagin class.
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Theorem. For the Pontryagin classes we have:

(1) If Ey and E5 are two real vector bundles over a manifold M, then for the
fiberwise direct sum we have

p(Er @ Ez) = p(E1) Ap(E») € HY (M, R).
(2) For the pullback of a vector bundle along f: N — M we have

p(f"E) = [*p(E).

(3) For a real vector bundle and an invariant f € I*(GL(n,R)) for odd k we
have Cw(f, E) = 0. Thus the Pontryagin classes exist only in dimension
0,4,8,12,....

Proof. (1) If w* € QYGL(R™, E;), gl(n;))“*(™) are principal connection forms
for the frame bundles of the two vector bundles, then for local frames of the two
bundles s!, € T'(GL(R™, E;|U,) the forms

wé 0 1

wa i = | g 5 | € Q' (Uy, gl(ng + n2))
th

are exactly the local expressions of the direct sum connection, and from lemma

(20.6) we see that py(E1 & Ea) = Y5_p;(E1)pr—;(E>) holds which implies the

desired result.

(2) This follows from (20.3.4).

(3) Choose a fiber Riemannian metric g on E, consider the corresponding orthonor-
mal frame bundle (O(R", E),p, M,O(n,R)), and choose a principal connection w
for it. Then the local expression with respect to local orthonormal frame fields s,
are skew symmetric matrices of 1-forms. So the local curvature forms are also skew
symmetric. As we will show shortly, there exists a matrix C' € O(n,R) such that
CAC~' = AT = —A for any real skew symmetrix matrix; thus CQ,C~' = —Q,.
But then

f o (Qa ®/\ e ®/\ Qa) = f o (gaQozggl ®/\ e ®/\ gaQaglzl)
fo((=Qa) @A -+ O ()

(=1)%f o (o @p - D Qa).

This implies that Cw(f, E) = 0 if k is odd.

Claim. There exists a matriz C € O(n,R) such that CAC™* = AT for each real
matriz with 0’s on the main diagonal.

Note first that
0 1\(a b\ [0 1\ _ (d b
1 0 c d 1 0/ \ec a)°

Let E;; be the matrix which has 1 in the position (4, 7) in the i-th row and j-th
column. Then the (ij)-transposition matrix P;; =1, — E;; — Ej; + E;; + Ej; acts
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by conjugation on an arbitrary matrix A by exchanging the pair A;; and Aj;, and

also the pair A;; and Aj; on the main diagonal. So the product C' = Hi<j P;; has

the required effect on a matrix with zeros on the main diagonal.
By the way, Ad(C) acts on the main diagonal via the longest element in the per-
mutation group, with respect to canoniccal system of positive roots in sl(n):

1 2 ... n—1 n
(n n—1 ... 2 1)' O

20.8. Remarks. (1) If two vector bundles E and F are stably equivalent, i. e.
E® (M xRP) X2 F® (M xRY), then p(E) = p(F). This follows from (20.7.1) and
2.
k

——
(2) If for a vector bundle E for some k the bundle E @ - -- & E @(M x R!) is trivial,
then p(E) = 1 since p(E)* = 1.
(3) Let (E,p, M) be a vector bundle over a compact oriented manifold M. For
7i € Ng we put

M (B) = [ i(BP L p (B € R,
M

where the integral is set to be 0 on each degree which is not equal to dim M.
Then these Pontryagin numbers are indeed integers, see [Milnor-Stasheff, ?7]. For

M. (T(CP™)) = (2“ 1) (2”+ 1).

jl jr

example we have

20.9. The trace coefficients. For a matrix A € gl(n,R) = L(R™,R™) the trace
coefficients are given by

k
k e e
trp(A) := Trace(A") = Trace(Ao...o0 A).

Obviously tr} is an invariant polynomial, homogeneous of degree k. To a direct
sum of two matrices A € gl(n) and B € gl(m) it reacts clearly by

nim (A0 Ak0 n m
trp " (O B) = Trace ( 0 Bk> = trp(A) + tr*(B).
The tensor product (sometimes also called Kronecker product) of A and B is given
by A® B = (A;Blk)(i,k),(ﬂ)e”x,n in terms of the canonical bases. Since we have
Trace(A® B) =}, ; AiBF = Trace(A) Trace(B), we also get
tr?™(A ® B) = Trace((A ® B)¥) = Trace(A* @ B¥) = Trace(A") Trace(B*)

= trp(A) trp*(B).
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Lemma. The trace coefficients and the characteristic coefficients are connected by
the following recursive equation:

Proof. For a matrix A € gl(n) let us denote by C(A) the matrix of the signed
algebraic complements of A (also called the classical adjoint), i. e

(1) C(A) = (-1)"* det (A

without i-th column,
without j-th row

Then Cramer’s rule reads

(2) A.C(A) =C(A).A =det(A).L
and the derivative of the determinant is given by

(3) ddet(A)X = Trace(C(A)X).

Note that C'(A) is a homogeneous matrix valued polynomial of degree n — 1 in A.
We define now matrix valued polynomials ax(A) by

(4) C(A+tT) = Z Akt
k=0

We claim that for A € gl(n) and k =0,1,...,n — 1 we have

k
(5) Z ck J A
7=0
We prove this in the following way: from (2) we have

(A + t1)C(A + tI) = det(A + tI)L,

and we insert (4) and (20.6.1) to get in turn

n—1 n
(A+D) " ap(A)F1 =" (A1
k=0 j=0

n—1 n—1 n
D Aag(A)F Y T a (AR = (AT
k=0 k=0 j=0

We put a_;(A) := 0 =: a,(A) and compare coefficients of t"~* in the last equation
to get the recursion formula

A.ap_1(A) + ap(A) = (A
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which immediately leads to to the desired formula (5), even for k = 0,1,...,n. If
we start this computation with the two factors in (2) reversed we get A.ai(A) =
ar(A).A. Note that (5) for k = n is exactly the Caley-Hamilton equation

= (A)A
j=0

We claim that
(6) Trace(ax(A)) = (n — k)ci (4).
We use (3) for the proof:

2| (det(A + 1)) = ddet(A + 1T) 2

& |, (A+tI) = Trace(C(A + tD)

n—1 n—1
= Trace Z ag( t"k'1> = ZTracc(ak(A))t"*kfl.
k=0 k=0
2|, (det(A+1tD)) = 2|, (Zc Ayt ’“)
k=0

_Zn_ tnkl

Comparing coefficients leads to the result (6).
Now we may prove the lemma itself by the following computation:
(n — k)cj(A) = Trace(ax(A)) by (6)

k
= Trace [ » (—1)c}_;(A)A7 by (5)

=0

k
_ Z(fl)jcz_j (A) Trace(Aj)

20.10. The trace classes. Let (F,p, M) be a real vector bundle. Then the trace
classes are given by

2k
(1) try(E) := ( ) Cw(trgi™ ¥ F) € H*(M,R).

-1
2w/ —1
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Between the trace classes and the Pontryagin classes there are the following relations
for k>1

k—1
@) pe(B) = S S ps(B) Aty (),
§=0

which follows directly from lemma (20.9) above.

The inhomogeneous cohomology class

(3) tr(E) = Z trg(F) = Cw(Traceoexp, E)

1
22 (2k)!

is called the Pontryagin character of E. In the second expression we use the smooth
invariant function Traceoexp : gl(n) — R which is given by

Ak 1
Trace(exp(A)) = Trace Z = Z o Trace(AF).
E>0 E>0

Of course one should first take the Taylor series at 0 of it and then take the Chern-
WEeil class of each homogeneous part separately.

Theorem. Let (E;,p, M) be vector bundles over the same base manifold M. Then
we have

(4) tI’(El ® EQ) = tr(El) + tI’(EQ).

(5) tr(Ey ® Eg) = tr(E1) A tr(Es).

(6) tr(¢g*E) = g*tr(E) for any smooth mapping g : N — M.

Clearly stably equivalent vector bundles have equal Pontryagin characters. State-
ments (4) and (5) say that one may view the Pontryagin character as a ring homo-
morphism from the real K-theory into cohomology,

tr: Kp(M) — HY(M;R).
Statement (6) says, that it is even a natural transformation.

Proof. (4) This can be proved in the same way as (20.7.1), but we indicate another
method which will be used also in the proof of (5) below. Covariant derivatives
for E; and FE5 induce a covariant derivative on F; & FE5 by V§1®E2 (s1,82) =
(V& s1, VA2, 52). For the curvature operators we clearly have

RE: 0
Ei1®E: _ pE: Ey _
RP'®F: — RP1 g R _<0 R%>

So the result follows from (20.9) with the help of (20.5).

(5) We have an induced covariant derivative on F; ® Es given by Vf(l@Ezsl ®
Sy = (V)E{sl) ® 89+ 81 ® (Vf}2 s2). Then for the curvatures we get obviously
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REWCE2(X V) = REV(X,Y) ® Idg, + Idg, ® RP2(X,Y). The two summands of
the last expression commute, so we get

k
k . )
(REl ®IdE2 —|—IdE1 ®RE2)0/\J€ — Z (J) (REl)O/\,j ®n (REQ)OA,k7g7
=0
where the product involved is given as in

(RF on RP)(X1,..., X4) = glzr Y _sign(0)R” (X1, Xo2) 0 R¥ (X3, Xoa),

which makes (Q(M, L(E, E)),o0,) into a graded associative algebra. The next com-
putation takes place in a commutative subalgebra of it:

tr(Ey ® Eo) = [Traceexp(R™ @ Idg, + Idg, ® R™)| g
= [Trace(exp(RE") @, eXp(REZ))]H(M)
— [Trace(exp(R")) A Trace(exp(R"))] ()
= tI’(El) A\ tI‘(EQ).

(6) This is a general fact. O

20.11. The Pfaffian coefficient. Let (V| g) be a real Euclidian vector space of
dimension n, with a positive definite inner product g. Then for each p we have an
induced inner product on APV which is given by

(TL Ao Nap, gy A ANyp)g = det(g(ai, )i )-

Moreover the inner product g, when viewed as a linear isomorphism g : V. — V*,
induces an isomorphism 8 : A2V — Ly gew(V, V') which is given on decomposable
forms by Bz Ay)(z) = g(z, 2)y — g(y, z)z. We also have
BHA) =Aog ™ € Laew(V*, V) ={B € L(V*,V) : B' = —B} = A?V, where
Btve oy 2y
Now we assume that V is of even dimension n and is oriented. Then there is a
unique element e € A"V which is positive and normed: (e, e), = 1. We define
n/2

PEI(A) = %@,5—1(@ A ABY(A),,  Acso(nR).

This is a homogeneous polynomial of degree n/2 on so(n,R). Its polarisation is the
n/2-linear symmetric functional

PE(AL, . An) = e S (AD A+ A B (Auja)ly.
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Lemma.
(1) If U € O(V,g) then Pf9(U.A.U™Y) = det(U)PfI(A), so Pf? is invariant
under the adjoint action of SO(V, g).
(2) If X € Ly, skew(V. V) = 0(V, g) then we have

n/2
prg(Al’_._7[X’Ai],...,An/Q) =0.
i=1

Proof. (1) We have U € O(V,g) if and only if g(Uxz,Uy) = g(z,y). For g : V —
V* this means U*gU = g and U~ tg=}(U~1)* = g7, so we get 3~ (UAU 1) =
UAU g~ =UAg~'U* = A%(U)B71(A) and in turn:

PIYUAU) = (e, A" (U)(5(A) A+ A 5 (A))
= L det(U) (A" (©)e, AM(U)(E T (A) A A B (A)),
= det(U) e, 57 (A) A A 5T (A)),

|
— det(U) P (A).

(2) This follows from (1) by differentiation, see the beginning of the proof of
(20.3). O

20.12. The Pfaffian class. Let (E,p, M,V) be a vector bundle which is fiber
oriented and of even fiber dimension. If we choose a fiberwise Riemannian metric
on F, we in fact reduce the linear frame bundle of FE to the oriented orthonormal
one SO(R", E). On the Lie algebra o(n,R) of the structure group SO(n,R) the
Pfaffian form Pf of the standard inner product is an invariant, Pf € I"/2(SO(n,R)).
We define the Pfaffian class of the oriented bundle E by

P{(E) := (271_\/1_71

It does not depend on the choice of the Riemannian metric on F, since for any two
fiberwise Riemannian metrics g1 and go on E there is an isometric vector bundle
isomorphism f : (E,g1) — (F, g2) covering the identity of M, which pulls a SO(n)-
connection for (E,gs) to an SO(n)-connection for (E,g1). So the two Pfaffian
classes coincide since then Pf? o(f* Ny ®p -+ R [*Q) = P2 o(Qo Rp - Qp Na).

n/2
) Cw(Pf, SO(R", E)) € H™(M).

Theorem. The Pfaffian class of oriented even dimensional vector bundles has the
following properties:

(1) Pf(E)? = (—1)"/2pn/2(E) where n is the fiber dimension of E.

(2) PI(Ey @ Es) = P{(E;) ANPI(E3)

(3) Pf(¢g*E) = g* Pt(E) for smooth g: N — M.

Proof. This is left as an exercise for the reader. 0O
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20.13. Chern classes. Let (E,p, M) be a complex vector bundle over the smooth
manifold M. So the structure group is GL(n,C) where n is the fiber dimension.
Recall now the explanation of the characteristic coefficients ¢! in (20.6) and insert
complex numbers everywhere. Then we get the characteristic coefficients ¢} €
I*(GL(n,C)), which are just the extensions of the real ones to the complexification.

We define then the Chern classes by

-1
2w/ —1

The total Chern class is again the inhomogeneous cohomology class

k
(1) cx(E) = ( ) Cw(ci™m¥ F) e H?*(M;R).

din’lc E
(2) o(BE) = Y c(E) € H*(M;R).
k=0
It has the following properties:
3) o(E) = (1) Fe(E)
(4) c(Ey @ By) = ¢(BEy) A c(Ey)
(5) c(¢g"E) =g"c(E) for smooth g: N — M

One can show (see [Milnor-Stasheff, 1974]) that (3), (4), (5), and the following
normalisation determine the total Chern class already completely: The total Chern
class of the canonical complex line bundle over S? (the square root of the tangent
bundle with respect to the tensor product) is 1 4+ wgz, where wg= is the canonical
volume form on S? with total volume 1.

Lemma. Then Chern classes are real cohomology classes.

Proof. We choose a hermitian metric on the complex vector bundle F, i. e. we
reduce the structure group from GL(n,C) to U(n). Then the curvature Q of a U(n)-
principal connection has values in the Lie algebra u(n) of skew hermitian matrices

A with A* = —A. But then we have ¢} (—+/—1A4) € R since detc(—v—1A4 +tI) =
detc(—v—1A + ) = dete(—v/—14 4+ tI). O

20.14. The Chern character. The trace classes of a complex vector bundle are
given by

-1 k .
(1) try(E) := (W) Cw(tri™ ¥ By ¢ H?*(M,R).

They are also real cohomology classes, and we have tro(F) = dimc¢ E, the fiber
dimension of E, and tri(E) = ¢1(F). In general we have the following recursive
relation between the Chern classes and the trace classes:

2 (B) = 7 Y i(B) Aty (E)
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which follows directly from lemma (20.9). The inhomogeneous cohomology class

1 *
(3) ch(E) = o tre(B) € H*(M,R)
k>0
is called the Chern character of the complex vector bundle E. With the same
methods as for the Pontryagin character one can show that the Chern character
satisfies the following properties:

(4) Ch(El @ Ey) = Ch(El) + Ch(EQ)
(5) ch(E; ® E3) = ch(E1) A ch(E?)
(6) ch(g"E) = g" ch(E)

From these it clearly follows that the Chern character can be viewed as a ring
homomorphism from complex K-theory into even cohomology,

ch: K¢(M) — H**(M,R),

which is natural.

Finally we remark that the Pfaffian class of the underlying real vector bundle of
a complex vectorbundle E of complex fiber dimension n coincides with the Chern
class ¢, (E). But there is a new class, the Todd class, see below.

20.15. The Todd class. On the vector space gl(n,C) of all complex (n x n)-
matrices we consider the smooth function

— o (=D
(1) F(A) = det Z(k+1)!A .

k=0

It is the unique smooth function which satisfies the functional equation
det(A).f(A) = det(I — exp(—A)).

Clearly f is invariant under Ad(GL(n,C)) and f(0) = 1, so we may consider the
invariant smooth function, defined near 0, Td : gl(n,C) D U — C, which is given
by Td(A) =1/f(A). Tt is uniquely defined by the functional equation
det(A) = Td(A) det(I — exp(—A))
det(5A) det(exp(5A)) = Td(A) det(sinh(3A)).

The Todd class of a complex vector bundle is then given by

(2) Td(E) = |GL(C", E)[Td] Z( -1 RE>®M€
’ >0 2my/—1

H2*(M,R)
= Cw(Td, E).

The Todd class is a real cohomology class since for A € u(n) we have Td(—A) =
Td(A*) = Td(A). Since Td(0) = 1, the Todd class Td(F) is an invertible element
of H**(M,R).
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20.16. The Atiyah-Singer index formula (roughly). Let E; be complex
vector bundles over a compact manifold M, and let D : T'(E;) — T'(F2) be
an elliptic pseudodifferential operator of order p. Then for appropriate Sobolev
completions D prolongs to a bounded Fredholm operator between Hilbert spaces
D : HHP(E;) — HA(Ey). Its index index(D) is defined as the dimension of the
kernel minus dimension of the cokernel, which does not depend on d if it is high
enough. The Atiyah-Singer index formula says that

index(D) = (—1)4mM /T y ch(o(D)) Td(TM ® C),

where o (D) is a virtual vector bundle (with compact support) on TM \ 0, a formal
difference of two vector bundles, the so called symbol bundle of D.

See [Boos, 1977] for a rather unprecise introduction, [Shanahan, 1978] for a very
short introduction, [Gilkey, 1984] for an analytical treatment using the heat kernel
method, [Lawson, Michelsohn, 1989] for a recent treatment and the papers by
Atiyah and Singer for the real thing.

Special cases are The Gauss-Bonnet-Chern formula, and the Riemann-Roch-Hirze-
bruch formula.

21. Jets

Jet spaces or jet bundles consist of the invariant expressions of Taylor developments
up to a certain order of smooth mappings between manifolds. Their invention goes
back to Ehresmann [Ehresmann, 1951]. We could have treated them from the
beginning and could have mixed them into every chapter; but it is also fine to have
all results collected in one place.

21.1. Contact. Recall that smooth functions f,g : R — R are said to have contact
of order k at 0 if all their values and all derivatives up to order k coincide.

Lemma. Let f,g: M — N be smooth mappings between smooth manifolds and let
x € M. Then the following conditions are equivalent.

(1) For each smooth curve ¢ : R — M with ¢(0) = x and for each smooth
function h € O (M) the two functions ho foc and ho goc have contact
of order k at 0.

(2) For each chart (U,u) of M centered at x and each chart (V,v) of N with
f(x) € V the two mappings vo fou™t and vogou~!, defined near 0 in
R™, with values in R™, have the same Taylor development up to order k at

0.
(3) For some charts (U,u) of M and (V,v) of N with x € U and f(x) € V we
have ol ol
o 0'*
Juc m(vof) =~ ue I(Uog)
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for all multi indices o € N™ with 0 < |a| < k.
(1) Tk f =TFg, where T* is the k-th iterated tangent bundle functor.

Proof. This is an easy exercise in Analysis.

21.2. Definition. If the equivalent conditions of lemma (21.1) are satisfied, we
say that f and g have the same k-jet at x and we write j* f(z) or j* f for the resulting
equivalence class and call it the k -jet at x of f; x is called the source of the k-jet,
f(x) is its target.

The space of all k-jets of smooth mappings from M to N is denoted by J*(M, N).
We have the source mapping o : J¥(M,N) — M and the target mapping 3 :
J¥(M,N) — N, given by a(j*f(z)) = = and B(j*f(z)) = f(x). We will also
write J¥(M, N) := a~(z), J*(M,N), := 3~ (y), and J5(M,N), := J*(M,N)n
JF(M, N), for the spaces of jets with source x, target y, and both, respectively.
For | < k we have a canonical surjective mapping =¥ : J¥(M,N) — J' (M, N),
given by 7F(j*f(x)) := j'f(z). This mapping respects the fibers of o and 3 and
7§ = (a,8) : JE(M,N) — M x N.

21.3. Jets on vector spaces. Now we look at the case M = R™ and N = R".

Let f: R™ — R"™ be a smooth mapping. Then by (21.1.3) the k-jet 5% f(z) of f at
x has a canonical representative, namely the Taylor polynomial of order k of f at
x:

Pl 9) = F@) + df()y + P F@) + o d F )y + ollyl)
=: f(x) + Tay; f(y) + o(lyl")

Here y* is short for (y, %, ... ,y), k-times. The ‘Taylor polynomial without constant’

1 1
Tayﬁf Dy Tayi(y) =df (z).y + idzf(:z:).y2 + -+ ﬁdkf(x).yk

is an element of the linear space
k
Pk(m,n) := @Lgym(Rm,R”),
j=1

where Lgym(Rm, R™) is the vector space of all j-linear symmetric mappings R™ x
<o+ x R™ — R™ where we silently use the total polarization of polynomials. Con-
versely each polynomial p € P*(m,n) defines a k-jet j&(y — 2 + p(z + y)) with
arbitrary source z and target z. So we get canonical identifications J*(R™ R"), =
P%(m,n) and

JE(R™,R™) 2 R™ x R™ x P¥(m,n).

If U C R™ and V C R™ are open subsets then clearly J*(U, V) = U x V x P*(m,n)
in the same canonical way.
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For later uses we consider now the truncated composition
e : P*(m,n) x P*(p,m) — P*(p,n),

where p e g is just the polynomial p o ¢ without all terms of order > k. Obviously
it is a polynomial, thus real analytic mapping. Now let U C R™, V C R", and
W C RP be open subsets and consider the fibered product

JHU,V) xy JHW,U) = {(0,7) € JHU,V) x J*(W,U) : a(0) = B(7) }
=U x V x W x P*(m,n) x P*(p,m).

Then the mapping

v JEUV) xy JEW,U) — JHW, V),
v(o,7) =((a(0), B(0),5), (a(7), B(7), 7)) = (e(7), B(0), T ® 7),

is a real analytic mapping, called the fibered composition of jets.

Let U, U € R™ and V C R" be open subsets and let ¢ : U’ — U be a
smooth diffeomorphism. We define a mapping J*(g,V) : J¥(U,V) — JEU',V)
by J*(g,V)(§*f(z)) = j*(f o g)(¢g~(x)). Using the canonical representation of
jets from above we get J*(g,V)(0) = 7(o,j%g(g (x))) or J*¥(g9,V)(x,y,5) =
(g (), y, 60Tay’g“,1(m)g). If g is a CP diffeomorphism then J*(g, V) is a CP~F dif-
feomorphism. If ¢’ : U” — U’ is another diffeomorphism, then clearly J*(¢’,V) o
J*(g, V)= J*(gog',V)and JE( ,V) is a contravariant functor acting on diffeo-
morphisms between open subsets of R™. Since the truncated composition G — & e
Tay’g“,l(x)g is linear, the mapping J¥(g,R") := J*(g,R™)|J¥(U,R") : JE(U,R") —
J;“_l(z)(U’,]R”) is also linear.

If more generally g : M’ — M is a diffeomorphism between manifolds the same
formula as above defines a bijective mapping J*(g, N) : J*(M,N) — J*(M',N)
and clearly J*( | N)is a contravariant functor defined on the category of manifolds
and diffeomorphisms.

Now let U ¢ R™, V C R", and W C RP be open subsets and let h : V —
W be a smooth mapping. Then we define J*(U,h) : J*(U,V) — J*(U, W) by
JEU,R) (5% f(2)) = j¥(h o f)(x) or equivalently by

JHU, h)(,y,6) = (x, h(y), Tayyh e 5).

If his CP, then J*(U, h) is CP~k. Clearly J*(U, ) is a covariant functor acting on
smooth mappings between open subsets of finite dimensional vector spaces. The
mapping J*(U, h), : JE(U, V), — J*(U, W)h(y) is linear if and only if the mapping
g Tay’y“h e 7 is linear, so if h is affine or if £k = 1.

If h : N — N’ is a smooth mapping between manifolds we have by the same
prescription a mapping J*(M,h) : J¥(M,N) — J¥(M,N’) and J*(M, ) turns
out to be a functor on the category of manifolds and smooth mappings.
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21.4. The differential group G%,. The k-jets at 0 of diffeomorphisms of R™
which map 0 to 0 form a group under truncated composition, which will be denoted
by GL¥(m,R) or G¥, for short, and will be called the differential group of order
k. Clearly an arbitrary O-respecting k-jet ¢ € P¥(m,m) is in GE, if and only if its
linear part is invertible, thus

k
Gr, = GLF(m,R) = GL(m) & @ Li,,,(R™,R™) =: GL(m) x P§(m),
j=2

where we put Py (m) = @?:2 LI, (R™ R™) for the space of all polynomial map-
pings without constant and linear term of degree < k. Since the truncated composi-
tion is a polynomial mapping, G¥, is a Lie group, and the mapping 71'{c Gk - G
is a homomorphism of Lie groups, so ker(rf) = @?:H—l LI, (R™, R™) =: PF(m)
is a normal subgroup for all I. The exact sequence of groups

{e} = Pli(m) — Gy, — G, — {e}
splits if and only if [ = 1; only then we have a semidirect product.

21.5. Theorem. If M and N are smooth manifolds, the following results hold.

(1) J¥(M, N) is a smooth manifold (it is of class C™=% if M and N are of class
C"); a canonical atlas is given by all charts (J*(U, V), J*(u=t,v)), where
(U,u) is a chart on M and (V,v) is a chart on N.

(2) (J¥(M,N),(a,3), M x N, Pk(m,n),GE x GF) is a fiber bundle with struc-
ture group, where m = dimM, n = dimN, and where (v, x) € GF, x GF acts
on o € P¥(m,n) by (v,x).0c =xecey L.

(3) If f : M — N is a smooth mapping then j*f : M — J¥(M,N) is also
smooth (it is C"7F if f is C"), sometimes called the k-jet extension of f.
We have a0 j*f = Idy; and o j*f = f.

(4) If g: M/ — M is a (C"-) diffeomorphism then also the induced mapping
J*(g,N) : JF(M,N) — J*(M',N) is a (C"~*-) diffeomorphism.

(5) If h: N — N’ is a (C"-) mapping then J*(M,h) : J*(M,N) — J*(M, N’)
is a (C"~F-) mapping. JF(M, ) is a covariant functor from the category of
smooth manifolds and smooth mappings into itself which maps each of the
following classes of mappings into itself: immersions, embeddings, closed
embeddings, submersions, surjective submersions, fiber bundle projections.
Furthermore J¥( | ) is a contra- covariant bifunctor.

(6) The projections wf : J¥(M,N) — J'(M,N) are smooth and natural, i.e.
they commute with the mappings from (4) and (5).

(7) (J*(M,N),=f,J"(M,N), PE(m,n)) are fiber bundles for all I. The bun-
dle (JF(M,N),mp_y, J*"1(M,N), Lk, (R™ R")) is an affine bundle. The
first jet space J1(M,N) is a vector bundle, it is isomorphic to the bundle
(L(TM,TN),(mp,7N), M x N). Moreover we have J3(R,N) = TN and
JYM,R)g =T*M.
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Proof. We use (21.3) heavily. Let (Uy,u,) be an atlas of M and let (V;,v.) be
an atlas of N. Then J*(uj',ve) : (o, B)71(Uy x Vo) — J¥(uy(Uy),v:(V2)) is a
bijective mapping and the chart change looks like

Jk(ugl,vg) o J*(uzt,v,) 7t = JF(us 0 u;l,vg ou,t)
by the functorial properties of J¥( , ). J¥(M,N) is Hausdorff in the identifi-
cation topology, since it is a fiber bundle and the usual argument for gluing fiber
bundles applies. So (1) follows.

Now we make this manifold atlas into a fiber bundle by using as charts

(Uy X V), ¥y + JE(M,N)|Uy x Ve — Uy x Vo x PH(m,n),
w('\/,a) (U) = (O‘(U)v 6(0)7 JS(U) (U;l, vE)ﬁ(U)'

We then get as transition functions

1#(7,5)1#(5,1/) (337 Y, 6) = (LL', Y, J55(z)(u5 o u;17 Ve O vu—l)(a,))

= (z,y, Tayifu(y)(vg ov,ege Tayﬁw(w)(u(s o u;l)),

and (2) follows.

(3), (4), and (6) are obvious from (21.3), mainly by the functorial properties of
JEC ).

(5). We will show later that these assertions hold in a much more general situation,
see the chapter on product preserving functors. It is clear from (21.3) that J*(M, h)
is a smooth mapping. The rest follows by looking at special chart representations
of h and the induced chart representations for J*(M, h).

It remains to show (7) and here we concentrate on the affine bundle. Let a; +a €
GL(n) x Py(n,n), o+ o € P*"(m,n) ® LE, (R™,R"), and by + b € GL(m) X
PJF(m,m), then the only term of degree k containing oy, in (a+az)e(oc+0oy)e(b+by)
is ay o o o b¥, which depends linearly on oy. To this the degree k-components of
compositions of the lower order terms of ¢ with the higher order terms of ¢ and b

are added, and these may be quite arbitrary. So an affine bundle results.

We have JY(M,N) = L(TM,TN) since both bundles have the same transition
functions. Finally we have J}(R,N) = L(ToR,TN) = TN, and J'(M,R)y =
L(TM, T,R)=T*M O

21.6. Frame bundles and natural bundles.. Let M be a manifold of dimension
m. We consider the jet bundle J}(R™, M) = L(ToR™,TM) and the open subset
invJg(R™, M) of all invertible jets. This is visibly equal to the linear frame bundle
of TM as treated in (18.11).

Note that a mapping f : R™ — M is locally invertible near 0 if and only if j!£(0)
is invertible. A jet o will be called invertible if its order 1-part 7f (o) € J&(R™, M)
is invertible. Let us now consider the open subset invJ§(R™, M) C J¥(R™, M) of
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all invertible jets and let us denote it by P*M. Then by (18.2) we have a principal
fiber bundle (P*M, mwy;, M, GE,) which is called the k-th order frame bundle of the
manifold M. Its principal right action r can be described in several ways. By the
fiber composition of jets:

r = :invJy (R™ R™) x invJ§(R™, M) = G¥, x P*M — P*M;
or by the functorial property of the jet bundle:
ri*9(0) — im;JéC (g, M)

for a local diffeomorphism g : R™,0 — R™, 0.

If h : M — M’ is a local diffeomorphism, the induced mapping J§(R™,h) maps
the open subset P*M into P*M’. By the second description of the principal right
action this induced mapping is a homomorphism of principal fiber bundles which
we will denote by P¥(h) : P*M — P*M’. Thus P* becomes a covariant functor
from the category M f,, of m-dimensional manifolds and local diffeomorphisms
into the category of all principal fiber bundles with structure group G¥, over m-
dimensional manifolds and homomorphisms of principal fiber bundles covering local
diffeomorphisms.

If we are given any smooth left action ¢ : G¥ x S — S on some manifold S,
the associated bundle construction from theorem (18.7) gives us a fiber bundle
PEMIS, 0] = P*M Xk S over M for each m-dimensional manifold M; by (18.9.3)
this describes a functor P¥( )[S, /] from the category Mf,, into the category of
all fiber bundles over m-dimensional manifolds with standard fiber S and G¥ -
structure, and homomorphisms of fiber bundles covering local diffeomorphisms.
These bundles are also called natural bundles or geometric objects.

21.7. Theorem. If (E,p, M,S) is a fiber bundle, let us denote by J*(E) — M
the space of all k-jets of sections of E. Then we have:
(1) J*(E) is a closed submanifold of J*(M, E).
(2) The first jet bundle J*(E) — M x E is an affine subbundle of the vector bun-
dle JY(M,E) = L(TM,TE), in fact we have J'(E) = {0 € L(TM,TE) :
Tp 00 = IdTM }
(3) (JK(E),xk_ |, J*L(E)) is an affine bundle.
(4) If (E,p, M) is a vector bundle, then (J*(E),a, M) is also a vector bundle.
If ¢ : E — E’ is a homomorphism of vector bundles covering the identity,
then J* () is of the same kind.

Proof. (1). By (21.5.5) the mapping J*(M,p) is a submersion, thus J*(E) =

JF(M, p)~1(5%(Idyr)) is a submanifold. (2) is clear. (3) and (4) are seen by looking
at appropriate canonical charts. [
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CHAPTER V
Riemannian Manifolds

22. Pseudo Riemann metrics and
the Levi Civita covariant derivative

22.1. Riemann metrics. Let M be a smooth manifold of dimension m. A
Riemann metric g on M is a symmetric (g) tensor field such that g, : T, M x
T,M — R is a positively defined inner product for each z € M. A pseudo Riemann
metric g on M is a symmetric (g) tensor field such that g, is non degenerate, i.e.
Gz : TeM — TrM is bijective for each x € M. If (U,u) is a chart on M then we
have

m
9|U = Z g(a?ﬁv a?ﬂ)dui ®du’ =: Zgijdui ® du’.
i,j=0 i

Here (g;;(x)) is a symmetric invertible (m x m)-matrix for each = € M, positively
defined in the case of a Riemann metric, thus (g;;) : U — Matsym (m x m). In the
case of a pseudo Riemann metric, the matrix (g;;) has p positive eigenvalues and
q negative ones; (p, q) is called the signature of the metric and ¢ = m — p is called
the indez of the metric; both are locally constant on M and we shall always assume
that it is constant on M.

Lemma. One each manifold M there exist many Riemann metrics. But there need
not exist a pseudo Riemann metric of any given signature.

Proof. Let (U,,us) be an atlas on M with a subordinated partition of unity (fa).
Choose smooth mappings (gf;) from U, to the convex cone of all positively defined
symmetric (m x m)-matrices for each o and put g =3>_, fa >_;; 95 dul, @ dJ,.

For example, on any even dimensional sphere S2" there does not exist a pseudo
Riemann metric g of signature (1,2n — 1): Otherwise there would exist a line sub-
bundle L C TS? with g(v,v) > 0 for 0 # v € L. But since the Euler characteristic
x(58%") = 2 such a line subbundle of the tangent bundle cannot exist, see 7??. [

22.2. Length and energy of a curve. Let ¢: [a,b] — M be a smooth curve. In
the Riemann case the length of the curve c is then given by

b b
Ih(c) == / o(e(6), ¢ (1) 2dt = / (1) dt.
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228 Chapter V. Riemannian Manifolds 22.3

In both cases the energy of the curve c is given by

b
BN =} [ ale .0

For piecewise smooth curves the length and the energy are defined by taking it for
the smooth pieces and then by summing up over all the pieces. In the pseudo Rie-
mann case for the length one has to distinguish different classes of curves according
to to the sign of g(c/(t),c'(t)) (the sign then should be assumed constant), and by
taking an appropriate sign before taking the root. These leads to the concept of
‘time-like’ curves (with speed less than the speed of light) and ‘space-like’ curves.

The length is invariant under reparameterizations of the curve:
b
Bhieo )= [ olleo Y0 (o £ ()20t
b
= [ o). £ O s

b b
- / o (F(0). ¢ FONY21f (1)t = / g€ (1), & () V2dt = L5 (c).

The energy is not invariant under reparametrizations.

22.3. Theorem. (First variational formula) Let g be a pseudo Riemann metric
on an open subset U C R™. Let v : [a,b] X (—e,&) — U be a smooth variation of
the curve ¢ = y( ,0) : [a,b] = U. Let r(t) = Z|ov(t, s) = T(1,0)7-(0,1) € ToyU
be the variational vector field along c.

Then we have:

b
Slo(Ea(x( 78)))=/ (—g(C(t))(C”(t),r(t))—dg(C(t))(C'(t))(C’(t)»r(t))+

+ 5dg(c(t)(r())(c'(2), C’(t))) dt+
+9(c(0)) (' (0), 7(b)) — g(c(a))(c(a),7(a)).

Proof. We have the Taylor expansion v(t,s) = v(t,0) + s7vs(t,0) + O(s?) = c(t) +
sr(t) + O(s?) where the remainder O(s?) = s?R(s,t) is smooth and uniformly
bounded in . We plug this into the energy and take also the Taylor expansion of
g as follows

b _1 ’
B 5D =4 [ a0ttt o)l ) de
b
— %/ glelt) + sr(t) +0(s2))(c’(t) + s () + O(s2), ¢ (t) + 57 (1) +0(s2)) dt

= é/ab (9(c() + 59/ (c)r®) + O (-, ) dt
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N[

b
[ (sten(e@.¢ o) + 2sg(c)e 0. o)+
+ 59/ () (r(H)( (1), ¢ (1)) ) dt + O(s)
b b
=B+ [ g O O)dt+ s [ OO, 0) dt+OG).

Thus for the derivative we get, using partial integration:

ZIEL( ) = lim LB .s) = EL((,0)))

b b
é/g%@Wﬁmamamﬁ+/9wmwwwwwt

+ 39/ (c())(r(1)(c (1), C’(t))) dt+
+9(c(0) (¢ (b),7(b)) — g(c(a))(c'(a), r(a)) O

22.4. Christoffel symbols and geodesics. On a pseudo Riemann manifold
(M, g), by theorem (22.3), we have %|0E2('y( ,5)) = 0 for all variations 7 of the
curve ¢ with fixed end points (r(a) = r(b) = 0) in a chart (U,u), if and only if
the integral in theorem (22.3) vanishes. This is the case if and only if we have in
u(U) C R™:

39'(c(®))( (1), ¢ (1))

— 39 (@)D (®), )

=39 (c®)(E®)( (1))

For z € u(U) and X,Y,Z € R™ we consider the polarized version of the last
equation:

which is a well defined smooth mapping

T:u(U) — L, (R™;R™).

sym

gle)("(t), )=

HI\D‘)—‘M

Back on U C M we have in coordinates

T, (X,Y) :rw(ZXiagi,Zyj%) = er(%,%)xiyj
_ZF” )XY = Zr’f )XY 52

.3,k
where the Ffj : U — R are smooth functions, which are called the Christoffel
symbols in the chart (U,u). Attention: Most of the literature uses the negative of
the Christoffel symbols.
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Lemma. If g|U = 3, ; gijdu' ® du? and if (g;;)~' = (9%) denotes the inverse
matrixz then we have

1 0gi; O0gij  9Ogu
k1 Kl i 94y
(2) T = 229 (8ul oul 3uj)'

Proof. We have

k k k
2 Thign =D Tii9(55m ) = 9(2 T3 %) = 9(C (50 307)> 7o)
k

Let ¢ : [a,b] — M be a smooth curve in the pseudo Riemann manifold (M, g). The
curve c is called a geodesic on M if in each chart (U, u) for the Christoffel symbols
of this chart we have

3) (t) =Ty (' (t), ().

The reason for this name is: If the energy E of (each piece of) the curve is minimal
under all variations with fixed end points, then by (22.3) the integral

b
/ ge) (" () = Loy (' (1), ' (1)), r(t)) dt = O

for each vector field r along ¢ with r(a) = r(b) = 0. This implies (3). Thus (local)
infima of the energy functional E° are geodesics, and we call geodesic any curve
on which the energy functional E® has vanishing derivative (with repect to local
variations with constant ends).

Finally we should compute how the Christoffel symbols react to a chart change.
Since this is easily done, and since we will see soon that the Christoffel symbols
indeed are coordinate expressions of an entity which belongs into the second tangent
bundle TT'M, we leave this exercise to the interested reader.

22.5. Covariant derivatives. Let (M, g) be a pseudo Riemann manifold. A
covariant derivative on M is a mapping V : X(M) x X(M) — X(M), denoted by
(X,Y) — VxY, which satisfies the following conditions:
(1) VXy is COO(N)—linear in X € %(M), i.e. Vf1X1+f2X2Y = f1VX1Y +
f2Vx,Y. So for a tangent vector X, € T, M the mapping Vx, : X(M) —
T, M makes sense and we have (Vxs)(r) = Vx(y)s.
(2) VxY is R-linear in Y € X(M).
(3) Vx(fY)=df(X).Y + f.VxY for f € C>(M), the derivation property of
Vx.
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The covariant derivative V is called symmetric or torsion free if moreover the fol-
lowing holds:

(4) VxY - VyX = [X,Y].
The covariant derivative V is called compatible with the pseudo Riemann metric if
we have:

(5) X(9(Y. 2)) = 9(VxY, Z) + g(Y,VxZ) for all X,Y,Z € X(M).
Compare with (19.12) where we treat the covariant derivative on vector bundles.
Theorem. On each pseudo Riemann manifold (M, g) there exists a unique torsion

free covariant derivative V. = V9 which is compatible with the pseudo Riemann
metric g. In a chart (U, u) we have

(6) Voo g5 =— T
k

Ou’

where the Ffj are the Christoffel symbols from (22.4).
This unique covariant derivative is called Levi Civita covariant derivative.

Proof. We write the cyclic permutations of property (5) equipped with the signs

+,+,—
X(g(Y,2)) =9(VxY,Z)+g(Y,VxZ)
Y(9(Z, X)) =9(VyZ,X)+9(Z,VyX)
—Z(g(X,Y)) = —g(VzX,Y) - g(X,VzY)

We add these three equations and use the torsion free property (4) to get

X(g(Y,2))+Y(9(Z, X)) - Z(9(X,Y)) =
=g9(VxY +Vy X, 2)+g(VxZ -VzX,Y)+9(VyZ —-V;Y, X)
g(QVXY - [Xv Y]7Z) _g([ZvXLY) +g([Yv Z]vX)a

which we rewrite as implicit defining equation for VxY:

(7) 29(VxY, Z) = X(9(Y, 2)) + Y (9(Z, X)) = Z(9(X,Y))
- g(X, [Ya ZD +9(Y7 [Za X]) +g(Z, [va])

This by (7) uniquely determined bilinear mapping (X,Y) — VxY indeed satisfies
(1)—(5), which is tedious but easy to check. The final assertion of the theorem
follows by using (7) once more:

29(V o 325, 520) = 52 (9(3% 520) + 525 (9(52r, 22)) — 2 (9(52 52))

out
=2 T'lgu, by (22.4.2). O
k
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22.6. Geodesic structures and sprays. By (22.5.6) and (22.4.3) we see that
a smooth curve ¢ : (a,b) — (M,g) is a geodesic in a pseudo Riemann manifold
if Vg, = 0, in a sense which we will make precise later in (22.9.6) when we
discuss how we can apply V to vector fields which are only defined along curves or
mappings. In each chart (U, u) this is an ordinary differential equation

Cl/(t) = I—‘c(t) (Cl(t), C/(t)),
o) = YT () S (0 50, o= (e

which is of second order, linear in the second derivative, quadratic in the first de-
rivative, and in general completely non-linear in c(t) itself. By the theorem of
Picard-Lindelof for ordinary differential eqations there exists a unique solution for
each given initial condition ¢(tg), ¢/ (tg), depending smoothly on the initial condi-
tions. Thus we may piece together the local solutions and get a geodesic structure
in the following sense:

A geodesic structure on a manifold M is a smooth mapping geo : TM xR DU — M,
where U is an open neighborhood of TM x {0} in TM x R, which satisfies:

(1) geo(X,)(0) = v and &, geo(X,)(t) = X,

(2) geo(t.Xz)(s) = geO(X )(t 5).

(3) geo(geo(X2)'(s))(t) = geo(Xa)(t + 5).

(4) UnNn(X; xR) ={X,} x intervall .

One could also require that U is maximal with respect to all this properties. But
we shall not elaborate on this since we will reduce everything to the geodesic vector
field shortly.

If we are given a geodesic structure geo : U — M as above, then the mapping
(X,t) — geo(X)'(t) = & geo(X)(t) € TM is the flow for the vector field S €
X(TM) which is given by S(X) = &, & geo(X)(t) € T?M, since
28 geo(X)(t) = 2o 2 geo(X)(t +5) = 2o geo( & geo(X)(H)(s) by (3)
— (2 geo(X) (1))
geo(X)'(0) = X.
The smooth vector field S € X(T'M) is called the geodesic spray of the geodesic
structure.
Recall now the chart structure on the second tangent bundle 72 M and the canonical
flip mapping sy : T?M — T?M from (8.12) and (8.13). Let (U, u) be a chart on
M and let ¢, ) (t) = u(geo(Tu™*(z,y))(t)) € U. Then we have
Tu(geo(Tu™" (2, 4))'(t)) = ((a,5) (1), Cla.g) (1))
T*u(geo(Tu™ (z,y))" () = (C(xy (£), o) (V); € ) (8)s €l g (B)
() T*u.S(Tu™" (2,y)) = T*u(geo(Tu™ " (z,y))"(0))
= (C(Iyy)(0)7c(a:y ( ) c(xy (0) c(xy ( )
= (z,y;9,5(2,y))
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Property (2) of the geodesic structure implies in turn

C(x,ty) (8> = C(z,y) (ts) C/(m ty)( ) =1 cl(:c )(tS)
o) (0) = 2. ) (0) S(z,ty) = t*S(x,y)

so that S(xz, ):R™ — R™ is homogenous of degree 2. By polarizing or taking
the second derivative with respect to y we get
S(z, ) =T.(y,y), for T: u(U) — L2, (R™R™),

If the geodesic structure is induced by a pseudo Riemann metric on M, then we
have seen that c(, \(t) = I¢,  @)(c(, (), ¢, (1) for the Christoffel symbols
in the chart (U,u). Thus the geodesic spray is given in terms of the Christoffel
symbols by

(6) T?u(S(Tu (z,9)) = (=,5:9,Ta(y. y))-

22.7. The geodesic exponential mapping. Let M be a smooth manifold and
let S € X(T'M) be a vector field with the following properties:

(1) mppr 08 =Idyas; S is a vector field.

(2) T(’]TM) oS =Idra; S is a ‘differential equation of second order’.

(3) Let mM : TM — TM and mI™ : T2M — T?M be the scalar multiplica-
tions. Then S omM = T(mM) miM.S

A vector field with these properties is called a spray.

Theorem. If S € X(TM) is a spray on a manifold M, let us put geo(X)(t) :=
mar(F12(X)). Then this is a geodesic structure on M in the sense on (22.6).

If we put exp(X) := mp(F17(X)) = geo(X)(1), then exp : TM >V — M is a
smooth mapping, defined on an open mneighborhood V' of the zero section in TM,
which is called the exponential mapping of the spray S and which has the following
properties:
(4) To, (exp|T: M) = Idg,p (via To,(TuM) = T, M ). Thus by the inverse
function theorem exp, := exp|T,M : V, — W, is a diffeomorphism from
an open neighborhood V, of 0, in T M onto an open neighborhood W, of x
in M. The chart (W,,exp; ') is called a Riemann normal coordinate system
at x.
(5) geo(X)(t) = exp(t.X).
(6) (mar,exp) : TM DV — M x M is a diffeomorphism from an open neigh-
boorhood V' of the zero section in TM onto an open neighboorhood of the
diagonal in M x M.

Proof. By properties (1) and (2) the local expression the spray S is given by
(r,y) — (z,y;y,5(x,y)), as in (22.6.5). By (3) we have (z,ty;ty,S(z,ty)) =
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T(mM).mi™ (z,y;y,S(z,y)) = (z,ty; ty,t25(x, y)), so that S(z,ty) = t2S(z,y) as
n (22.6).

(7) We have FI? (5. X) = 5. F1,(X) if one side exists, by uniqueness of solutions of

differential equations:

2.5 FI%,(X) = 2mMFIS,(X) = T(mM) 2 FIS,(X)
= T(mM)mTM SIS, (X)) 2 §(s. 719, (X))

5. F1S ) (X) = s.X, thus 5. F15,(X) = FIY (s.X).
We check that geo = mpr o F1¥ is a geodesic structure, i.e., (22.6.1)-(22.6.4) holds:

ge0(X,)(0) = (FIg (Xo)) = mar (Xa) = 2.

Gilogeo(Xa)(t) = F|o mas (FY (Xa)) = T(mar) |, FIY (Xo)

=T(ra)S(Xe) = X
geo(s. X, )(t) = mar (FIS (5.X,)) = mar(s. FIZ,(X,)), see above,

= geo(X,)(s.1).

geo( % geo( X )(5)) () = mar (FIF (Frmar I (X2)))
= ms (FL (T (mar) S(FIJ(X,)))) = mar (FIF (FIZ (X)) by (2)
= mar(FIF(Xo)) = geo(Xe) (¢ + )

Let us investigate the exponential mapping. For € > 0 let X, be so small that
(1X,,¢) is in the domain of definition of the flow F1°. Then

—~
-

oxp,(Xo) = mur (FIY (X,)) = mar (FI7 (e.£.X,))
= mar(e. FI2 (L. X,)) = mr (FI2 (L. X,)), by (7).

We check the properties of the exponential mapping.

(4)  To,(exp,). Xz = exp, (0, +t.X,) = 8t‘o 7 (FI5 (£.X,))

2|, (¢ FI(X,)) = 2| mu(FIF (X,)), by (7)
= T(mm) &y (FIF (X)) = T(mar)(S(Xz)) = Xo.

(5) exp, (t.X,) = ma (FIS (£.X,)) = mar (8. FI2 (X))

= mr(FIF (X)) = geo(X,)(1)

S}
E’o

(6) By (4) we have Ty, (wr, exp) = (i g), thus (7, exp) is a local diffeomorphism.
Again by (4) the mapping (s, exp) is injective on a small neighborhood of the
zero section. [J

22.8. Linear connections and connectors. Let M be a smooth manifold. A
smooth mapping C' : TM x ,yTM — T?M is called a linear connection or horizontal
lift on M if it has the following properties:

(1) (T'(rp)ymrm) o C =Idrpx -

Draft from April 18, 2007 Peter W. Michor,



22.8 22. Pseudo Riemann metrics and the Levi Civita covariant derivative 235

(2) C( ,Xz) : ToM — Tx, (TM) is linear; this is the first vector bundle
structure on T?M treated in (8.13).

(3) O(Xy, ):TpM — T(mpr)~1(X,) is linear; this is the second vector bundle
structure on T?M treated in (8.13).

The connection C is called symmetric or torsion free if moreover the following
property holds:
(4) kppoC =Coflip: TM xp TM — T?M, where rpy : T?M — T?M is the
canonical flip mapping treated in (8.13).
From the properties (1)-(3) it follows that for a chart (U,, us) on M the mapping
C is given by

(5)  T*(ua)oCo(T(ua)™" xar T(ua) ™) (1), (x,2)) = (2,29, T2 (y, 2)),

where the Christoffel symbolT%(y, z) € R™ (m = dim(M)) is smooth in © € uq(Uy)
and is bilinear in (y, z) € R™ x R™. For the sake of completeness let us also note
the tranformation rule of the Christoffel symbols which follows now directly from
the chart change of the second tangent bundle in (8.12) and (8.13). For the chart
change a3 = uq © ugl cug(Uy NUB) — ua(Uy NUg) we have

(6)  I%. @ (d(uap)(@)y, d(tap)(2)2) = d(tap)(@)TL(y, 2) + d*(uas)(@)(y, 2)-

We have seen in (22.6.6) that a spray S on a manifold determines symmetric
Christoffel symbols and thus a symmetric connection C. If the spray S is in-
duced by a pseudo Riemann metric g on M then the Christoffel symbols are the
same as we found by determining the singular curves of the energy in (22.4). The
promised geometric description of the Christoffel symbols is (5) which also explains
their transformation behavior under chart changes: They belong into the vertical
part of the second tangent bundle.

Consider now a linear connection C' : TM xp TM — T?M. For ¢ € T?M we
have & — C(T(7ar).&, mrar(€)) € V(TM) = T(mar)~1(0), an element of the vertical
bundle, since T(mar)(€ — C(T(mar)-€ 772 (€))) = T(mar).£ — T(mar)€ = 0 by (1),
Thus we may define the connector K : T?M — TM by

(7) K(&) =vprpp (§ = C(T(mar)-& e (§))),  where § € T2M7

where the vertical projection vpry,, was defined in (8.12). In coordinates induced
by a chart on M we have

(8) K(xay; a, b) = vpr(:ay; 0,b— Fm(aay)) = (iL’, b— Fz(avy))

Obviously the connector K has the following properties:
(9) Kovlppy = pry : TM Xy TM — TM, where the vertical lift vipp (X,,Y,) =
%|0 (X, +tY;) was introduced in (8.12).
(10) K : TTM — TM is linear for the (first) mras vector bundle structure.
(11) K : TTM — TM is linear for the (second) T'(mps) vector bundle structure.
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A connector, defined as a mapping satisfying (9)-(11), is equivalent to a connection,
since one can reconstruct it (which is most easily checked in a chart) by

C( ,Xy) = (T(mp)|ker(K : Tx, (TM) — T, M))~ .

The connecter K is associated to a symmetric connetion if and only if Kok = K.
The connector treated here is a special case of of the one in (19.11).

22.9. Covariant derivatives, revisited. We describe here the passage from
a linear connection C : TM X TM — T?M and its associated connector K :
T2M — TM to the covariant derivative. In the more general setting of vector
bundles this is treated in (19.12). Namely, for any manifold N, a smooth mapping
s: N — TM (a vector field along f := mp 0 s) and a vector field X € X(N) we
define

(1) Vxs:=KoTsoX:N —TN —T>M - TM

which is again a vector field along f.

T>M
=
TN T™M
X Vxs .
N 2 M
N / M

If f: N — M is a fixed smooth mapping, let us denote by C3°(N,TM) = I'(f*T'M)
the vector space of all smooth mappings s : N — TM with 7my; o s = f — vector
fields along f. Then the covariant derivative may be viewed as a bilinear mapping

(2) V:X(N)x CP(N,TM) — C{(N,TM).
In particular for f = Idys we have V : X(M) x X(M) — X(M) as in (22.5).

Lemma. This covariant derivative has the following properties:

(3) Vxs is C®°(N)-linear in X € X(N). So for a tangent vector X, € TN
the mapping Vx, : C]?O(N, TM) — TyyM makes sense and we have
(Vxs)(x) = Vx)s.

(4) Vxs is R-linear in s € C3°(N,TM).

(5) Vx(h.s) = dh(X).s + h.Vxs for h € C®(N), the derivation property of
Vx.
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(6) For any manifold Q and smooth mapping g : Q@ — N and Z, € T,Q we
have Vrg.z,5 =V gz, (sog). If Z € X(Q) and X € X(N) are g-related, then
we have Vz(sog) =(Vxs)og.

T>M
T
(S (e] g) / JK
Ts

TQ Ty TN T™

z X Vxs ™
Q g N 5 ™

Q g N f M

(7) In charts on N and M, for 5( ) = (f(),5(z) and X (x) = (z, X(z)) we

have (Vxs)(x) = (f(x),d5(2). X () = D) (3(2), df () X (2)))-
(8) The connection is symmetric if and only if VxY — Vy X = [X,Y].

Proof. All these properties follow easily from the definition (1). O

Remark. Property (6) is not well understood in some differential geometric liter-
ature. It is the reason why in the beginning of (22.6) we wrote Vg,¢’ = 0 for the
geodesic equation and not V¢’ = 0 which one finds in the literature.

22.10. Torsion. Let V be a general covariant derivative on a manifold M. Then
the torsion is given by

(1) Tor(X,Y):=VxY —VyX — [X,Y]. X,Y € X(M)

It is skew symmetric and C*°(M)-linear in X,Y € X(M) and is thus a 2-form with
values in TM: Tor € Q*(M;TM) =T(A*T*M @ TM), since we have

Tor(f.X,Y)=V;xY - Vy(fX) - [fX,Y]
= [ VXY =Y(f)X = fVy(X) - fIX, Y]+ Y(f).X
= f.Tor(X,Y).

Locally on a chart (U, u) we have

(2) Tor |U = ZTor(a‘?ﬁ7 aauj) Q dut @ du’

—Z(

—Z I‘I~C —|—I‘k du‘®duj®aik

-V o aii [aimawD ®du ®du3
aul Dl

:—kadu N @ 52 = =2 "Thdu' Adu! @ 52
i<j
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We may add an arbitrary form T' € Q?(M;TM) to a given covariant derivative and
we get a new covariant derivative with the same spray and geodesic structure, since
the symmetrization of the Christoffel symbols stays the same.

Lemma. Let K : TTM — M be the connector of the covariant derivative V, let
X,Y € X(M). Then the torsion is given by

(3) Tor(X,Y)=(Koky —K)oTXoY.
If moreover f: N — M is smooth and U,V € X(N) then we get also

(4) Tor(Tf.U,TfV) = Vy(TfoV) -V (TfoU)—Tfo[U,V]
=(Koky —K)oTTfoTUoV.

Proof. By (22.9.1), (8.14) (or (8.19)), and (22.8.9) we have

Tor(X,Y)=VxY - VyX — [X,Y]
=KoTYoX —KoTXoY — KovlryoY,[X,Y]),
Kovlpy oYV [X,) Y ) =Ko (TY o X —kpyoTX oY)
=KoTYoX -—KokpyoTXoY.

Similarly we get

Kovlpyo(TfoV,TfolU,V])=KoTTfovlpyo(V,[U,V])
=KoTTfo(TVoU—kyoTUoV)
=KoTTfoTVoU—-KokpyoTTfoTUoV
Vuo(TfoV)=Vy(TfoU)-TfolX,Y]=
=KoTTfoTVoU—-KoTTfoTUoV —KovlpyoTfoV,Tfo[U,V])
=(Koky —K)oTTfoTUoV

The rest will be proved locally, so let us assume now that M is open in R™ and
U(z) = (x,U(x)), etc. Then by (22.8.8) we have

(TTfoTUoV)(zx) =TT f(x,U(x);V(z),dU(z)V(z))

= (f(x), df (x).U(x); df (2).V (2), d* f(2)(V (2), U () + df (2).dU (2).V (2))
(Koky —K)oTTfoTUoV)(z) =

= (f(x),df(2)(V(2),U(x)) + df (x).dU (2).V () = L () (df (2).U (), df ().V (2)))
—(f(z ) & f(2)(V(2),U(2)) + df (x).dU (2).V (z) = T g0 (df ().V (2), df
= (f(@), ~Tj() (df (2).U(2), df (2).V (2)) + Ty (df (2).V (2), df (2).U(2)))
=To (TfoUTfoV)() O

+ df
+ df
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22.11. The space of all covariant derivatives. If V? and V' are two covariant
derivatives on a manifold M then VLY — V&Y turns out to be C°°(M)-linear in
X,Y € X(M) and is thus a (})-tensor field on M, see (22.10). Conversely, one may
add an arbitrary (é)—tensor field A to a given covariant derivative and get a new
covariant derivative. Thus the space of all covariant derivatives is an affine space
with modelling vector space I'(T*M @ T*M @ TM).

22.12. The covariant derivative of tensor fields. Let V be covariant de-
rivative on on manifold M, and let X € X(M). Then the Vx can be extended
uniquely to an operator Vx on the space of all tensor field on M with the following
properties:

(1) For f € C*°(M) we have Vx f = X(f) = df (X).

(2) Vx respects the spaces of (2 )-tenor fields.

(3) Vx(A® B) = (VxA)® B+ A® (VxB); a derivation with respect to the

tensor product

(4) Vx commutes with any kind of contraction C' (trace, see (8.18)): So for
we N (M)and Y € X(M) we have Vx (w(Y)) = (Vxw)(Y) + w(VxY).

The correct way to understand this is to use the concepts of section (19.9)-(19.12):
Recognize the linear connection as induced from a principal connection on the lin-
ear frame bundle GL(R™,TM) and induce it then to all vector bundles associated
to the representations of the sructure group GL(m,R) in all tensor spaces. Con-
tractions are then equivariant mappings and thus intertwine the induced covariant
derivartives, which is most clearly seen from (19.15).

Nevertheless, we discuss here the traditional proof, since it helps in actual compu-
tations. For w € QY(M) and Y € X(M) and the total contraction C' we have

Vx(wl))=Vx(ClweY))
=C(Vxw®Y +w®VyxY)
= (Vxw)(Y) + w(VxY),

(Vxw)(Y) = Vx(w(Y)) —w(VxY),

which is easily seen (as in (22.10)) to be C°°(M)-linear in Y. Thus V yw is again a
1-form. For a (fl’)—tensor field A we choose X; € X(M) and w? € Q'(M), and arrive
similarly using again the total contraction) at

(VxA) (X1, .., Xgwhy oo ,wP) = X(A(X1, . Xy why o wP))—
—AVxXy,..., Xpwh, . wP) — A(X1,Vx Xo,...,Xgwh, o wP) — ...
—A(X1, . VxXgwh o wP) — A(Xy, ., X, Vixw! L wP)

= AXy, L X Wt VWP,

This expression is again C°°(M)-linear in each entry X; or w’ and defines thus
the (f; ) -tensor field Vx A. Obvioulsy Vx is a derivation with respect to the tensor
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product of fields, and commutes with all contractions. For the sake of completeness
we also list the local expression

o du! ) (52 )dut =3 50k — (Vo 5%))du*

out L ou? & out
— J k
= T.du
k

from which one can easily derive the expression for an arbitrary tensor field:

dul out
B (8(11 (A(M%,'..’dujp)> 7A(vr8_ 63i1,...,dujp> .
out
“_A(agil""7v86_duj”)>dui1 ®®8;%
Py

_ o j17"'7jp jlv"'7j}7 k jlv"'vjp k
—Z(amAil,...,iq 4 AJbede TR g rE 4

kyio,...,iq 01 i1,K,03,dg 1yi2

11,000 oui?”

L= AJvdee rgf’k)du“®-~® 0

23. Riemann geometry of geodesics

23.1. Geodesics. On a pseudo Riemann manifold (M,g) we have a geodesic
structure which is described by the flow of the geodesic spray on T'M. The geodesic
with initial value X, € T, M is denoted by t — exp(t.X,) in terms of the pseudo
Riemann exponential mapping exp and exp, = exp |T, M. We recall the properties
of the geodesics which we will use.

(1) exp, : TuM D U, — M is defined on a maximal ‘radial’ open zero neigh-
borhood U, in T,M. Here radial means, that for X, € V, we also have
[0,1].X, C V,. This follows from the flow properties since by (22.7) exp, =
mar (F15 | T, M).

(2) To, (exp |Tp M) = 1dg, ar, thus & | exp, (t.X,) = X,. See (22.7.4).

(3) exp(s.(& exp(t.X))) = exp((t + 5)X). See (22.6.3).

(4) t — g(Z exp(t.X), & exp(t.X)) is constant in ¢, since for c(t) = exp(t.X)
we have 0; g(c,c’) = 2g(Vs,c',¢’) = 0. Thus in the Riemann case the
length \% exp(t.X)|g = \/g(% exp(t.X), % exp(t.X)) is also constant.

If for a geodesic c the (by (4)) constant |¢/(t)|, is 1 we say that c is parameterized
by arc-length.

23.2. Lemma. (Gauf) Let (M, g) be a Riemann manifold. Forx € M lete > 0 be
so small that exp, : Dy(e) :=={X € T, M : | X|, < e} — M is a diffeomorphism on
its image. Then in exp, (D, (¢)) the geodesic rays starting from x are all orthogonal
to the ‘geodesic spheres’ {exp,(X) : |X|; =k} = exp, (k.S(TxM, g)) for k <e.
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23.3 23. Riemann geometry of geodesics 241

On pseudo Riemann manifolds this result holds too, with the following adaptation:
Since the unit spheres in (T, M, g,) are hyperboloids they are not small and may
not lie in the domain of definition of the geodesic exponental mapping; the result
only holds in this domain.

Proof. exp,(k.S(T,M,g)) is a submanifold of M since exp,, is a diffeomorphism
on D, (e). Let s — v(s) be a smooth curve in kS(T, M, g) C T, M, and let (¢, s) :=
exp, (t.v(s)). Then + is a variation of the geodesic v(¢,0) = exp,(t.v(0)) =: ¢(¢). In
the energy of the geodesic ¢t — (¢, s) the integrand is constant by (23.1.4):

Fiv( Ls) =4 / 9(2A(t, ), Z(t,)) dt

= 39( &l (. s), &, () dt
_ 1k2
=3

Comparing this with the first variational formula (22.3)

Belo (B (+( ,8)))=/0 0dt + g(c(1))(¢'(1), F;lov(L,5)) — g(c(0))(¢'(0),0).

we get 0 = g(e(1))(c(1), as|0'y(1 s)), where %|07(17s) is an arbitrary tangent
vector of exp, (kS(TxM,g)). O

23.3. Corollary. Let (M,g) be a Riemann manifold, x € M, and € > 0 be such
that exp, : Dy(e) == {X € T, M : |X|, < e} — M is a diffeomorphism on its
image. Let ¢ : [a,b] — exp,(D.(¢)) \ {x} be a piecewise smooth curve, so that
c(t) = exp,(u(t).v(t)) where 0 < u(t) < e and |v(t)|g, = 1.

Then for the length we have L%(c) > |u(b) — u(a)| with equality if and only if u is
monotone and v is constant, so that c is a radial geodesic, reparameterized by u.

On pseudo Riemann manifolds this results holds only for in the domain of definition
of the geodesic exponential mapping and only for curves with positive velocity vector
(timelike curves).

Proof. We may assume that c is smooth by treating each smooth piece of ¢ sepa-
rately. Let a(u,t) := exp, (u.v(t)). Then

c(t) = a(u(t), 1)
& (ult), )’ (1) + 5 (ult), 1),

Bt — 2
|273‘91 = |U(t ‘gz = 17
0=9(%2,22), by lemma (23.2).

Putting this together we get

g =9(c, ) =g(F5 v + 5% Fau' + 53)
= [u/P|152 15 + 15515 = [/ + 15315 > Ju'?
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with equality if and only if [22|, = 0, thus 22 = 0 and v(t) = constant. So finally:

/a b u'(t) dt

with equality if and only if « is monotone and v is constant. [J

b b
18(c) = / 1 (8)] dt > / (1) dt > = Ju(b) - u(a)]

23.4. Corollary. Let (M,g) be a Riemann manifold. Let e : M — Rsg be a
continuous function such that for V.= {X, € T,M : |X,| < e(z) for all z € M}
the mapping (7, exp) : TM 2 VWCMxMisa diffeomorphism from the
open netghboorhood 1% of the zero section in T M onto an open neighboorhood W of
the diagonal in M x M, as shown in (22.7.6).

Then for each (x,y) € W there exists a unique geodesic ¢ in M which connects x
and y and has minimal length: For each piecewise smooth curve v from x to y we
have L(y) > L(c) with equality if and only if v is a reparameterization of c.

Proof. The set V N T,M = D,(s(x)) satisfies the condition of corollary (23.3).
For X, = exp;'(y) = ((mar,exp)|V)~(z,y) the geodesic t — c(t) = exp, (t.X,)
leads from x to y. Let d > 0 be small. Then ¢ contains a segment which connects
the geodesic spheres exp, (0.5(T,M, g)) and exp, (| X;|g,.S(TeM, g)). By corollary
(23.3) the length of this segment is > |X,|, — ¢ with equality if and only if this
segment is radial, thus a reparameterization of c¢. Since this holds for all § > 0 the
result follows. [

23.5. The geodesic distance. On a Riemann manifold (M, g) there is a natural
topological metric defined by

dist?(z,y) == inf {Lj(c) : ¢ : [0,1] — M piecewise smooth, ¢(0) = z,c(1) =y},

which we call the geodesic distance (since ‘metric’ is heavily used). We either
assume that M is connected or we take the distance of points in different connected
components as o0.

Lemma. On a Riemann manifold (M, g) the geodesic distance is a topological met-
ric which generates the topology of M. For e, > 0 small enough the open ball
B.(e;) ={y € M : dist!(z,y) < €.} has the property that any two points in it can
be connected by a geodesic of minimal length.

Proof. This follows by (23.3) and (23.4). The triangle inequality is easy to check
since we admit piecewise smooth curves. [J

23.6. Theorem. (Hopf, Rinov) For a Riemann manifold (M,gq) the following
assertions are equivalent:
(1) (M,dist?) is a complete metrical space (Cauchy sequences converge).
(2) Each closed subset of M which is bounded for the geodesic distance is com-
pact.
(3) Any geodesic is mazimally definable on the whole of R.
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(4) exp: TM — M is defined on the whole of TM.
(5) There exists a point x such that exp, : T, M — M is defined on the whole
of T, M, in each connected component of M.

If these equivalent conditions are satisfied, then (M, g) is called a complete Riemann
manifold. In this case we even have:

(6) On a complete connected Riemann manifold any two points can be connected
by a geodesic of minimal length.

Condition (6) does not imply the other conditions: Consider an open convex in R™.

Proof. (2) = (1) is obvious.

(1) = (3) Let ¢ be a maximally defined geodesic, parametrized by arc-length. If ¢ is
defined on the interval (a,b) and if b < 0o, say, then by the definition of the distance
(23.5) the sequence c(b— 1) is a Cauchy sequence, thus by (1) lim, o c(b— L) =:
c(b) exists in M. For m,n large enough (c(b—1),c(b—-1)) € W where W is the open
neighborhood of the diagonal in M x M from (23.4), thus the segment of ¢ between
c(b— 1) and ¢(b — L) is of minimal length: dist?(c(b— 1),¢(b— L)) = |+ — L|.
By continuity dist?(c(b — £),c(b)) = |+]. Now let us apply corollary (23.3) with
center c(b): In exp, ) (D) (€)) the curve ¢ — c(b+ 1) is a piecewise smooth curve
of minimal length, by (23.3) a radial geodesic. Thus lim;_;, ¢/(¢t) =: ¢/(b) exists and

t = exp.)((t — b)c'(b)) equals c(t) for ¢ < b and prolongs the geodesic c for ¢ > b.
(3) = (4) is obvious.
(4) = (5) is obvious.

(5) = (6) for special points, in each connected component separately. In detail:
Let x,y be in one connected component of M where z is the special point with
exp, : IuM — M defined on the whole of T, M. We shall prove that x can be
connected to y by a geodesic of minimal length.

Let dist?(z,y) = r > 0. We consider the compact set S := exp,(6.5(T.M,g)) C
exp, (T, M) for 0 < ¢ < r so small that exp, is a diffeomorphism on {X € T, M :
|X|y < 20}. There exists a unit vector X, € S(T, M, g;) such that z = exp,(6X,)
has the property that dist?(z,y) = min{dist?(s,y) : s € S}.

Claim (a) The curve c(t) = exp,(t.X;) satisfies the condition
* dist?(c(t),y) =r—t

for all 0 <t < r. It will take some paper to prove this claim.

Since any piecewise smooth curve from z to y hits S (its initial segment does so in
the diffeomorphic preimage in T, M) we have

r=dist!(z,y) = irelg(distg (x,8) + distY(s,y)) = iIelg(d + dist?(s, y))
=0+ Hliél dist?(s,y) = 6 + dist?(z,y)
se€

dist?(z,y) =r —4, thus (*) holds for ¢t = 4.
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Claim (b) If (*) holds for ¢ € [0, 7] then also for all ¢ with § < ¢ < ¢, since we
have
dist?(c(t),y) < dist?(c(t'), c(t)) + dist?(c(t),y) <t —t' +r—t=r—t,
r = dist? (z,y) < dist?(z, c(t')) + dist? (c(t'), y),
dist? (c(t'),y) > r — dist? (@, c(t')) > r — t' = (b).
Now let tg = sup{t € [,7] : (*) holds for t}. By continuity (*) is then also valid
for tg. Assume for contradiction that tg < r.

Let S’ be the geodesic sphere with (small) radius ¢’ centered at c(tp), and let 2’ € S’
be a point with minimal distance to y.

As above we see that
r —to @ dist?(c(tg),y) = iIEIf (dist?(c(to), s") + dist?(s",y)) = &' + dist? (2', y)
s/

(**) dist?(2",y) = (r —to) — ¢’

dist?(x, 2') = dist?(z,y) — dist? (2", y) =7 — (r —to) + & =to + 9.
We consider now the piecewise smooth curve ¢ which follows initially ¢ from x
to ¢(tg) and then the minimal geodesic from c(tg) to 2/, parameterized by arc-
length. We just checked that the curve ¢ has minimal length ¢y + ¢’. Thus each
piece of ¢ has also minimal length, in particular the piece between ¢(¢1) and &(ts),
where t; < ty < t3. Since we may choose these two points near to each other, ¢
is a minimal geodesic between them by (23.4). Thus ¢ equals ¢, 2/ = c(ty + 9),
dist? (c(to+0"),y) = dist? (', y) = r— (8’ + o) by (**), and (*) holds for to+ ¢’ also,
which contradicts the maximality of ¢g for the validity of (*). Thus the assumption
to < r is wrong and claim (a) follows.
Finally, by claim (a) we have dist?(c(r),y) = r — r = 0, thus ¢(t) = exp, (t.X,) is
a geodesic from z to y of length r = dist?(z,y), thus of minimal length, so (6) for
the special points follows.
(4) = (6), by the foregoing proof, since then any point is special.
(5) = (2) Let A C M be closed and bounded for the geodesic distance. Suppose
that A has diameter » < oo. Then A is completely contained in one connected

component of M, by (23.5). Let  be the special point in this connected component
with exp,, defined on the whole of T, M. Take y € A.

By (6) for the special point « (which follows from (5)), there exists a geodesic from
to y of minimal length dist?(z,y) =: s < oo, and each point z of A can be connected
to « by a geodesic of minimal length dist?(z, z) < dist?(z,y) + dist?(y, 2) < r + s.

Thus the compact set (as continuous image of a compact ball) exp, {X, € T, M :
| Xz|g < 7+ s} contains A. Since A is closed, it is compact too. O
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23.7. Conformal metrics. Two Riemann metrics g; and go on a manifold M

are called conformal if there exists a smooth nowhere vanishing function f with
= f2.g1. Then g; and g» have the same angles, but not the same lengths. A local

diffeomorphism ¢ : (My,g1) — (Ma,g2) is called conformal if ©*gs is conformal to

g1-

As an example, which also explains the name, we mention that any holomorphic

mapping with non-vanishing derivative between open domains in C is conformal for

the Euclidean inner product. This is clear from the polar decomposition ¢'(z) =
¢/ (2)]e28(#"(2)) of the derivative.

As another, not unrelated example we note that the stereographic projection from

(1.2) is a conformal mapping:

z—(z,a)a

uy : (S™\ {a},gsn) —{a}t = R, ( , ), uy(z) = = (z,0)

To see this take X € T,,S™ C T,R"*1, so that (X, z) = 0. Then we get:

duy (2)X = Ol O Xaya)+ (Xa)(o—(s.a)e

—(z
= m(( —(z,0))X 4+ (X, a)z — (z,a)a),
(duy(x) X, duy(2)Y) = m( Y) = 7))2 (05" )a (X, Y).

23.8. Theorem. (Nomizu-Ozeki, Morrow) Let (M,g) be a connected Riemann
manifold. Then we have:

(1) There exist complete Riemann metrics on M which are conformal to g and
are equal to g on any given compact subset of M.

(2) There also exist Riemann metrics on M such that M has finite diameter,
which are conformal to g and are equal to g on any given compact subset of
M. If M is not compact then by (23.6.2) a Riemann metric for which M
has finite diameter is not complete.

Thus the sets of all complete Riemann metric and of all Riemann metric with
bounded diameter are both dense in the compact C'*°-topology on the space of all
Riemann metrics.

Proof. For x € M let
r(x) ;== sup{r: B,(r) = {y € M : dist?(z,y) < r} is compact in M}.

If r(z) = oo for one x then g is a complete metric by (23.6.2). Since exp, is a
diffeomorphism near 0,, r(x) > 0 for all xz. We assume that r(x) < oo for all z.
Claim. |r(xz) — r(y)| < dist?(z,y), thus r : M — R is continuous, since: For
small £ > 0 the set B,(r(z) — €) is compact, dist?(z,z) < dist?(z,y) + dist?(y, )
implies that By(r(z) — e — dist?(x,y)) € Bg(r(z) — ¢) is compact, thus r(y) >
r(z) — dist?(x,y) — € and r(x) — r(y) < dist?(z,y). Now interchange x and y.
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By a partition of unity argument we construct a smooth function f € C*°(M,R<¢)
with f(z) >

Claim. B, (%) :={y € M : dist(z,y) < 1} € B,(3r(z)), thus compact.
Suppose y ¢ By(3r(z)). For any piecewise smooth curve ¢ from z to y we have

y r(a)
f/ |c<t>\gdt>77

0= [ 1)1 Oyt = steteo) [ 10l dr > L

for some tg € [0,1], by the mean value theorem of integral calculus. Moreover,

T(m Consider the Riemann metric § = f?g.

[r(e(to)) = r(2)]
r(c(to))
L9(c)

< dist(c(tg),x) < LI(c) =: L
<r(z)+L
L L 1
r(r)+L = 3L 3’

I V
Y
|
I

0y ¢ By(1) either.

Claim. (M, g) is a complete Riemann manifold.

Let X € T, M with |X|; = 1. Then exp?(t.X) is defined for |t| < 1 < 1. But also
exp?(s. 2 |;—11/5 exp?(t. X)) is defined for |s| < % which equals exp?((£1 + 5)X),
and so on. Thus exp?(t.X) is defined for all ¢ € R, and by (23.6.4) the metric g is
complete.

Claim. We may choose f in such a way that f = 1 on a neighborhood of any given
compact set K C M.

Let C = max{ﬁ :x € K} 4 1. By a partition of unity argument we construct a
smooth function f with f =1 on a neighborhood of K and C'f(z) > T(x)

By the arguments above, C? f?g is then a complete metric, thus also f2g.

for all x.

Proof of (2). Let g be a complete Riemann metric on M. We choose x € M, a
smooth function h with h(y) > dist?(z,y), and we consider the Riemann metric
9y = e‘Qh(y)gy. By (23.6.6) for any y € M there exists a minimal g-geodesic ¢
from x to y, parameterized by arc-length. Then h(c(s)) > dist?(z, ¢(s)) = s for all
s < dist?(z,y) =: L. But then

L L oo
Lg(c):A efh(c(s))|c’(s)|gds</0 efslds<A e *ds =1,

so that M has diameter 1 for the Riemann metric §. We main also obtain that
g = g on a compact set as above. [

23.9. Proposition. Let (M, g) be a complete Riemann manifold. Let X € X(M)
be a vector field which is bounded with respect to g, | X|, < C.

Then X is a complete vector field; it admits a global flow.
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Proof. The flow of X is given by the differential equation % FI¥ () = X(FIX (z))
with initial value FI3 () = 2. Suppose that ¢(t) = FLX (z) is defined on (a,b) and
that b < oo, say. Then

b—1/m
st (e(6 = 1/n)clb = 1/m) < L1170 = [ L, Ol =

b—1/m b—1/m
- [ Xewlas [ ca=ch -1~
b—1/n b—1/n

so that ¢(b—1/n) is a Cauchy sequence in the complete metrical space M and the
limit ¢(b) = lim,,—, ¢(b — 1/n) exists. But then we may continue the flow beyond
b by FIZ (FI) (z)) = FIjY,,. O

23.10. Problem. Unsolved till now (April 18, 2007), up to my knowledge. Let X
be a complete vector field on a manifold M. Does there exist a complete Riemann
metric g on M such that X is bounded with respect to g?

The only inroad towards this problem is the following:

Proposition. (Gliklikh, 1999) Let X be a complete vector field on a connected
mamnifold M.

Then there exists a complete Riemann metric g on the manifold M x R such that
the vector field X x 0; € X(M x R) is bounded with respect to g.

Proof. Since FIX *% (z,s) = (FIX (), s+t), the vector field X x 8; is also complete.
It is nowhere 0.

Choose a smooth proper function f; on M; for example, if a smooth function f;
satisfies f1(x) > dist?(zp,z) for a complete Riemann metric g on M, then f; is
proper by (23.6.2).

For a Riemann metric g on M we consider the Riemann metric g on M x R which
equals g, on T, M = T, M x 0y = T4 (M x {t}) and satisfies | X x 9y |3 = 1 and
Gty (X x0¢)(,1), Tz 4y (M x{t})) = 0. We will also use the fiberwise g-orthogonal
projections pry; : T(M xR) - TM x 0 and pry : T(M x R) —» R.(X x 9;) 2 R.

The smooth function fo(z,s) = f1(FI1¥,(z)) + s satisfies the following and is thus
still proper:

(Lxxo f2)(@ ) = G, fa(FE7 P (2,9)) = G fo(FIY (2),5 + ) =
= %l (f1<Fli‘sft<Fli‘<x))) +5 +t) = 2|, AP (@) +1=1

By a partition of unity argument we construct a smooth function f3: M x R — R
which satisfies

f3(z,5)* > maux{|Y(f2)|2 Y € Ty (M x {s}),|[Y]; =1}
Finally we define a Riemann metric g on M x R by
g(a:,t)(}/a Z) = f3 (.’ﬁ, t)2 g(ac,t) (prM(Y)7 pI‘M(Z)) + pry (Y) : er(Z)
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for Y, Z € Tz +)(M x R), which satisfies | X x 9; [, = 1.

Claim. g is a complete Riemann metric on M x R.
Let ¢ be a piecewise smooth curve which is parameterized by g-arc-length. Then

||y =1, thusalso |pry(c)ly <1, |pry(d) <1

S F2(c(t)) = dfa(c'(8) = (pray (¢ (1) (f2) + prx (' (1)) (f2)

oo | () (¢ (1)
PO | @, Y oo,
1 @)
=T Torag (o), 2] 1ol <2

by the definition of g and the properties of f3 and fs. Thus

t
[f2(e(t)) = f2(c(0))] < / | S fo(c(t))|dt < 2t
0
Since this holds for every such ¢ we conclude that

[f2(x) = fa(y)| < 2dist? (2, y)

and thus each closed and dist?-bounded set is contained in some
{y € M xR dist?(z,y) < R} C f; ((fale) — &, fo(w) + &)

which is compact since fs is proper. So (M xR, g) is a complete Riemann manifold
by (23.6.2). O

24. Parallel transport and curvature

24.1. Parallel transport. Let (M, V) be a manifold with a covariant derivative,
as treated in (22.7). The pair (M, V) is also sometimes called an affine manifold.

A vector field Y : N — TM along a smooth mapping f = mp;0Y : N — M is
called parallel if VxY = 0 for any vector field X € X(N).

If Y :R — TM is a vector field along a given curve ¢ = mp; 0Y : R — M, then
Vo, Y = KoTY o0; = 0 takes the following form in a local chart, by (22.7.7)
KoTY 08y = K(c(t),Y(t);8(t),Y'(t)) = (€(t),Y'(t) — Doy (Y (£), € ())).

This is a linear ordinary differential equation of first order for Y (since ¢ is given).
Thus for every initial value Y (¢y) for to € R the parallel vector field Y along ¢
is uniquely determined for the whole parameter space R. We formalize this by
defining the parallel transport along the curve ¢ : R — M as

Pt(C, t) . Tc(O)M - Tc(t)Mv Pt(C, t)Y(O) = Y(t),

where Y is any parallel vector field along c. Note that we treat this notion for
principal bundles in (19.6) and for general fiber bundles in (17.8). This here is a
special case.
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Theorem. On an affine manifold (M, V) the parallel transport has the following
properties.
(1) Pt(c,t) : TooyM — ToyM is a linear isomorphism for each t € R and each
curve c: R — M.
(2) For smooth f : R — R we have Pt(c, f(t)) = Pt(co f,t)Pt(c, f(0)); the
reparameterization invariance.
(3) Pt(e,t)~t =Pt(c( +t),—t).
(4) If the covariant derivative is compatible with a pseudo Riemann metric g on
M, then Pt(c,t) is isometric, i.e. ger)(Pt(c,t) X, Pt(c,t)Y) = goo)(X,Y).

Proof. (1) follows from the linearity of the differential equation.

(2) See also (17.8). Let X be parallel along ¢, Vg, X = 0 or X(t) = Pt(c, t)X(0).
Then we have by (22.7.6)

Vo, (Xof)=VrroX=VpneX=[ (VX =0

thus X o f is also parallel along co f, with initial value X (f(0)) = Pt(c, £(0))X(0).
Thus

Pt(c, f(1))X(0) = X(f(#)) = Pt(co f,t) Pt(c, £(0)) X (0).

(3) follows from (2)

(4) Let X and Y be parallel vector fields along ¢, ie. V5, X = 0 etc. Then
is constant in ¢t. O

24.2. Flows and parallel transports. Let X € X(M) be a vector field on an
affine manifold (M, V). Let C : TM x; TM — T?M be the linear connection for
the covariant derivative V, see (22.7). The horizontal lift of the vector field X is then
given by C(X, )€ X(TM) which is mys-related to X: T(mp)oC(X, )= Xomy.
A flow line Fltc(X’ )(Ym) is then a smooth curve in T'M whose tangent vector is

everywhere horizontal, so the curve is parallel, and 7y, (Fltc(X’ )(Yx)) = FI¥ ()
by (3.14). Thus

(1) Py(FI1X, 1) = FIF )

Proposition. For vector fields X,Y € X(M) we have:

C(X,
(2) VY = 2| (FI9Y Doy o FIY) = 2| P(FIY, ~t) o Y o FI
) X \%
=: &|, Pt(FI*,£)"Y.
(3) S PH(FIY, 1) o Y o FIY = 2 Pt(FI¥,¢)*Y = Pt(FI¥,)*VxY

= Pt(FI%, —t) o VxY o FI.¥ = Vx (Pt(FI¥,1)*Y)

(4) The local vector bundle isomorphism Pt(F1¥ t) over FIX induces vector bundle
isomorphisms Pt® (F1X ) on all tensor bundles QP TM @ ®*T*M over FIX. For
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each tensor field A we have

(2) VxA= 2| Pt¥F1Y, —t) o Ao FI} = 2| Pt¥(FI¥,¢)* A.
(3)  ZPtP(FIY,1)*A = Pt®(F1™,1)*Vx A = Pt(FI, —t) o Vx A o FI

= Vx (Pt®(F1¥,1)* A).

Proof. (2) We compute

Bl IS (v (FI (@) =
= —C (X, FIfY DV (ERF @) + TEFE ) &, (P @)))
=—-C(X(2),Y(x))+TY.X(x)
=TY X (x) — C(T(mp). TY. X (), 7o (TY. X ()))
= (Idp2,; —horizontal Projection)TY. X (x)
=vl(Y(z), KTY.X (z)) = vI(Y(x), (VxY)(z)).
The vertical lift disappears if we identify the tangent space to the fiber T, M with
the fiber.
(3) We did this several times already, see (3.13), (8.16), and (9.6).

2 p(FIX, )Y = 2] (Pt(FlX, —#) o Pt(FI¥, —s) 0 Y o FI¥ oFlff)

= PH(FIY, —t) 0 21, (Pt(Fl ,—s) oYoFlf) o FIX
= Pt(F1¥, —t) o (VxY) o FI¥ = Pt(F1¥,¢)* VY.
s)"P

2 PH(FI*, )Y = 2| Pt(F1¥, t(F1%,1)"Y = Vx (Pt(FI¥,£)*Y).

(4) For a tensor A with foot point FI¥(z) let us define Pt®(F1¥, ¢)*A with foot
point = by
(PtE(FIX, ) A)(X1,..., Xgw!, ... wP) =
= A(Pt(F1*, 1) X1, ..., Pt(FI™, 8) X, Pt(FIY, —t)*w!, ... PH(FIY, —t)*wP).

Thus Pt® (FlX t) is fiberwise an algebra homomorphism of the tensor algebra which
commutes with all contractions. Thus z; | o Pt®(F1* ,t)* becomes a derivation on
the algebra of all tensor fields which commutes with contractions and equals V x
on vector fields. Thus by (22.12) it coincides with Vx on all tensor fields. This
implies (2).

(3’) can be proved in the same way as (3). O

24.3. Curvature. Let (M, V) be an affine manifold. The curvature of the covari-
ant derivative V is given by

(1) R(X,Y)Z=VxVyZ —-VyVxZ— V[X,y]Z
- ([VX7VY] - V[X,Y])Zv for XY, Z ¢ x<M)
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A straightforward computation shows that R(X,Y)Z is C°°(M)-linear in each en-
try, thus R is a (é)-tensor field on M.

In a local chart (U,u) we have (where 0; = %):

Xlp=Y X0 Ylu=> Y0, Zlu=Y 2Z"0,
R(X,Y)(2)|lv =Y _ XY ZFR(9;,0)(0x)
- (Z R, du' @ dul ® du* ® al) (X,Y, 2)
> R, 00=R(0:,0;)(0k) = Vo,Vo,0k — Vo,V,0k — 0
= Vo, (=Y T3 0m) = Vo, (= > _T7} 0m)
== 0T 0 =Y T4 Vo, 0m+ > 0; T 0m+ Y TTVo, Om
== 0;TL 0+ I IL o+ > 0;TL 0= T, 0,

We can collect all local formulas here, also from (22.9.7) or (22.5.6), and (22.4.2)
in the case of a Levi Civita connection (where X = (z, X), etc.):

Vo, 05 ==Y Tl T5=3> ¢"0igi;— 0ig; —;9a),
(2) Rl y=—0;Th, +0;TL, +> TPIL, = > ThT .,
R(X,Y)Z = —dT(2)(X)(Y, Z) + dT(z)(Y)(X, Z)+
+ (X, oY, 2)) = T.(Y,Tu(X, 2))

24.4. Theorem. Let V be a covariant derivative on a manifold M, with tor-

sion Tor, see (22.10). Then the curvature R has the following properties, where
XY, Z,U € X(M).

&) R(X,Y)Z = ~R(Y, X)Z
2 Y RxY)Z=)Y ((VX Tor)(Y, Z) + Tor(Tor(X,Y),Z))
cyclic cyclic
Algebraic Bianchi identity.
(3)

Z ((VXR)(Y,Z) + R(Tor(X,Y), Z)) =0 Bianchi identity.

cyclic

If the connection V is torsionfree, we have

(27) Z R(X,Y)Z =0 Algebraic Bianchi identity.
cyclic
(3") Z (VxR)(Y,Z)=0 Bianchi identity.
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If V is the (torsionfree) Levi Civita connection of a pseudo Riemann metric g, then
we have moreover:

(4) 9(R(X,Y)Z,U) = g(R(Z,U)X,Y)
() 9(R(X,Y)Z,U) = —g(R(X,Y)U, Z)

Proof. (2) The extension of Vx to tensor fields was treated in (22.12):
(6)  (Vx Tor)(Y.2) = Vx(Tor(Y, 2)) - Tor(VY, Z) - Tor(Y, Vi Z).
From the definition (22.10.1) of the torsion:
Tor(Tor(X,Y),Z) = Tor(VxY — Vy X — [X,Y], 2)
= Tor(VxY,Z) + Tor(Z,Vy X) — Tor([X,Y], Z)
These combine to

Y Tor(Tor(X,Y),2) =Y (VX(Tor(Y, 7)) — (Vx Tor)(Y, Z) — Tor([X, Y], Z))

cyclic cyclic
and then
3 ((V « Tor)(Y, Z) +Tor(Tor(X, Y), Z)) =3 (v x(Tor(Y, Z)) —Tor([X, Y], Z))
cyclic cyclic
= > (VxVyZ = VxV5Y = V[V, Z] = Vix ) Z + V(X Y] + [[X,Y], Z])
cyclic
= > (VxVyZ = VxVzY - VixyZ) = Y. RIX.Y)Z
cyclic cyclic
(3) We have
> R(Tor(X,Y),Z)= Y R(VxY - VyX —[X,Y],Z)
cyclic cyclic
=3 (R(VXY, Z) + R(Z,VyX) — R([X,Y], Z))
cyclic
and
S (VxR)(Y,2) = > (VxR(Y.Z) - R(VxY,Z) = R(Y,VxZ) ~ R(Y, Z)Vx)
cyclic cyclic

which combines to

S ((VxB)(Y. 2) + R(Tor(X.Y). 2)) =

cyclic
= (VXR(Y, Z)— R(Y,Z)Vx — R(IX,Y], Z))
cyclic
= Z (vayvz — VXVZVY - vXV[Y7Z]
cyclic

—VyVzVx +VzVyVx +Vy 21Vx
—Vixy1Vz +VzVixy + Vx,y]2 ) =0.
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(5) It suffices to prove g(R(X,Y)Z,Z) = 0.

0="Lo(9(Z,2)) = (XY =YX - [X,Y])g(Z, Z)
=2Xg(VyZ,72)-2Yg(VxZ,7Z) — QQ(V[Xy]Z, Z)
=29(VxVvZ,2)+29(VyZ,VxZ)

—29(VyVxZ,2) —-29(VxZ,NyZ) = 29(Vx 12, Z)
= 2((VxVy — VyVx — Vixy))Z Z) = 29(R(X,Y)Z, Z).

(4) is an algebraic consequence of (1), (2°), and (5). Take (2’) four times, cyclically
permuted, with different signs:

9(R(X,Y)Z,U) + g(R(Y,
(

(R( 2)X,U) + g(R(Z, X)Y,U) = 0
9(R(Y, 2)U, X) + g(R(Z,U)Y, X) +

(R(

(R(

J(R(U,Y)Z,X) =0
YY) — g(R(X, 2)U,Y) =0

Y,
—g(R(Z,U)X,Y) — g(R(U,X)Z
U U, Z) - g(R(Y, U)X, Z) =

-9 R ) ) )—g(R(X,

Add these:
29(R(X,Y)Z,U) - 29(R(Z,U)X,Y) =0. O

24.5. Theorem. Let K : TTM — TM be the connector of the covariant deriva-
tive V.on M. If s: N — TM ‘s a vector field along f :=mp0s: N — M then we
have for vector fields X, Y € X(N)

VvaS—VyVXS—V[X7y]S=
=(KoTKokpy —KoTK)oTTsoTX oY =
=Ro(TfoX,TfoY)s: N—TM,

where R € Q*(M; L(TM,TM)) is the curvature.

Proof. Recall from (22.9) that Vxs= K oTso X. For A, B € Tz(TM) we have

viram (K(A), K(B)) = 9lo(K(A) + tK(B)) = o K (A +tB) =
= TKO@t‘O(A—f-tB) = TKOVI(TTM,TA'TM,TM)(AvB)'

We use then (22.8.9) and some obvious commutation relations

VxVys—VyVxs—Vixys=
=KoT(KoTsoY)oX —KoT(KoTsoX)oY —KoTso[X,Y]
KoTso[X,Y]=Kovlpyo(KoTsoY,KoTso[X,Y]) by (22.8.9)
=KoTK ovlrryo(TsoY, Tso[X,Y])
=KoTKoTTsovlryo(Y,[X,Y])
=KoTKoTTso(TYoX —kyoTX oY) by (8.14)
=KoTKoTTsoTYoX —KoTKoTTsoryoTXoY.
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Now we sum up and use TTs o ky = Kppy © TTs to get the first result. If in
particular we choose f = Idj; so that XY, s are vector fields on M then we get
the curvature R.

To see that in the general case (K oTK okg — KoTK)oTTsoTX oY coincides
with R(T'f o X,Tf oY)s we have to write out (TTsoTX oY)(z) € TTTM in
canonical charts induced from charts of N and M. There we have X (z) = (z, X (x)),

V() = (2, Y (2)), and 5(2) = (f(x), 5(a)).
(TTsoTX oY)(z) =TTs(x, X (x);Y (x),dX (2)Y(x)) =
(1) = (f@). (@), df(@).X

Recall (22.8.7) which said K(z,y;a,b) = (x,b — T'z(a,y)). Differentiating this we
get
TK(z,y,a,b:¢n, 0, 3) =
= (.6 = Tu(a,9):€. 8 = dL(@)(€) (@) — Tulary) — ola.)
Thus
= (K o TK)(%%& 77§(17 ba aaﬁ) - (K o TK)(%,%(% b,£7’l7, aaﬁ)

— K(z,b=Tx(a,y);&, 8 — dl(2)(§)(a,y) — Tzl y) — Tala,))
(2) = (2. —dl(2)(a)(&y) + d0(2)(§)(a,y) + Tu(a,Ta (8, y)) — Tal§, Tala,y))) -

Now we insert (1) into (2) and get

(KoTKokyy —KoTK)oTTsoTX oY = Ro (TfoX,TfoY)s. O

24.6. Curvature and integrability of the horizontal bundle. What is it that
the curvature is measuring? We give several answers, one of them is the following,
which is intimately related to (16.13), (17.4), (19.2).

Let C : TM x 3 TM — T?M be the linear connection corresponding to a covariant
derivative V. For X € X(M) we denoted by C(X, )€ X(T'M) the horizontal lift
of the vector field X.

Lemma. In this situation we have for X,Y € X(M) and Z € TM
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24.7 24. Parallel transport and curvature 255

Proof. We compute locally, in charts induced by a chart (U,u) on M. A global
proof can be found in (17.4) for general fiber bundles, and in (19.2) for principal
fiber bundles, see also (19.16). Writing X (z) = (z, X(z)), Y(z) = (x,Y (x)), and
Z = (z,7), we have

Il
Q
=
=
N
+
=
:g“
|
=
fa
=
=
=
N
lon
<
™o
=
w
b
D\_/

The horizontal lift C'(X, ) is a section of the horizontal bundle C(T'M, ) C
T(TM), and any section is of that form. If the curvature vanishes, then by the
theorem of Frobenius (3.20) the horizontal bundle is integrable and we get the
leaves of the horizontal foliation.

Lemma. Let M be a manifold and let V be a flat covariant derivative on M (with
vanishing curvature). Let H C TM be a leaf of the horizontal foliation. Then
wmla : H— M is a covering map.

Proof. Since T(mp|g) = T(nym)|C(TM, ) is fiberwise a linear isomorphism,
wy 2 H — M is a local diffeomorphism. Let z € M, let (U,u: U — u(U) = R™)
be a chart of M centered at z and let X € (mp|g)~*(x). Consider s : U — H
given by s(u=1(z)) = Pt(u=1(t + t.z),1).X. Then my; o s = Idy and s(U) C H is
diffeomorphic to U, the branch of H through X over U. Since X € (mp|g)~t(z)
was arbitrary, the set (mas]) " (U) is the disjoint union of open subsets which are
all diffeomorphic via mps to U. Thus 7p; : H — M is a covering map. [

24.7. Theorem. Let (M,g) be a pseudo Riemann manifold with vanishing cur-
vature. Then M is locally isometric to R™ with the standard inner product of the
same signature: For each x € M there exists a chart (U,u) centered at x such that
g|U = u*< ) >
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Proof. Choose an orthonormal basis Xi(x),..., X;n(z) of (T, M, g,); this means
92(Xi(x), Xj(x)) = 1:0;5, where n = diag(1,...,1,—1,...,—1) is the standard
inner product of signature (p,q). Since the curvature R vanishes we may consider
the horizontal foliation of (24.6). Let H; denote the horizontal leaf through X;(x)
and define X; : U — TM by X; = (7u|m,)"t : U — H; C TM, where U is a
suitable (simply connected) neighborhood of 2 in M. Since X; o ¢ is horizontal in
TM for any curve ¢ in U, we have Vx X; = 0 for any X € X(M) for the Levi-Civita
covariant derivative of g. Vector fields X; with this property are called Killing fields.
Moreover X(g(XZ,X])) = g(VXXi,Xj) + g(Xi,VXXj) = O, thus g(Xi,Xj) =
constant = g(X;(x), X;(z)) = n;0;; and X;, ..., X; is an orthonormal frame on
U. Since V has no torsion we have

0= TOI‘(XZ‘,XJ‘) = VXIX] - VXin - [X“Xj] = [X“Xj]

By theorem (3.17) there exists a chart (U, ) on M centered at x such that X; = %,
ie. Tu.X;(z) = (u(x),e;) for the standard basis e; of R™. Thus Tu maps an
orthonormal frame on U to an orthonormal frame on u(U) € R™, and u is an

isometry. [

24.8. Sectional curvature. Let (M,g) be a Riemann manifold, let P, C T, M
be a 2-dimensional linear subspace of T, M, and let X, Y, be an orthonormal basis
of P,. Then the number

(1) k(Py) = —g(R(X,,Y,)X.,Y,)

is called the sectional curvature of this subspace. That k(P,) does not depend on
the choice of the orthonormal basis is shown by the following lemma.

For pseudo Riemann manifolds one can define the sectional curvature only for those

subspaces P, on which g, is non-degenerate. This notion is rarely used in general
relativity.

Lemma.
(2) Let A= (AY) be a real (2 x 2)-matriz and X1, Xy € T,M. Then for X] =
Al X1+ A2 X5 we have g(R(X], X5)X], X}) = det(A)? g(R(X1, X2) X1, Xa).
(3) Let X', Y’ be linearly independent in P, C T, M then
g(R(X", Y"NX'Y")
[ XPIY)? —g(X7,Y7)?

k(Pa:) =

Proof. (2) Since g(R(X;, X;)Xk,X;) =0 for ¢ = j or k =1 we have
G(ROX, X0)X,X0) = 37 A ALAR AL (R(X,, X)X, X0)
= g(R(X1, X2) X1, X2)(A] ASATAS — AJATATA) — ATAJAL AT + ATAS AR A3)
= g(R(X1, X2) X1, Xo) (A1 43 — 43A7)2. O
(3) Let X,Y be an orthonormal basis of Py, let X' = A1X + A?Y and V' =

ALX + AZ2Y. Then det(A)? equals the area? of the parallelogram spanned by X’
and Y’ which is | X']?|Y’|? — g(X’,Y’)2. Now use (2). O
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24.9. Computing the sectional curvature. Let g: U — S?(R™) be a pseudo-
Riemannian metric in an open subset of R™. Then for X,Y € T,R™ we have:

2R,(X,Y, X,)Y) =2¢, (R, (X, Y)X,Y) =
= —2d%g(x)(X,Y)(Y, X) + d?g(2)(X, X)(Y,Y) + d°g(2)(Y, Y ) (X, X)
- 2g(F(Y, X),P(X, Y)) + QQ(F(X7X),F(Y7 Y))

Proof. The Christoffels I' : U x R™ x R™ — R™ are given by (22.4.1)
(1) 20.(Ta(Y, 2),U) = dg(x)(U)(Y, Z) — dg(x)(Y)(Z,U) — dg(x)(Z)(U,Y).
and the curvature in terms of the Christoffels is (24.3.2)
R(X,Y)Z = (VxVy —VyVx —Vixy))Z
(2) =—dl'(X)(Y,Z)+dl(Y)(X, Z)+ (X, I(Y, Z)) - T'(Y,I'(X, 2)).
We differentiate (1) once more:
2dg(x)(X)(To(Y, Z),U) + 2gw(d1“(f€)( )Y, 2),U) =
(3)  =+dg(@)(X,U)(Y.2) - d’g(2)(X,Y)(2,U) — d*g(x)(X, Z)(U,Y),
Let us compute the combination from (2), using (3):
= 262 (dl(2)(X)(Y, 2), U) + 29, (dl(2)(Y)(X, Z), U)
= 2dg(x)(X)(T2(Y, 2),U) — 2dg(z)(Y) (T2 (X, 2),U)
— d?g(x)(X, U)(Y, Z)+d2 (2)(X,Y)(Z, U)+d29(x)( 2)(UY)
+d*g(x)(Y,U)(X, Z) — d*g()(Y, X)(Z,U) — d*g(2)(Y, Z)(U, X)
= 2dg(x)(X)(I+(Y, 2),U) *2d9($)(Y (T ( Z),U)
— d*g(2)(X,U)(Y., Z) +d2 9(2)(X, 2)(U,Y)
+d%g(2)(Y,U)(X, Z) — d*g(x)(Y, Z)(U, X)

Thus we have

)
Y)
X)
)
Z)

2R, (X,Y, Z,U) = 29,(R.(X,Y)Z,U)
= 29(=dU(X)(Y, Z) + dU(Y)(X, 2) + T(X,T(Y, Z)) - T(Y, (X, 2)),U)
= 2dg(z)(X)(I2(Y, 2),U) = 2dg(x)(Y)(I'(X, Z),U)
— d*g(2)(X,U)(Y, Z) + d°g(2)(X, Z)(U,Y)
+d%g(x)(Y,U)(X, Z) — d*g(2)(Y, Z)(U, X)
+29(D(X,I(Y, 2)),U) = 29(I'(Y, I'(X, Z)),U)
and for the sectional curvature we get
(4) 2R, (X,Y,X,)Y)=2¢, (R, (X, Y)X,Y) =
= 2dg(z)(X) (T2 (Y, X),Y) — 2dg(z)(Y)(I's (X, X),Y)
= 2d%g(2)(X,Y)(Y, X) + d?g(2) (X, X)(Y,Y) + d’g(2)(Y,Y) (X, X)
+29(D(X, (Y, X)), Y) = 29(I'(Y, I'(X, X)), Y)
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Let us check how skew-symmetric the Christoffels are. From (1) we get
292(La(Y, 2),U) 4 292(Z, T (Y, U)) = 292(To (Y, 2),U) + 292 (T2 (Y, U), Z)
— +dg(@)(U)(Y. Z) — dg(2)(Y)(Z,U) — dg()(Z)(U. Y )
+ dg(a)(2)(Y, U) — dg()(Y)(U, Z) — dg()(U)(Z.Y)
— —2dg(2)(Y)(Z,U).
Thus
2dg(z)(Y)(D(X, V), U) = =29(I'(Y,I'(X,V)),U) — 29(T'(X, V), T'(Y,U))
Using this in (4) we get finally
()  2R.(X,Y, X,Y) =20, (R (X, Y)X,Y) =
=—29(N(X,I(Y, X)), Y) = 29(I'(Y, X),I'(X,Y))
+29T(Y, I'(X, X)), Y) +29(I'(X, X),['(Y,Y))
= 2d°g(z)(X,Y) (Y, X) + d’g(a) (X, X)(Y,Y) + d’g() (Y, Y ) (X, X)
+29(T(X, I'(Y, X)), Y) = 29(I'(Y, I'(X, X)), Y)
= —2d°g(2)(X,Y) (Y, X) + d®g(2) (X, X) (Y. Y) + d’g(2) (Y. Y)(X, X)
—29(I'(Y, X),[(X,Y)) +29(I'(X, X), [(Y,Y)) O

25. Computing with adapted frames, and examples

25.1. Frames. We recall that a local frame or frame field s on an open subset
U of a pseudo Riemann manifold (M, g) of dimension m is an m-tuple s1,..., Sm
of vector fields on U such that si(x),...,s,(x) is a basis of the tangent space
T,.M for each x € U. Note that then s is a local section of the linear frame
bundle GL(R™,TM) — M, a principal fiber bundle, as we treat it in (18.11).
We view s(z) = (s1(x),...,Sm(x)) as a linear isomorphism s(z) : R™ — T, M.
The frame field s is called orthonormal frame if s1(x), ..., sy (x) is an orthonormal
basis of (T, M, g,;) for each z € U. By this we mean that ¢, (X;(z), X;(z)) = 7::0;5,
where n = diag(1,...,1,—1,...,—1) is the standard inner product of signature
(p.q=m—p).

If (U,u) is a chart on M then %,...,W
can easily build one which contains no isotropic vectors (i.e. ones with g(X, X) = 0)
and order them in such a way the fields with g(X, X) > 0 are at the beginning.
Using the Gram-Schmidt orthonormalization procedure we can change this frame
field then into an orthonormal one on a possibly smaller open set U. Thus there
exist always orthonormal frame fields.

is a frame field on U. Out of this we

If s = (s1,...,8m) and s’ = (s],...,s),) are two frame fields on U,V C M, respec-
tively, then on U NV we have

s =sh, s;p=3 s, si(@) =X, s(@)h] (@),
h=(h%):UNV — GL(m,R).

Draft from April 18, 2007 Peter W. Michor,



25.2 25. Computing with adapted frames, and examples 259

25.2. Connection forms. If sis a local frame on an open subset U in a manifold
M, and if V is a covariant derivative on M we put

(1) Vxsi=>_; sj.wl(X), Vxs=sw(X), Vs=sw
w= (w]) € QY(U,gl(m)), the connection form of V.

Proposition. We have:
(2) If Y =Y sju? € X(U) then

VY =3, Sk(zj wfuj + du®) = s.w.u + s.du.

(3) Let s and s’ = s.h be two local frames on U then the connection forms
w,w’ € QYU,gl(m)), are related by

hw' =dh+w.h

(4) If s is a local orthonormal frame for a Riemann metric g which is respected
by V then

If s is a local orthonormal frame for a pseudo Riemann metric g which
is respected by V and if n;; = g(s;,s;) = diag(1,...,1,—-1,...,—1) is the

standard inner product matriz of the same signature (p,q), then

njjw! = —nuawl,  w=(w!) € Q' (U,s0(p, q)).

Proof. (2)

VxY =Vx (3, 807) = 3, (Vxsj)u + 3,8, X (u)
=3 sk 2 Wi (X)uwd + 30y spdu(X).

Vs =s.w =s.hw
Vs' = V(s.h) = (Vs).h + s.dh = s.w.h + s.dh.

(4) It suffices to prove the second assertion. We differentiate the constant n;; =
9(si, 55)
0= X(g(si,85)) = 9(Vxsi,s;) + g(si, Vxs;)
=932 skwi' (X)), 55) + 9(si, 32 spwj (X))
=2 g(sk, )wf (X) + X g(si, sp)wy (X) = nj5w] (X) +miswj(X). O
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25.3. Curvature forms. Let s be a local frame on U, and let V be a covariant

derivative with curvature R. We put R(X,Y)s = (R(X,Y)s1,..., R(X,Y)sm).

Then we have

(1) Rsj =Y sp.(dwf + Y wf Awh), Rs=s.(dw+wAw),

where w Aw = (Y wi A wf)é € Q%(U, gl(m)), since

R(X, Y)S = VvaS — VyVXS - V[X7y]8
=Vx(sw(Y)) = Vy(s.w(X)) —s.w([X,Y])
=s5s.X(w(Y))+swX)w(lY) —sY(w(X)) —s.w(Y)wX) - sw(X,Y])
= s.(X(w(Y)) —Y(wX)) —w([X,Y]) + w(X)w(Y) — w(Y).w(X))
=s(dw+wAw)(X,Y)

We thus get the curvature matriz

(2) Q=dw+wAwe Q*(U,gl(m)),

and note its defining equation R.s = s.€).

Proposition.

(3) If s and s’ = s.h are two local frames, then the curvature matrices are
related by
h.Q = Q.h.

(4) The second Bianchi identity becomes
dA4+wANQ-QAw=0.

(5) If s is a local orthonormal frame for a Riemann metric g which is respected
by V then

= —Qi, Q= (Q)) e Q*(U,s0(m)).

If s is a local orthonormal frame for a pseudo Riemann metric g which
is respected by V and if n;; = g(si,s;) = diag(1,...,1,—1,...,—1) is the
standard inner product matriz of the same signature (p,q), then

;U = -, Q= () € Q*(U,s0(p,q)).

Proof. (3) Since R is a tensor field, we have s.h.Q) = ¢’ . = Rs’ = Rs.h = s.Q.h.
A second, direct proof goes as follows. By (25.2.3) we have h.w’ = w.h + dh, thus
h.Q = h.(dw' +w' Aw')
= h.d(h~ w.h+ h7tdh) + (w.h +dh) A (R~ w.h 4+ h~t.dh)
= h.(=htdh.h) Aw.h+hh tdwh —hh T w A dh
+ h.(=h~t.dh.h™*) Adh + h.h~t.ddh
+wAhh hwtwAhhT dh 4+ dh.hT Awh 4+ dh.hT A dh
=dw.h+w Aw.h =Q.h.
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25.4 25. Computing with adapted frames, and examples 261
(4)dQ =d(dw+wAw) =0+dwAw—wAdw = (dw+wAW) ANw—wWA (dw+wAw).

(5) We prove only the second case.

035 = 0j5dw] + Xy 15wf AW = —nidwl — Y ol A wf
= —midw;- +3 miwf Awp = =i (dwl + 3, wi, A wf) = O

25.4. Coframes. For a local frame s = (s1,...,5,) on U C M we consider the
dual coframe
ol
o= I ot e QYU),
O_m

which forms the dual basis of T M for each 2 € U. We have (07, 5;) = o' (s;) = 0%

If s’ = s.h is another local frame, then its dual coframe is given by
(1) o =h"to, o=, (hh)iok,

since (Y, (A= 1)io%, s5) = Y, (A D)p (%, ) bt = 31
Let s be a local frame on U, let V be a covariant derivative. We define the torsion
form © by

(2) Tor = 5.0, Tor(X,Y)=:3, s;0/(X,Y), ©€Q*(UR™).

Proposition.

(3) If s and s’ = s.h are two local frames, then the torsion forms of a covariant
derivative are related by

e =hn"te.
(4) If s is a local frame with dual coframe o, then for a covariant derivative
with connection form w € QY(U, gl(m)) and torsion form © € Q%(U,R™)
we have

dr=-wAho+0, do'=-Y, wiAdk+06.

(5) The algebraic Bianchi identity for a covariant derivative takes the following
form:

dO+wAO=0A0, dOF +3,wFnEl=3 08 Aol
Proof. (3) Since Tor is a tensor field we have s.© = Tor = §'0Q' = s.h.0©’, thus
h.©®' =0 and © = h~1.0.
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(4) For X € X(U) we have X =), s;.0%(X), short X = s.0(X). Then
VXy = Vx(s

o(Y)) = (Vxs).o(Y) +s.X(o(Y))
s.w(X).0(Y) +5.X(o(Y))

5.O(X,Y) = Tor(X, Y) = VyY - Vy X — [X,Y]

sw(X).o(Y)+sX(0(Y)) —sw().o(X)—sY(c(X)) —s.o([X,Y])

Il
®

w(X).oY)— w(Y).o(X) + X)) -Y(o(X)) —o([X,Y])

s(wAo(X)+do)(X,Y).

(
(
Direct proof of (3):

O =wAd +do' = (h 'wh+h"tdh) Ah T o +d(h o)

=htwAroc+h tdhAR o —hT dhh o+ b do
=h ' (wAho+do)=h"t0.

(5) dO=dwNho+do)=dvAho—wAdo+0
=(dv+wAw)Ac—wA(wWAoc+do)=QANoc—-—wABO. O

25.5. Collection of formulas. Let (M,g) be a Riemann manifold, let s be an
orthonormal local frame on U with dual coframe o, and let V be the Levi-Civita
covariant derivative. Then we have:

(1) glv = ¥, 00 @ .

(2) Vs =sw, w§ = fwf, s0 w € QYU, s0(m)).

(3) do+wAho=0,do"+ >, wiAo*=0.

(4) Rs =5.Q, Q=dw+wAw e Q(U,s0(m)), U = dw' + 3, wj Awh,

(5) QAo =0, >, QL Ao* =0, the first Bianchi identity.
(6) dU4+wAQ—QANw=dQ+ [w, Qs =0, the second Bianchi identity.
If (M, g) is a pseudo Riemann manifold, n;; = g(s;,s;) = diag(1,...,1,-1,...,—1)
the standard inner product matriz of the same signature (p, q), then we have instead:

(1) g=22mio’ ® 0. }

(2) njjw! = —niiwé, thus  w = (w]) € Q' (U,s0(p,q)).

(1) 09 = —nuf, thus Q = () € Q(U,s0(p, q)).

25.6. Example: The sphere S? C R?. We consider the parameterization (leav-
ing out one longitude):
f : (0,27‘(‘) X (_Waﬂ—) - RSa
cos cosf
flp,0) = sinp cosb

sin 6

X3

X2
g = f*(metric) = f* (3>, dz® @ dzt)
3 ) ) X1
= df' @df' = cos® dp @ dp + df @ df.

=1
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From this we can read off the orthonormal coframe and then the orthonormal frame:

0 1 9
2= 0d = — = —
T esvAy, L7900 2T cosh 13)%)

ol =db

We compute do! = 0 and do? = —sinf df A dp = —tanf o' A 0%, For the
connection forms we have wi = w3 = 0 by skew symmetry. The off-diagonal terms
we compute from (25.5.3): do+w Ao =0.

—do' =0+ whAo? =0, = wy = c(p,0)0”

—do? =w? Aol +0=tanf o' Ao?, = wi=tanf o? =sinf dp
= 0 sin @ de
— \ —sinf dy 0

For the curvature forms we have again Q1 = Q3 = 0 by skew symmetry, and then
we may compute the curvature:

O = dwl + vl Awd +wd Aw? =d(sinf dp) = cosf dO A dp = o A o>
0 ol A o2
Q_(—01/\02 0 >

For the sectional curvature we get

k(Sz) = —g(R(s1,52)81,52) = *Q(Zk SkQ]f(Sla 52), 82)
= —g(sa(—a' ANo?)(s1,82),52) = 1.

25.7. Example: The Poincaré upper half-plane. This is the set Hi =
{(z,y) € R? : y > 0} with metric ds*> = y%(de +dy?) or

1 1 1 1
g=—dzx® —dx+ —dy ® —dy),
Y Y Yy Y

which is conformal with the standard inner product.

The curvature. The orthonormal coframe and frame are then, by (25.5.1):

1 1 0 0
ol = —dx, o2 = —dy S1=Y=—, So=Y—.
y Y ox dy

We have do! = d(idm) = y—gdx Ady = o' Ao? and do? = 0. The connection forms
we compute from (25.5.3): do +w Ao =0.

—do' =0+wi Ao = —a' N o2,

—do? =wino' +0=0, =w;=—0'=—y dz
w— 0 —o!
“\ot 0
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For the curvature forms we get

O = dwy +wi Aws +ws Aws =d(—y tdx) = —a' Ao?

0= 0 —ol No?
T\ 4ol A2 0

For the sectional curvature we get

k(HZ) = —g(R(s1,82)s1,52) = —g(>_ 4 51025 (51, 52), 52)
= —g(sa(c* No?)(s1,82),82) = —1.

The geodesics. For deriving the geodesic equation let:

(O, = (FO) 2,2 0
C(t)‘<y<t>>’ (“‘(y'<t>>‘yyax+ya yotymmisegu

The geodesic equation is then

Vo, =V, ((soc)u —sw(c’)u—i—s ;)

) u(@
= (s1,82) (_wg(d) wy ) (%) (s1,82) (EE’/?I)
0
dx

Y
xl? 6 x/y/ 8 x y_x/ / y//y 12 8
== — _ AR A 22 J 2 )
y oy y oz y y 0Oy
'y —2x'y =0
1,/2 + y//y _ y/2 =0
To see the shape of the geodesics we first investigate z(t) = constant. Then
y"y — 3’2 = 0 has a unique solution for each initial value y(0),3’(0), thus the

verticals ¢ (COZ?E?“) are geodesics. If 2/(t) = 0 for a single t then for all ¢ since

then the geodesic is already vertical. If 2'(t) # 0 we claim that the geodesics are
upper half circles with center M (t) on the x-axis.

X' (t)
(yo)

co y'(t) a(t) Yy
y(t) — - N 79
.I‘/(t) tana(t) y(t)7 =a 33/ )
vy dr+yy
/ / /
X0 MO M (t) = (ﬂw:yy> Y

Thus M(t) = M, a constant. Moreover,

(o) ()] =teamest= (52) o
G - (O = () ) =0
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Thus the geodesics are half circles as asserted. Note that this violates Euclids
parallel axiom: we have a non-Euclidean geometry.

Isometries and the Poincaré upper half plane as symmetric space. The
projective action of the Lie group SL(2,R) on CP!, viewed in the projective chart
C 3 z — [z : 1], preserves the upper half-plane: A matrix (‘i Z) acts by [z : 1] —

[az+b:cz+d = [Zjis : 1]. Moreover for z = x + iy the expression
az+b  (az+b)(cz+d)  ac(x®+y?) + (ad + be)x + db 4 (ad — be)y
cz+d ez + d|? B (cx + d)? + (cy)? (cx 4+ d)? + (cy)?

has imaginary part > 0 if and only if y > 0.

We denote the action by m : SL(2,R) x H} — H2, so that m(? b)(z) = ezib
cd cz+d
Transformations of this form are called a fractional linear transformations or Mébius

transformations.

(1) SL(2,R) acts transitively on H?, since m( vy w/‘/‘ﬂ) (i) = « + iy. The isotropy

oy O
group fixing i is SO(2) C SL(2), since i = 2558 — bRacht if and only if cd +ac = 0

and ¢? + d? = 1. Thus H? = SL(2,R)/SO(2,R). Any Mobius transformation by
an element of SL(2) is an isometry:

A= (o)) € SL2R),

m(z)_m(z,)_az+b_az’+b_ B z—2
A A Cczt+d e +d  (cz+d)(cr' +d)
z—7 1

(ma) &) = I T a7 )~ (et

ma(z) —ma(z') = \/(ma) (2)V/(ma) (') (z = &),

for always the same branch of \/(ma)’(z). Expressing the metric in the complex
variable we then have

L 2 2 1 _
(ma)*g = (ma)” (Im(lz)2 Re(dz.d2)>
1 ! !/ = —
= (o) ()2 Re((ma)'(z)dz.(ma) (2)d2)
=TIm((ma)(z))*|cz + d|"* Re(dz.dz) = Im(lz)2 Re(dz.dz), since

tm((ma)(2)ez +d? = - (ma(2) — ma(Z))lez +dP
1 z2—Z

_— — 2 =
=St de g @ T =

(2) For further use we note the Mébius transformations

1r

mlzm(()l

iz z+r, r€ER
mgzm(01/ﬁ):z1—>r.z, reRsg
-1 -z  —x+iy

2 P @t
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266 Chapter V. Riemannian Manifolds 25.7

We can now use these three isometries to determine again the form of all geodesics
in H?. For this note that: If the fized point set (H2)™ = {z € H? : m(z) = z}
of an isometry is a connected I1-dimensional submanifold, then this is the image
of a geodesic, since for any vector X, € TZH_%_ tangent to the fixed point set we
have m(exp(tX)) = exp(tT.m.X) = exp(tX). We first use the isometry ¢ (z,y) =
(—x,y) which is not a Mobius transformation since it reverses the orientation. Its
fixed point set is the vertical line {(0,y) : y > 0} which thus is a geodesic. The
image under my is then the geodesic {(r,y) : y > 0}. The fixed point set of the
isometry ¥ o mg is the upper half of the unit circle, which thus is a geodesic. By
applying m; and ms we may map it to any upper half circle with center in the real
axis.

(3) The group SL(2,R) acts isometrically doubly transitively on H3 : Any two pairs

of points with the same geodesic distance can be mapped to each other by a Mdbius
ab
cd

ﬁ; it double covers the unit circle in TZ(Hi) Thus SL(2,R) acts transitively

transformation. For A = ( ) in the isotropy group SO(2) of ¢ we have m/y (i) =

on the set of all unit tangent vectors in H2, and a shortest geodesic from z; to 2o
can thus be mapped by a Mobius transformation to a shortest geodesic of the same
length from z{ to zj.

(4) H_% is a complete Riemann manifold, and the geodesic distance is given by

21 — 22

dist(z1, 22) = 2 artanh

21 — 29
The shortest curve from iy; to iy is obviously on the vertical line since for z(t) =

x(t) + iy(t) the length

1
L(c) = /O it)\/z’(t)Q Ty dt

y(

is minimal for «/(¢) = 0, thus x(t) = constant. By the invariance under reparame-
terizations of the length we have

dist(iyy,iy2) =

Y2 q ]
/ N dt’ = |logyz — logy| = |log(£2)]
Y

1

From the formulas in (1) we see that the double ratio |
SL(2,R) since:

Z2=22| ig invariant under
Z1—Z2

(21) —ma(ze)| _ (eI |z
m (21) — mA(Zg) % 21 — 29

On the vertical geodesic we have

i1 — iy n_1 ooe(i3) _q ez 1108 _ =3 l1og (i)
2 — —
7 R I B P R R P o B T o]

= tanh(3 dist(iy1, iy2)).
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25.8 25. Computing with adapted frames, and examples 267

Since SL(2,R) acts isometrically doubly transitively by (3) and since both sides
are invariant, the result follows.

(5) The geodesic exponential mapping. We have exp, (ti) = e'.i since by (4) we have
dist(i, e') = log & = t. Now let X € T;(H2) with |X| = 1. In (3) we saw that

there exists ¢ with

. 4 X

..% =e M= X, o= - arg( ) + 77,
isin p + cos ¢)? 4 2

cos p.et.i — sin

—si RN
m(Gnd cosy’ ) ()i = (

(tX) = Cpstpfsincp oy .
expl( ) m(slngp cos @ )(6 Z) Siﬂ(p.eti-f—COSQO

(6) Hyperbolic area of a geodesic polygon. By (10.5) the density of the Riemann
metric g = y—i(de + dy?) is given by vol(g) = \/det g;;dz dy = y—lgdm dy.

P VolHi(P)z/ do A dy :/ d<dx)
P Y P Y

or Y P

( since each geodesic is part of a circle

z—a=re?Y, aecR. Onitwehave

dr _d(rcosf+a) —rsinfdf _

—dé.

y rsin 6 ~ rsinf
The integral is thus the total increase of the tangent angle. For a simply connected
polygon the total increase of the tangent angle is 27 if we also add the exterior

angles at the corners: fapdﬂ +>,8i=>,0;+> .0 =2m. We change to the
inner angles v; = m — ; and get:

Hi = — = —ZT P = — ™ — 7.
Vol#+ (P) /8Pd9 2 +;ﬂ (n—2) ;7

This is a particular instance of the theorem of Gauf}-Bonnet.

25.8. The 3-sphere S®. We use the following parametrization of S C R*.

cos cosf cosT

. 0<e<2m

F(,0,7) = sing cosf cosT _559<£
».0T) = sin@ cost |’ 2 2
) —I<r<I

sin T 2 2

We write f{ = 9, f! etc. Then the induced metric is given by:

gu = (fi, fi) = fLA+ L+ L+ fLf = cos® O cos? 7,

g12 = (f1, f2) =0, g13 =0, g2z = cos” T, g23=0  gzz=1
g =cos> 6 cos® T dp @ dp + cos® 7 df @ df + dr @ dr.

ol =cosf cosT dy, 0% = cosT db, o =dr.

do! = —sin® cosT df A dp — cos sint dr A dep,

do? = —sinT dr A db, do® = 0.
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268 Chapter V. Riemannian Manifolds 25.8

Now we use the first structure equation do + w A o = 0:

do' = —0 —wi ANo? —wi Ao® =sinf cosT dp A d + cosd sinT dp A dr,
do* = —w? Aot —0—wi Ao =sinT di Adr,

do® = —wI Aot —wi Ao —0=0.

—wi Acost dBfwé Adt =sinf cos7 dp Adf + cosf sinT dp Adr,
—w} Acos cosT dp — w3 Adr =sinT df Adr,

—w Acosh cosT dp —ws AcosT df = 0.

wy = —cosf sinT dy 0 —sinfdp —cos sinT dp
w? = —sinT df w= sin 6 dy 0 —sinT df
wh = —sind dp cosf sinT dp sinT df 0

From this we can compute the curvature:
Q) =dwl +0+0+wi Aws = —cos di Adp — cosf sinT dp Asint df
=cosf cos’> T dp Adf = o' A o?
O = dwi + 0+ wh Aw? 4+ 0 =sin6 sinT df A dp — cosf cosT dr A dp+
+sinf dp AsinT df = cosf cosT dp ANdr =o' Ao
QF =dwi +wi Awj+0+0=—cosTdr Adf+0

=cosT df ANdr = c? Ao

0 ol Ae? ol AP ol
Q= -t ro? 0 o?ANod | = % | A(oh, 0% %)
—ol' Ao -2 A0B 0 o3

Another representation of the 3-sphere with radius 1/ VEk. The induced
metric is given by

1
g= E(COSQG COSQTdg@@dﬁp+COS27d9®d9+dT®d7)»

where 0 < ¢ < 27, =5 < 0 < 5, and —5 < 7 < 5. Now we introduce the
coordinate function r by cos? 7 = k2, more precisely by

_ 1 _z
75 COST 5 <7<0 .
T = 1 0 E 5 0<|7‘|<W
—\/ECOST <7'<2

Then signT cosT = VEkr thus —signT sinT dr = \/Edr, and since sin’71 =
1 —cos?7 =1—kr? we finally get (1 — kr?)dr @ dr = sin® 7 dr @ dr = kdr @ dr.
Furthermore we replace 6 by 6 + 5. Then the metric becomes:

1 k
g=—sin?0krldp@dp+kr*dd @ df + ———dr @ dr
k 1 — kr?

(1) dr@dr+1r?df ®df +r* sin® 0 dp @ dp,  where

T 1 k2
0 < p < 2m, 0<0<m, 0<|r <

L
T
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25.9 25. Computing with adapted frames, and examples 269

25.9. The Robertson-Walker metric in general relativity. This is the metric
of signature (+ — ——) of the form

1
g =dt ®dt — R(t)* (1_Wd7“®dr+r2d9®d9+r2 sin29d<p®d<p)

1
for0<ep<2m, 0<f<m 0<]|rl<—;
4 Ir| i
=p"@p’ —ptep —p*®p—p’@p’
R
p° = dt, plzadr, where w := /1 — kr2,
p*> = Rrdf, p> = Rr siné de.
The differential of the coframe is:
dp® =0,
R R
dpt = —dt Ndr = =p° A pt,
w R
2 _ 7 75 0 2 W g 2
dp® = Rrdt Ndf+ Rdr Ndb,= —= p° A p* + pAp
R Rr
dp® = Rr sin® df A do + R sinf dr A dy + Rr cos@ df A dyo

cotan 6

Ry 3, w 1 3 2, 3
=—=p A A N
RPN RPN TR AP
Nowweusedp—kw/\p:(),w;-:—wfforlSi,jﬁS,wf:O,andw?:wé:

de:fw(f/\plfwg/\prwg/\p:}:O,
1 1A 0 1y 2 s Ro o
dp” = —wog ANp —wy Ap” —w3z Ap =R’ NPT,
dpzz—wz/\po—wz/\pl—wz/\p‘g:Epo/\p2+£p1/\p2
0 ' ¥ R Rr
dp® = —w3 A p® — Wi A pt — Wi A p?

cotan 0
cotant 2\ 3

Rog, 3, w 1 3
==—p"A —p' A
RO TR TRy
This is a linear system of equations with a unique solution for the w; We solve
this by trying. Guided by (25.8) we assume that w9 is a multiple of p!, etc. and

we get the solutions

R R R .
wézﬁplzadr wgzﬁpQZerG
3 R4 S 2 w9
wo = R = Rr sinfdy Wi =g =wdb
. . . tanf .
wf:%pS:wSiHOdgp wgz%p‘s:cosed(p
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270 Chapter V. Riemannian Manifolds 25.10

From these we can compute the curvature 2-forms, using 2 = dw 4+ w A w:

Q= —5p A p Q= —5p" Ao
R k+ R?

Q= —5o" Ao 0 = =5—p" A p!
—k+ R? k+ R?

Q= ———5—" 1! QG =z’ NP’

25.10. The Hodge *-operator. Let (M, g) be a oriented pseudo Riemann man-
ifold of signature (p,q). Viewing g : TM — T*M, we let g~ : T*M — T M denote
the dual bundle metric on 7*M. Then g~! induces a symmetric non-degenerate
bundle metric on the the bundle /\k T*M of k-forms which is given by

g o1 A AN,y A M) = det(g (@i 15)5 1)y et € QY (M),

Let n;; = g(si,s;) = diag(l,...,1,—1,...,—1) be the standard inner product
matrix of the same signature (p,q), and let s = (s1,..., ;) be an orthonormal
frame on U C M with orthonormal coframe o = (01,...,0p) as in (25.5) so that

g=>;mio’ ® ', then for p*, ¥ € QF(M) we have

971(¢ka¢k) = E 90]6(51'17"'ﬂsik)wk(sju"'75jk)77i1j1 ---Tlik’j’“
7;.1<"'<i}€
J1<-<Jk

Note that g1 (c! A--- Ao™ ot Ao Ao™) = (=1)%. If M is also oriented then
the volume form vol(g) from (10.5) agrees with the positively oriented m-form of
length +1. We have vol(g) = o' A...o™ if the frame s = (s1,..., S,,) is positively
oriented.

We shall use the following notation: If I = (i3 < -+ < ig) and I' = (j; < -+ <
Jm—#) are the ordered tuples with I NI’ =0 and JUI' = {1,...,m} then we put
ol :=cn Ao Aok,

Exercise. The k-forms o for all I as above of length k give an orthonormal basis
of g1 on Q*(U). The signature of g=* on A" T M is
k k
(P-l-(pa q, k)a P (p7 q, k)) = (Zj:&j even (kgj) (;]) ’ Z_j:O,j odd (kI—Jj) ((]]))

On an oriented pseudo Riemann manifold (M, g) of dimension m and signature
(p, q) we have the Hodge isomorphism with its elementary properties:

s ART*M — A™RT* M
(1) (") (Xhg1s -, Xon) vol(g) = © A g(Xig1) A+ A g(Xim)
@ AYTTR = g7 (s, ™) vol(g).
g7 (", k) = (1) 097 (", %)
s xph = (—1)ROm=R)Fa

(") AP = (+p%) A F
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25.12 25. Computing with adapted frames, and examples 271

In the local orthonormal frame we get

(x0") (8-S ) vOl(g) = 0T Ag(sj) A Ag(sj,._,)
=o' Ng(sj) A Ag(sj, ) =0 Anjg o Ao Amy 00k
I . 1...m I
*0© = si1gn I I Mi1gr - Mm—kdm—r0

To get a geometric interpretation of *¢* we consider

i(X) (%" (Xigo, - s Xon) vol(g) = (+0") (X, Xito, ..., Xom) vol(g)
=" Ng(X) AN g(Xpya) Ao Ag(Xm) = #(0" A g(X))(Xkya, - -, Xom) vol(g)

so that

(2) i(X)(x¢") = #(¢" A g(X),
{X tixeh =019 = {Y iy (x¢") = 0}.

25.11. Relations to vector analysis. We consider an oriented pseudo Riemann
manifold (M, g) of signature (p,q). For functions f € C*°(M,R) and vector fields
X € X(M) we have the following operations, gradient and divergence, and their
elementary properties:

arad?(f) = g~ o df € X(M)

g(X) € QIM),  xg(X) = (~1)%ix vol(g)
xdf = xg(grad?(f)) = (=1)%igraas(r) vol(g)
div?(X).vol(g) = (—1)%dix vol(g) = d % g(X)
grad?(f - h) = f - grad?(h) + h - grad? (f)
dive(f - X) = fdiv?(X) + (—1)9df (X)
grad?(f)[u = 22 miisi(f) - si

div?(X) = trace(VX).

Some authors take the negative of our definition of the divergence, so that later
the Laplace-Beltrami operator Af = (—div?) grad?(f) is positive definite on any
oriented Riemann manifold.

25.12. In dimension three.

On an oriented 3-dimensional pseudo Riemann manifold we have another operator
on vector fields, curl, given by

* g(curlg(X)) = (71)qicur19(X) VOl(g) = dg(X)a
cwl?(X) = (=1)7g~" * dg(X),

and from d? = 0 we have curl? grad? = 0 and div? curl? = 0.
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272 Chapter V. Riemannian Manifolds 25.13

On the oriented Euclidean space R3 we have

_of 0 of 0 of 0
T 92192l T 022022 9ad9ad
X3 9X?*\ 0 oxX' 9Xx3\ 0 X2 9X'\ 0

curl(X) = (8x2 a 8x3> oot (8:c3 s ) 922 © (8m1 - 8x2> a3

axt ox? o0x3
= "o T o
Note also that curl(f - X) = f - rot(X) + grad(f) x X where x denotes the vector
product in R3.

grad(f)

div(X)

25.13 The Maxwell equations. Let U C R3 be an open set in the oriented
Euclidean 3-space. We will later assume that H*(U) = 0. We consider three time
dependent vector fields and a function,

E:UxR—R3 the electric field,

B:U xR —R3, the magnetic field,

J:UxR—R3 the current field,

p:UXR—=R, the density function of the electric charge.

Then the Mazwell equations are (where ¢ is the speed of light)

1d
I(F)=—--—B iv(B) =
curl(E) ~uD div(B) =0,
1d ar
I(B)=-—FE+ — iv(E) = 4mp.
curl(B) o + p J, div(E) = 4mp

Now let n be the standard positive definite inner product on R3. From (25.12) we
see that the Maxwell equations can be written as

1d
*dn(E) = _E%U(B)a dxn(B) =0,
1d 4
*dn(B) = E@TI(E) + 7”@7)» dx n(E) = 4mp - vol(n).

Now we assume that H'(U) = 0. Since d x n(B) = 0, we have
*n(B) =dA for a function A, the magnetic potential.

Then the first Maxwell equation can be written as

Using again H!(U) = 0, there exists a function ® : U x R — R, called the electric
potential, such that

1d
E)=-—-2A—4do.
n(E) 7
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26.1 26. Riemann immersions and submersion 273

Starting from the magnetic and electric potentials A, ® : U x R — R, the electric
and magnetic fields are given by

1d
FY=——A—d® B) = xdA
n(E) e d®, n(B) = xdA,

where all terms are viewed as time dependent functions of forms on R3. Then the
first row of the Maxwell equations is automatically satisfied. The second row then
looks like

1 a2 1d 4

—wdwdA= 525 A=~ dd 4 (),

d
A) — AD = 47p.
c? dt? cdt (xd + 4) il

cdt
26. Riemann immersions and submersions

26.1. Riemann submanifolds and isometric immersions. Let (M,g) be a

Riemann manifold of dimension m+ p, and let M . M be a manifold of dimension
m with an immersion ¢. Let g := i*g be the induced Riemann metric on M.
Let V be the Levi-Civita covariant derivative on M, and let V be the Levi-Civita
covariant derivative on M. We denote by Tit = TM* = {X € T;,)M,z €
M,§(X,Ti(TyM)) = 0} the normal bundle (over M) of the immersion i or the
immersed submanifold M.

Let X,Y € X(M). We may regard T4.Y as vector field with values in TM defined
along i and thus consider Vx (T4.Y) : M — i*T M.

Lemma. Gauf}’ formula. If X,Y € X(M) then Vx(Ti.Y) — Ti o VxY =:
S(X,Y) is normal to M, and S : TM x 3y TM — Tit is a symmetric tensor field,
which is called the second fundamental form or the shape operator of M.

Proof. For X|Y,Z € X(M) and a suitable open set U C M we may choose an
open subset U C M with i(U) closed in U such that i : U — U is an embedding,
and then extensions X,Y,Z € X(U) with X oi|y = Ti.X|y, etc. By (22.5.7) we
have

Composing this formula with i|y we get on U
2(Vx (Ti.Y), Ti.Z) = X(g(Y, 2)) + Y (4(Z, X)) — Z(g(X,Y))
again by (22.5.7). Since this holds for all Z € X(U), the orthonormal projection of

VxY to TM is just VxY. Thus S(X,Y) := Vx(Ti.Y) — Ti.VxY is a section of
Tit, and it is symmetric in X, Y since

S(X,Y)=Vx(Ti.Y)-TioVxY = (VgY)oi—TioVxY
= (Vy X+ [X,Y])oi—Ti.(VyX +[X,Y]) =SV, X).

Draft from April 18, 2007 Peter W. Michor,



274 Chapter V. Riemannian Manifolds 26.3

For f € C*°(M) we have
S(FX,Y) =V x(Ti.Y) — TioVxy = fVx(Ti.Y) — fTio VxY = fS(X,Y),
and S(X, fY) = fS(X,Y) follows by symmetry. O
26.2. Corollary. Let c: [a,b] = M be a smooth curve. Then we have
Vo,(Ti.c) =V, (ioc) =TioVy,c + S(c,c).
Consequently c is a geodesic in M if and only if Vo,(ioc) = 8(c,c) € Tit, i.e.,
the acceleration of i oc in M is orthogonal to M.

Leti : M — M be an isometric immersion. Then the following conditions are
equivalent:

(1) Any geodesic in M which starts in i(M) in a direction tangent to i(M)
stays in i(M); it is then a geodesic in i(M). We call i : M — M a totally
geodesic immersion.

(2) The second fundamental form S of i : M — M wvanishes. [

26.3. In the setting of (26.1) we now investigate V x¢& where X € X(M) and where
¢ € T(Tit) is a normal field. We split it into tangential and normal components:

(1) Vxé=-Ti.Le(X) + Vi€ € X(M) @ T(Ti*) (Weingarten formula).

Proposition.
(2) The mapping (€, X) — Le(X) is C°°(M)-bilinear, thus L : Tit x py TM —
TM is a tensor field, called the Weingarten mapping and we have:
9(Le(X),Y) = g(S(X,Y),€), §€D(Tit), X,Y € X(M).

By the symmetry of S, L¢ : TM — TM is a symmetric endomorphism with
respect to g, i.e. g(Le(X),Y) = g(X, Le(Y)).
(3) The mapping (X, &) — V%& is a covariant derivative in the normal bundle
Tit — M which respects the metric g* := g|Tit xp Tit; d.e.:
VL X(M) x T(Tit) — T(Tit)  is R-bilinear,
Vix€=1Vx&  Vx(fE) =df(X).£+ VxE,
X(g*(&m) = g7 (Vx&n) + g7 (€ Vxn).

Note that there does not exist torsion for V+.
Proof. The mapping (£, X) — L¢(X) is obviously R-bilinear. Moreover,
~Ti.Le(f.X) + Vix€ = VxE = [.VxE = —[(Ti.Le(X)) + [.VxE
= Le(fX) = [L(X), Vix€=[VxE
~Ti.Lie(X)+Vx(f&) =Vx(f& =df(X).£+ fVxéE=
= —[(Ti-Le(X)) + (df (X)-£ + [.VxE)
= Lye(X) = f.Le(X), Vx(f€) =df(X)£+ f.VxE.
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For the rest we enlarge X,Y € X(M) and &,m € T'(Ti+) locally to vector fields
X,Y,€,7on M. Then we have:

X(g*(&m) = X @& m) oi=(3(Vx&n) + 3, Vi) oi
=g(Vx&n) +3(& Vxn)
= g(=Ti.Le(X) + V& n) + §(&, =Ti.Ly(X) + Vxn)
=g (Vx&n) + g7 (& Vxn)
X(@G(Y,8)=g(VgY,6) +g(Y,Vgé).  Pull this back to M :
0=X(g(Y,8) = g(Vx(Ti.Y),&) + g(Ti.Y,Vx€)
(Ti.VXY + 5(X,Y),8) + g(Ti.Y, =Ti.L¢(X) + Vx€)

26.4. Theorem. Let (M,g) = (M,g) be an isometric immersion of Riemann
manifolds with Riemann curvatures R and R respectively. Then we have:

(1) For X; € X(M) or T, M we have (Gaufs’ equation, ‘theorema egregium’):

G(R(Ti.X,,Ti.X2)(Ti.X3),Ti.X4) = g(R(X1, X2) X3, X4)+
+ 91 (S(X1, X3), S(Xa, X4)) — g (S(Xa, X3), S(X1, X4)).

(2) The tangential part of R(X1, X2)X3 is given by:
(R(Ti.X1,Ti.X2)(Ti.X3)) " = R(X1,X2) X5 + Ls(x, x5)(X2) — Ls(x,.x5) (X1)-

(3) The normal part of R(X1, X2)X3 is then given by (Codazzi-Mainardi equa-
tion):
(R(Ti.X1,Ti.Xo)(Ti. X3)) " =
TR « — N
= (Vi@ METME) (X5, Xg) — (Vi @1 MOTM8) (X0, Xs).

(4) The tangential and the normal parts of R(Ti.X1,Ti.X2)¢ (where € is a
normal field along i) are given by:

(R(Ti.X,,Ti. X)) =
= i (TR ) () (MO ST ) ()

(R(Ti.X1,Ti.X2)€)* = RY (X1, X2)€ + S(Le(X1), Xo) — S(Le(X3), X1).

Proof. Every 2 € M has an open neighborhood U such that i : U — M is
an embedding. Since the assertions are local, we may thus assume that ¢ is an
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embedding, and we may suppress ¢ in the following proof. For the proof we need
vector fields X; € X(M). We start from the Gauf formula (26.1).

le (vX2X3) = vX1 (VX2X3 + S(X27X3))
= VX1VX2X3 + S(Xl, VX2X3) + ?XlS(Xz, X3)

Vx,(Vx, X3) = Vx,Vx, X5 + 5(X2, Vx, X3) + Vx,5(X1, X3)
Vix:,x:X3 = Vix, x, X3 + S([X1, Xo], X3)
= Vix,, x,) X3 + S(Vx, X2, X3) — S(Vx, X1, X3)

Inserting this we get for the part which is tangent to M:

G(R(X1, X2) X3, X4) = §(Vx,Vx, X3 — Vx, Vx, X5 — Vix, x5 X3, X4)
=9(Vx,Vx, X3 — Vx,Vx, X3 — Vix, x,) X3, X4)+
+ Q(S(Xl, VX2X3) - S(XQ, VX1X3) - S([Xl,XQ],Xg),X4) this term =0

+5(Vx,S(Xa, X3) — Vx,5(X1, X3), X4)
= g(R(X1,X2) X3, X4)
+ 91 (S(X1, X3), 5(X2, X4)) — g (S(X2, X3), S(X1, X4)).

where we also used (26.3.1) and (26.3.2) in:

9(Vx,S5(X2, X3), Xy) = §(V)L(15(X2» X3) — Ls(x,,x5)(X1), X4)
=0— g (S(X1, X4),S(Xo, X3)).

So (1) and (2) follow. For equation (3) we have to compute the normal components
of the + — — sum of the first three equations in this proof:

(R(X1, X2)X3)" = 0+ 5(X1,Vx,X3) + (Vx, S(Xa, X3)) " =0 — S(Xa, Vx, Xs)
— (Vx,S(X1, X3)) " = 0= S(Vx, Xa, X3) + S(Vx, X1, X3)
= (Vx,5(X2,X3) — S(Vx, X2, X3) — S(Xa, Vx, X3))
— (Vx,5(X1, X3) — 8(Vx, X1, X3) — S(X1, Vi, X3))
= (VETeT MOT' Mgy (X, ;) — (VE T MOT'Mg) (X, ¥y).

For the proof of (4) we start from the Weingarten formula (26.3.1) and use (26.1):

le (szg) = le (vg_(gf - L§(X2))
= V4, V€~ Ly (X))
Vi, (Vx, &) = Vi, Vx, & — Lv§15(X2)

Vixyxal€ = Vi, x0€ — Le([X1, X2])
= V[Jkl,XQ]g - Lf(leXQ) + LE(VXQXl)

(X2)) — S(X1, Le(X2))
(X1)) — S(X2, Le(X1))

VXl(

Le
VXz (Lf
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Inserting this we get for the tangential part:
(R(X1,X2)6) " = Lyy ¢(X2) = Lyy ¢(X1)
1 2
+Vx, (Le(X1)) = Le(Vx, X1) = Vix, (Le(X2)) + Le(Vx, Xa)

TMQ(Tit)*QT* M TMQ(Tit)*QT* M
—(VAEET T ) (Xp) + (Vi ST L) (Xy)

For the normal part we get:
(R(X1, X2)O)* = VX, Vi,6 — V3, Vi€ — Vix, x,6
= 5(X1, Le(X2)) + 5(X2, Lg(Xy)). O

26.5. Hypersurfaces. Let i : (M,g) — (M,g) be an isometrically embedded

hypersurface, so that dim(M) = dim(M) + 1. Let v be a local unit normal field
along M, i.e., v € I'(Ti1|U) with |v|; = 1. There are two choices for v.

Theorem. In this situation we have:
(1) Vxv e TM for all X € TM.
(2) For X,Y € X(M) we have (Weingarten equation):
G(Vxv,Y)=—g(r,VxY) = —gt (1, S(X,Y)).

(3) g(vXVa Y) = g(vYVaX)‘

(4) If we put s(X,Y) = gt (v,S(X,Y)) then s is called the classical second
fundamental form and the Weingarten equation (2) takes the following form:

G(Vxv,Y) = —s(X,Y).
(5) For hypersurfaces the Codazzi Mainardi equation takes the following form:

g(R(X1, X2)X3,v) = (Vx,5)(X2, X3) — (Vx,8)(X1, X3).
Proof. (1) Since 1 = g(v,v) we get 0 = X(g(v,v)) = 2G(Vxv,v), thus Vxv is
tangent to M.
(2) Since 0 = g(1,Y) we get 0 = X(g(v,Y)) = g(Vxv,Y) + (v, VxY) and thus
g(VXV7Y> = _g(Vv VXY) = _g(V7 VxY + S(X, Y)) = _g(V,S(X7 Y))
(3) follows from (2) and symmetry of S(X,Y). (4) is a reformulation.
(5) We put ourselves back into the proof of (26.4.3) and use S(X,Y) = s(X,Y).v
and the fact that s € T'(S?T*M|U) is a (J) tensorfield so that V x s makes sense. We
have le (Sﬁ(XQ,X:;)) = VXl(S(XQ,Xg).V) = Xl(S(XQ,Xg).I/ + S(XQ,Xg).VXllj,
and by (1) Vx, v is tangential to M. Thus the normal part is:
= 1
(VX1 (S(XQ,X:J,))) = Xl(S(XQ,Xg)).V
= (les)(Xg, X3).V + S(VXlXQ, Xg).l/ + S(XQ, VXng).I/.
Now we put this into the formula of the proof of (26.4.3):
(R(X1, X2)Xs)" = S(X1, Vx, X5) + (Vx, (S(X2, X5))) ™ = S(Xa, Vx, Xs)
— (Vx,(S(X1, X3))) " = S(Vx, Xa, X3) + S(Vx, X1, X)
= ((VXIS)(XQ,X?,) - (VXQS)(X17X3))I/. |:|
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26.6. Remark. (Theorema egregium proper) Let M be a surface in R3, then R=0
and by (26.4.1) we have for X, Y € T, M:

0=(R(X,Y)X,Y)=(R(X,Y)X,Y) +s(X,X).s(Y,Y) — s(Y, X).5(X,Y).
Let us now choose a local coordinate system (U, (z,y)) on M and put

g=i"( , Y=Fdrde+ Fdx®dy+ Fdy ®dz+ Gdy R dy,

s=:ldr®@dr+mdr®dy+mdy®dr+ndy dy, then
K = Gauf}’ curvature = sectional curvature =
_ (R(9,0y) 0x,0y) _ 8(0x, 0x)-8(0y, Oy) — S(amvay)Z
|0z [2[ 0y |* = (02, 0y)° EG — F?
In —m?
T EG-F¥

which is Gauf’ formula for his curvature in his notation.

26.7. Adapted frames for isometric embeddings. All the following also
holds for immersions. For notational simplicity we stick with embeddings. Let e :
(M, g) — (M, g) be an isometric embedding of Riemann manifolds, let dim(M) =
m + p and dim(M) = m. An adapted orthonormal frame § = (31,...,8m+p) is
orthonormal frame for M over U C M such that for U = U N M C M the fields
s1=381lu,--+,Sm = 8m|u are tangent to M. Thus s = (s1,...,Sy) is an orthonor-
mal frame for M over U. The orthonormal coframe

for M over U dual to 3 is then given by ¢°(5;) = 62. We recall from (25.5):

(1)

w
_ AGF =0, first Bianchi identity.
AU+ @ AQ - QA0 =dQ+ [@,Q]r =0, second Bianchi identity.

Likewise we have the orthonormal coframe o = (o!,...,6™)T for M over U dual

Draft from April 18, 2007 Peter W. Michor,



26.7 26. Riemann immersions and submersion 279
to s is then given by ¢*(s;) = d}. Recall again from (25.5):

(2) g=Xro'®d.
Vs = s.w, wj— = —wzj, so w € QY U, s0(m)).
do+who=0, do"+>"  wiAok=0.
Rs =50, Q=dw+wAwe U, so(m)),
Qf = dwl + Y00 wh Awh.
QAo =0, Y- ,Q Aok =0, first Bianchi identity.
A4+ wAQ—QAw=dQ+ [w, Qs =0, second Bianchi identity.

Obviously we have 6*|; = ¢*, more precisely e*' = o', fori = 1,...,m, and e*5"' =

0forz=m+1,...,m+p. We want to compute e*w. From do’ +Zm+p DIAGE =0

we get

(3) do'=-YT"Fewl Ae*ok :—Zk Lefwi Aok fori=1,...,m.
0=— ;nipe*w A e*ak Y et Aot form+1<u

Since also e*a);- = —e*d)g, the forms e*a);- for 1 < 4,5 < m satisfy the defining

equations for w; thus we have:

(4) wé = e*w;, for 1 <i,5 <m.

Since §(Vxsi,sj) = @) (X) = w!(X) = g(Vxsi,s;) for X € X(M), equation (4)
also expresses the fact that the tangential part (V X S; ) = Vxs;.

Next we want to investigate the forms e*@} = —e wj forl<i<mand m+1<
7 < m+ p. We shall need the following result.

(5) Lemma. (E. Cartan) For U open in M™TP let X', ..., \™ € QY(U) be every-
where linearly independent, and consider 1-forms py, ..., pum € QY (U) such that

S AN = O Then there exist unique smooth functions f;; € C*(U) satisfying
i =350y fiyN and fij = fii.

Proof. Near each point we may find A™*1, ..., A™*P such that A!,...,\™*P are
everywhere linearly independent, thus they form a coframe. Then there exist unique
fij such that p; = Zm+p fizN. But we have

m m m+p
0= AN =D">"fz AP AN
i=1 =1 k=1
m  m+p B
= D U= F)XNANEDI T DT fp AFAN
1<k<i<m 1=1 k=m+1

Since the A\¥ A A7 for k < 7 are linearly independent we conclude that f;x = fx; for
1gi,kgmandfi,;:()for1§i§m<l§:§m+p. [l
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By (3) we have 0 = >, e*wi Ao® for i =m+1...m + p. By lemma (5) thus
there exist unique functions sfcj eC®U)forl1 <jk<mandi=m+1,...,m+p
with:

ws‘

m
(6) Z $kj07s Skj = Sjke

This is equivalent to the Weingarten formula (26.3.1).
Since §(Vs, s, 51) = wi(sx) = (e*w})(sx) = sj), we have by (26.1)

m+p B m-4+p B
(7) S(sivsi) = D> GEUNEW)(s:) = D (5:lU)sl;
k=m+1 k=m+1

Sz

Let us now investigate the second structure equation QF = dw? + > 1P @l A wk.
We look first at indices 1 < 4,57 < m and restrict it to M:

m+p B
e*QZ—de*’Z—FZewk/\ew + Z e*wl Ae* f
k=m+1
m m+p B
= dw} JFZWIZ /\w;-“Jr Z e*w;—c/\e*@f
k=1 k=m+1
m-+p B m+p m
(8) e = Q% + Z e*wp A (a*tu;C = — Z Z Si1Sn o No™
k=m+1 k=m+11l,n=1

This is equivalent to the Gaufl equation (26.4.1).

Then we look at the indices 1 < j < m < 7 < m+p and restrict the second structure
equation to M:

m m+p B
e =de’w) + > oy Aetdf + Y et Nt
k=1 k=m+1
m m—+p B
(9) =de’@) + Y oAl + Y etwp Aetdl,
k=1 k=m+1

which is equivalent to the Codazzi Mainardi equation. In the case of a hypersurface
this takes the simpler form:

m
e*Q?“‘l = de*@}"+1 + g e*@,?”l A wf
k=1
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26.8. Resumee of computing with adapted frames. Let e : (M,g) — (M, g)
be an isometric embedding between Riemann manifolds. Let § = (81,...,8m4p)
be an orthonormal local frame on M over U C M with connection 1-form @ =
(@h) € QY(U,s0(m + p)) and curvature 2-form Q = (%) € Q*(U,s0(m + p)), such
that the s; := 5;|U form a local orthonormal frame s = (s1,...,8y,) of TM over
U = UNM, with connection 1-form w = (w!) € Q' (U, s0(m)) and curvature 2-form
Q= () € Q*(U,s0(m)). Let

gmtr

be the dual coframes. Using the ranges of indices 1 < 4,5, k,l < m and m+ 1 <
7,7,k < m -+ p we then have:

e’ =o', e*5' =0,

*—1 __ 1 * =T 7 k T ot

e'w; = wj, e'w; = Zkgm 850, 8%k = Skjs

*Ot _ O ok x~k _ i _ m+p m k ok l n

e = QL+ >0 pewp Aefwof = Q) ZE:mH Zlm:l sysi, o' Na™,
m m-+p

e* Y = de*w; + g e*@}e/\w + E ewk/\ew
k=1 E=m+1

26.9. Definitions. Let p: F — B be a submersion of smooth manifolds, that is
Tp:TE — TB surjective. Then

V =V(p) =V(E) :=ker(Tp)

is called the wvertical subbundle of E. If E is a Riemann manifold with metric g,
then we can go on to define the horizontal subbundle of E.

Hor = Hor(p) = Hor(E) = Hor(E, g) := V(p)*

If both (E, gg) and (B, gp) are Riemann manifolds, then we will call p a Riemannian
submersion, if

Typ: HOI‘(p)x - B

p(x)
is an isometric isomorphism for all z € F.

Examples: For any two Riemann manifolds M, N, the projection pry : M x N — M
is a Riemannian submersion. Here the Riemann metric on the product M x N
is given by: gnrxn(Xn + Xn, Y + Yn) == gu (X, Yr) + gn (X, Yiv) using
T(M x N) 2 TM @ TN. In particular, R™™" — R™ with the usual metric, or
ry : S x RT — RT are Riemannian submersions.

26.10. Definition. Let p: E — B be a Riemannian submersion. A vector field:
& € X(E) is called vertical, if {(x) € V,(p) for all = (i.e., if Tp&(x) = 0).
& € X(P) is called horizontal, if £(z) € Hor,(p) for all z (i.e., if {(x) L Vi (p)).
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¢ € X(E) is called projectable, if there is an n € X(B), such that Tp.§ = nop.

¢ € X(E) is called basic, if it is horizontal and projectable.

The orthogonal projection ® : TE — V(E) with respect to the Riemann metric is
a (generalized) connection on the bundle (F,p) in the sense of section (17) below
and defines a local parallel transport over each curve in B (denoted by Pt%(c,.))
as well as the horizontal lift:

C:TBXE —TE: (Xp,e)— Y., whereY, € Hor.(p) with Tcp.Y. = X,
B

This map also gives us an isomorphism C., : X(B) — Xpasic(E) between the vector
fields on B and the basic vector fields.

26.11. Lemma. Consider a Riemannian submersion p : (E,gg) — (B,gp) with
connection ® : TE — V(p), and ¢: [0,1] — B, a geodesic. Then we have:
(1) The length Li(c) = L, Pt*(c, ., u), where u € Ec o) is the starting point of
the parallel transport. For the energy Eb(c) = E(Pt®(c, ., u)).
(2) Pt®(c,.,u) L E. for all t.
(3) If ¢ is a geodesic of minimal length in B, then we have L%)(Ptq>(c, L))
dist (EC(O)v Ec(l)) .
(4) t — Pt®(c,t,u) is a geodesic in E (again for any geodesic c in B).

Proof. (1) Since 9, Pt*(c, s,u) is a horizontal vector and by the property of p as
Riemannian submersion, we have

t

LL(Pt®(c, . u) = /O 95 (05 Pt®(c, s, 1), 05 Pt®(c, s.u))% ds

:Agmd%d®ﬁ%=%@%

t
EL(Pt*(c,.,u)) = %/0 g5 (05 Pt®(c, s,u),ds Pt (c, s.u)) ds = Ey(c).

(2) This is due to our choice of ® as orthogonal projection onto the vertical bundle
in terms of the given metric on F. By this choice, the parallel transport is the
unique horizontal curve covering ¢, so it is orthogonal to each fiber E. it meets.

(3) Consider a (piecewise) smooth curve e : [0,1] — E from E,q to E.), then
poeis a (piecewise) smooth curve from ¢(0) to ¢(1). Since ¢ is a minimal geodesic,
we have L{(c) < Li(p o e). Furthermore, we can decompose the vectors tangent to
e into horizontal and vertical components and use the fact that Tp is an isometry
on horizontal vectors to show that L{(e) > Li(poe):

1
lﬂ@=%lﬂﬁ“+ﬂﬁﬂwﬁ

1 1
> / |e/(t)h°r|gEdt:/ |(poe)/(t)|gMdt:L(1)(poe).
0 0
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Now with (1) we can conclude:
Ly(e) = Ly(poe) = Ly(c) = Ly(Pt® (e, ., u))

for all (piecewise) smooth curves e from E,(g) to E.1). Therefore, Li(Pt®(c,.,u)) =
dist (Ec(0)7 Ec(l)) .

(4) This is a consequence of (3) and the observation from (22.4) that every curve
which minimizes length or energy locally is a geodesic. [

26.12. Corollary. Consider a Riemannian submersion p : E — B, and let
c:[0,1] — E be a geodesic in E with the property c'(to) L Epcty)) for some tg.
Then c'(t) L Eycy) for allt € [0,1] and poc is a geodesic in B.

Proof. Consider the curve f : ¢ +— expf(c(to))(tTc(to)p.c’(to)). It is a geodesic
in B and therefore lifts to a geodesic e(t) = Pt®(f,t — to, c(to)) in E by (26.11.4).
Furthermore e(tg) = c(to) and €'(to) = C(Te(1y)p-¢ (to), c(to)) = '(to) since ¢’ (tg) L
Ep(c(to)) 18 horizontal. But geodesics are uniquely determined by their starting point
and starting vector. Therefore e = ¢, thus e is orthogonal to each fiber it meets by
(26.11.2) and it projects onto the geodesic f in B. O

26.13. Corollary. Let p : E — B be a Riemannian submersion. If Hor(E) is
integrable then:

(1) Ewvery leaf is totally geodesic in the sense of (26.2).
(2) For each leaf L the restriction p : L — B is a local isometry.

Proof. (1) follows from corollary (26.12), while (2) is just a direct consequence of
the definitions. 0O

26.14. Remark. If p: E — B is a Riemannian submersion, then Hor(F)|g, =
Nor(Ep) for all b € B and p defines a global parallelism as follows. A section
¥ € C*°(Nor(Ep)) is called p-parallel, if T,p.0(e) = v € TpB is the same point for
all e € Ep. There is also a second parallelism. It is given by the induced covariant
derivative: A section © € C*°(Nor(E}p)) is called parallel if VN'g = 0. The p-
parallelism is always flat and with trivial holonomy which is not generally true for
VNOr. Yet we will see later on that if Hor(E) is integrable then the two parallelisms
coincide.

26.15. Definition. A Riemannian submersion p : E — B is called integrable, if
Hor(E) = (ker Tp)* is an integrable distribution.

26.16. Local Theory of Riemannian Submersions. Letp: (E,gg) — (B, ¢gB)
be a Riemannian submersion. Choose for an open neighborhood U in E an or-
thonormal frame field s = (s1,...,8m4x) € D(TE|U)™"* in such a way that

S1y.-.,8m are vertical and S;,41, ..., Smtr are basic (horizontal and projectable).
That way, if we project Sp41,---,Sm+k onto TB|p(U) we get another orthonor-
mal frame field, 5 = (511, - -, 8msk) € C®(TB|p(U))k, since p, as Riemannian
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submersion, is isometric on horizontal vectors. The indices will always run in the
domain indicated:

1<i,j,k<m, m+1<abée<m+k, 1<ABC<m+k.

The orthonormal coframe dual to s is given by

ol

o (sp) = o4, o= e QY(Uu)mtk,
O.m-i-k'

Analogously, we have the orthonormal coframe 6% € Q! (p(U)) on p(U) C B, with
o%(55) = 0f. Tt is related to 0% by p*® = 0% By (25.5) we have on (U C E, gr)

gelu = ZAO'A ® o4,
VEPs=sw where wp=-wh so weQ(Uso(n+k)).
do+wANho=0, ie., daA—i—ché/\JC:O.
Rs =50 where Q=dw+wAweQ*U,so(n+k)),

or Qf = dwpp + S wh AW,
QAno=0 or Y ,Q8A0%=0, the first Bianchi identity.
dO+wAQ—QAw=dQ+ [w,Q)x =0, the second Bianchi identity.

and similarly on (p(U) C B, ¢g?) with bars on all forms.

For the following it will be faster to rederive results as compiling some of them from
(26.7) and (26.8). We start by pulling back the structure equation do +© A5 =0
from B to E via p*:

0=p* (daa +3 @A 65) =dp*a" + Y (p*®%) A (p*5°) = do® + Y (p @) Ao

The a-part of the structure equation on E, do® + ng Aol + Y wiAch =0,
combines with this to

(1) Z(P*@ga)/\ﬁgzzwg/\ag+2wf/\ai

The left hand side of this equation contains no ¢® A 0% or o A o’-terms. Let us
write out wf and w{ in this basis.

wi = —wl = >l o+ Y bl wi = —wi = Za%aé + > rkol.
This gives us for the righthand side of (1)

St ot Aot + b Ao+ Y akot Aot + Y rdol Aot =
=3¢l Ao® + (b0 —a%)oi Aot + L S (rd —ri)od Ao
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So we have found af; = b¢, and rf; = rf; or, in other words, w{(s;) = wy(s;) and

wi(sj) = wi(s;). That is: wi(sa) = wA( i), and this just means that the horizontal
part of [sA, s;] is 0, or [s4, s;] is always vertical:

(2) 0= sawi(sa) = X sawh(si) = (Vausi — Vi,54)" = [s4, 51"

Now we will consider the second fundamental form S** : TEy, x5, TE, — Hor(E)
of the submanifold Ej, := p~1(b) in E. By (26.1) S is given as:
SEb (Xver Yver) _ V)E(‘,eryver _ vf{z;eryver _ V)E(‘,eryver _ (vxveryver)ver
( Xveryver)hor _ (VXvex yver
hor
(VXver > sigt (YY)
( vael 31 (Yver) + E Sid(o.i(yver)).Xver)hor
ver\ _i (v very)hor ver\ i (\/ver
= (X sawf (X¥)o" (YY) ™ 40 = 3= sawf (X 7)o (V)
= Zr‘?. (Sa RdI R0 ) (X ver yver)

)

)hor

So
> 5a0%(SE) =Yl sa @0l @ ot

Note that r{; = 7%, from above corresponds to symmetry of S. The covariant deriv-
ative on the normal bundle Nor(Ep) = Hor(E)|g, — Ep is given by the Weingarten
formula (26.3) as the corresponding projection:

vNer . 2(Ey) x T'(Nor(E,)) — T'(Nor(Ey))

hor

VALY = (TR Y P = (TR (S (1)) =
= hor _
= (Z(VEwsp)a® (1)) 4+ 5 spdo(Yhor). X =
— Z Sau)g(chr)O'B(Yhor) + Z SEdO'B(Yhor).chr —
_ Z bgisfl Rt ® O.B(Xver Yhor) + Z 55 ® do.d(yhor)(Xver)
vNoryhor _ Z (bg (Yhor)o_ + dU (Yhor)) ® Sa-

Yet in the decomposition

ver + hor
VERY = (Ve yor (VYT 4 Y hOr)) TR

we can find two more tensor fields (besides S), the so called O’Neill-tensor fields.
(see [O’Neill, 1966])
X, Y € X(E)
ver hor or
(3) T(X,Y) = (Ve Y") " 4 (VEwe YOr)
AX,Y) = (VE,, Yhor) '™ 4 (VB yver)™

ver
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Each of of these four terms making up A and T is a tensor field by itself - the first
one restricting to S on E,. Why they are combined to two tensors in just this way
we will see once we have expressed them in our local frame. At the same time, we
will see that they really are tensor fields.

_ ver . hor
AXY) = (Vi (2 5a0%(Y))) T + (VR (C500°(Y))) T =
=Y 5wl (X))o (Y) + 0+ Y sawd (XP%) ol (V) + 0 =
=3 s5i(—a%)o"(X)o (V) + Y 52050 (X)oi (V) =
= Za?z—)(a’_’ R0 @ sz — 0’ 0% ®5)(X,Y)
Analogously:
T=Yr4c®c" ®ss —0! @0 ®@s;)
If Hor(FE) is integrable, then every leaf L is totally geodesic by (26.13.1), and the
5g|;, are a local orthonormal frame field on L. The leaf L is totally geodesic if and
only if its second fundamental form vanishes which is given by
SL (Xhor’ Yhor) = (V)E(horyhor)ver
So it is a necessary condition for the integrability of Hor(E) that S* = 0, that is

0= 5" (sa,55) = (Vsu55)"" = L siwi(sa) = ¥ si(—ale)o(sa) = = X, sial,
This is equivalent to the condition af; = 0 for all & or to A = 0.
Let us now prove the converse: If A vanishes, then the horizontal distribution on
E is integrable. In this case, we have 0 = A(sgz,s5) = (VE 55)¥ + 0, as well as
0 = A(sp,8a) = (VEsa)' + 0. Therefore, [sa, s3] = VL s5 — VE s5 is horizontal,
and the horizontal distribution is integrable.

26.17. Theorem. Letp: E — B be a Riemannian submersion, then the following
conditions are equivalent.

(1) p is integrable (that is Hor(p) is integrable).

(2) Every p-parallel normal field along Ey is VN -parallel.

(3) The O’Neill tensor A is zero.

Proof. We already saw (1) <= (3) above.
(3) = (2) Take s; for a p-parallel normal field X along E,. A = 0 implies
A(sa,8:) = 0+ (Vs, )" = 0. Recall that, as we showed in (26.16.1) above, [s;, 54]
is vertical. Therefore,

Viss = (VEsa)"" = ([si, 8a) + VE s)"" =0
Since for any e € FEj, Tep|Norb( By) is an isometric isomorphism, a p-parallel normal
field X along F} is determined completely by the equation X (e) = >~ X%(e)sg(e).
Therefore it is always a linear combination of the s; with constant coefficients and
we are done.

(2) = (3) By (2) Vi™sa = (Vi sa)"" = 0. Therefore, as above, we have that
([8i,5a) + VE )07 = 0+ (VE 5;)M" = A(sa, s;) = 0. Thus 6°A(sg,s;) = ab; =0,
so A vanishes completely. O
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27. Jacobi fields

27.1. Jacobi fields. Let (M, V) be a manifold with covariant derivative V, with
curvature R and torsion Tor. Let us consider a smooth mapping 7y : (—¢,¢)x[0,1] —
M such that t — (s, ) is a geodesic for each s € (—¢, e); we call this a I-parameter
variation through geodesics. Let us write 0, v =: ' and 9; v =: % in the following.
Our aim is to investigate the variation vector field dq|oy(s, ) =4'(0, ).

We first note that by (22.10.4) we have

vas’:}/ = Vas (T’Y 8t) = Vat (T"}/ 85) + T’y[@s, 6‘t] + TOI'(T")/. 88, T’)/ 8t)
(1) = Va,7" + Tor(v/, %)

We have Vy,¥ = Vp,(0:7y) = 0 since (s, ) is a geodesic for each s. Thus by
using (24.5) we get

0=V, Vo, 5 =R(Tv.05,T7.0)% + V,Vo,% + Vio, 0,7
(2) = R(v,%)¥ + Vo,Vo,7 + Vo, Tor(v,4).

Inserting s = 0, along the geodesic ¢ = (0, ) we get the Jacobi differential
equation for the variation vector field Y = 0oy =+/(0, ):

(3) 0= R(Y,)é + Vo, Va,Y + Vo, Tor(,¢) |

This is a linear differential equation of second order for vector fields Y along the
fixed geodesic ¢ : [0,1] — M. Thus for any to € [0,1] and any initial values
(Y(to), (Va,)(to)) € Te(ro) M x T,y M there exists a unique global solution Y of (3)
along c. These solutions are called Jacobi fields along c; they form a 2m-dimensional
vector space.

27.2. The Jacobi flow. Consider a linear connector K : TTM — M on the
tangent bundle with its horizontal lift mapping C' : TM Xy TM — TTM, see
(22.8) its spray S : TM — TTM given by S(X) := C(X,X), see (22.7) and its
covariant derivative VxY = K oTY o X, see (22.9).

Theorem. [Michor, 1996] Let S : TM — TTM be a spray on a manifold M. Then
krp 0TS : TTM — TTTM is a vector field. Consider a flow line

J(t) = FIFreT5((0))

of this field. Then we have:

c:=mp omppy ©J is a geodesic on M

¢ =m0 J is the velocity field of ¢

Y :=T(mp) 0 J is a Jacobi field along c

Y = ks o J is the velocity field of Y

VoY = Kokrpy oJ is the covariant derivative of Y
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288 Chapter V. Riemannian Manifolds 27.2
The Jacobi equation is given by:

0=Vy,Vs,Y + R(Y, )¢+ Vy, Tor(Y, ¢)
=KoTKoTSolJ.

This implies that in a canonical chart induced from a chart on M the curve J(t) is
given by

(c(t), é(6); Y (1), Y (£))-

Proof. Consider a curve s — X(s) in TM. Then each t — my (FI7(X(s))) is a
geodesic in M, and in the variable s it is a variation through geodesics. Thus Y (¢) :=
dslomar (F17 (X (s))) is a Jacobi field along the geodesic ¢(t) := ma (F1¥(X(0))) by
(27.1), and each Jacobi field is of this form, for a suitable curve X (s), see (27.5.4)
below. We consider now the curve J(t) := 8| FI¥(X(s)) in TTM. Then by
(8.13.6) we have

O J(t) = 0104)0 FI7 (X (5)) = krards|od: FI7 (X (5)) = krarOsloS(FIS (X (s)))
= (krar © TS)(Ds]0 FI7 (X (5))) = (krar 0 TS)(J (1)),

so that J(t) is a flow line of the vector field ka0 TS : TTM — TTTM. Moreover
using the properties of x from (8.13) and of S from (22.7) we get

T J(t) = Tpr.0s|o FIZ (X (s)) = 8slomar (F12 (X (s))) = Y (1),
T J(t) = c(t), the geodesic,
A,Y (t) = 8, Tmpr.0so FI7 (X (5)) = 8,05 |omas (FI2 (X (5))),
= kar0s|0dymar (F17 (X (5))) = kardslodimar (FI2 (X (5)))
= kp0sloT a0 Flts(X(s)) = kpO0slo(Tmar 0 S) Flf(X(s))
= kaOslo FI (X (5)) = mar I (1),
VoY =Ko00Y =Korp ol

Finally let us express the Jacobi equation (27.1.3). Put (s, t) := ma (FIZ (X (s)))
for shortness’ sake.

Vo, VoY + R(Y,¢)é+ Vo, Tor(Y,¢) =
=V, Vs, Tv.0s + R(T7y.05,Tv.01)T~.0r + Vs, Tor(T.0s, T7.0;)
= K.T(K.T(T~.05).0;).0;
+ (K. TK.krp — KTK).TT(T7.0¢).TOs.04
+ K.T((K.#0s — K).TT.T8,.0,).0,

Note that for example for the term in the second summand we have
TTT’)/TT(?tTaSat = T(T(at’y)as)@t = Gtasat’y = 8t./<;M.3t.857 = T/iM.at.at.as’)/
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which at s = 0 equals Tk Y. Using this we get for the Jacobi equation at s = O:

Vat Vaty + R(Y, é)é + Vat TOI"(Y7 é)
= (KTK+ KTKkry Ty — KTKTky + KTK Ty — KTK).0.0.Y
= KTK.krpy. Tk .0:0Y = KTK.krp.0iJ = KTK.TS.J,

where we used 0;0;Y = Oi(kp.J) = Thpy0eJ = Thykrpy.TS.J. Finally the
validity of the Jacobi equation 0 = K.TK.T'S.J follows trivially from K o S =
Orpn. O

Note that the system of Jacobi fields depends only on the geodesic structure, thus
on the spray induced by the given covariant derivative. So we may assume that the
covariant derivative is torsionfree without loss; we do this from now on.

27.3. Fermi charts. Let (M, g) be a Riemann manifold. Let ¢ : (—2¢,1+2¢) — M
be a geodesic (for € > 0). We will define the Fermi chart along ¢ as follows.

Since ¢([—e,1 + ¢€]) is compact in M there exists p > 0 such that

By (p) = {X € Ty := {Y € To)M : g(Y,¢(0)) = 0}, X[y < p}
(1) expoPt(c, ):(—e,1+¢)x B-(0)(p) = M
(t, X) — expe(y (Pt(c, t) X)

is everywhere defined. Since its tangent mapping along (—&,1 4+ ¢) x {0},

Tio(expoPt(e, )):Rx Tl(o)c - T.(t)M = Tc(t)(c([O, 1])) x TCL(t)c

C

(5,Y) — s.c/(t) + Pt(c,t)Y

is a linear isomorphism we may assume (by choosing p smaller if necessary using
(22.7.6)) that the mapping expoPt(c, ) in (1) is a diffeomorphism onto its image.
Its inverse,

(2) Ue,p = (expoPt(c, ) ':U.,— (—&,1+4¢) x szo) (p)
Uep = (expoPt(c, ))((~e,1+¢) x Byg)(p)

is called the Fermi chart along c. Its importance is due to the following result.

27.4. Lemma. Let X be a vector field along the geodesic c. For the Fermi chart
along ¢ put Top (ue,p) ' X (t) =: (t, X (t)). Then we have

Tc(t)uc,p'(vatX)(t) = (t, X/(t))

So in the Fermi chart the covariant derivative Vp, along c is just the ordinary
derivative. More is true: The Christoffel symbol in the Fermi chart vanishes along
(—&,1+¢) x {0}.
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The last statement is a generalization of the property of Riemann normal coordi-
nates exp, ' that the Christoffel symbol vanishes at 0, see (22.7).

Proof. In terms of the Chritoffel symbol of the Fermi chart the geodesic equa-
tion is given by ¢’(t) = Tau(¢'(t),c(t)), see (22.4). But in the Fermi chart
the geodesic c is given by uc,(c(t)) = (¢,0), so the geodesic equation becomes
0 = I'z4)((1,0),(1,0)) = Tawy (€'(t), € (t)). For Yy € TCJ(‘O)C the parallel vector field
Y (t) = Pt(e, t)Yy is represented by (¢,0;0,Yp) in the Fermi chart; thus we get
0 = I'q1)(€'(t), Yo). The geodesic s — exp,(s. Pt(c,t).Y) for YV € Tcl(o)c is rep-
resented by s — (t,8.Y) in the Fermi chart. The corresponding geodesic equation
is 0 = a‘r’—;(t, 5.Y) = L sv)(Y,Y). By symmetry of I'; o) these facts imply that
L(t,0) = 0. Finally, Tuc ,.(Vo, X)(t) = X'(t) — T1,0) (¢ (), X (1)) = X'(t). O

27.5. Let (M™,g) be a Riemann manifold, and let ¢ : [0,1] — M be a geodesic
which might be constant. Let us denote by 7. the 2m-dimensional real vector space
of all Jacobi fields along c, i.e., all vector fields Y along c satisfying Vg, Vs, Y +
R(Y,¢)e = 0.

Theorem.

1) The wector space J. is canonically isomorphic to the vector space T.yM X
(t)
T.pyM via J. 3Y — (Y (t),(Vo,Y)(t)), for each t € [0,1].

(2) The vector space J. carries a canonical symplectic structure (see (20.4)):

welY, Z) = g(Y (1), (Vo, 2)()) — g(Z(8), (Vo,Y)(t)) = constant in ¢

(3) Now let ¢ # 0. Then J, splits naturally into the direct sum J, = J.| ® Jt-.
Here J. is the 2-dimensional w.-non-degenerate subspace of all Jacobi fields which
are tangent to c. All these are of the form t — (a + tb)c'(t) for (a,b) € R%. Also,
T+ is the (2m —2)-dimensional w.-non-degenerate subspace consisting of all Jacobi
fields Y satisfying g(Y (t),c'(t)) = 0 for all t. Moreover, w.(J.",J) = 0.

(4) Each Jacobi field Y € J. is the variation vector field of a 1-parameter variation
of ¢ through geodesics, and conversely.

(5) Let J2 be the m-dimensional vector space consisting of all Jacobifields Y with
Y (0) =0. Then w.(J2,J2) =0, so J? is a Lagrangian subspace (see (20.4)).

Proof. Let first ¢/(t) = 0 so c(t) = ¢(0). Then Y (t) € Ty M for all t. The Jacobi
equation becomes V;V;Y =Y" so Y (t) = A+tB for A,B € T,o)M. Then (1),
(2), and (5) holds.

Let us now assume that ¢’ # 0. (1) follows from (27.1).

(2) For Y, Z € J. consider:

we(Y, Z)(t) = g(Y (1), (Vo,Z)(t)) — 9(Z(t), (Va,Y)(1))

Orwe(Y,2) = 9g(Vo,Y, Vo, Z)+9(Y.Vo,Vo,Z) — g(No,Z, VoY) — 9(Z,V9,Vs,Y)
= —g(Y,R(Z,c)) + 9(Z, R(Y,¢)c)
= —9(R(Z,¢)c,Y) + g(R(Y, ), Z)
=g(R(Z,c)Y,d)—g(R(Y,d)Z,) =0 Dby (24.4.5) and (24.4.4)
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Thus w.(Y, Z)(t) is constant in ¢. Also it is the standard symplectic structure (see
(20.5)) on Tey M x T4y M induced by g« via (1).
(3) We have ¢’ # 0. In the Fermi chart (U, ,, u. ,) along ¢ we have ¢’ = ey, the first
unit vector, and the Jacobi equation becomes
(6) YeJ — Y”(t) + R(Y, 61)61 =0.
Consider first a Jacobi field Y'(¢) = f(¢).¢/(t) which is tangential to ¢’. From (6) we
get
0=Y"(t) + R(Y(t),er)er = f"(t).ex + f(t).R(ex, er)er = f"(t).ex
so that f(t) = a + tb for a,b € R. Let g(t) = o’ + tb’. We use the symplectic
structure at t = 0 to get w.(f.c’,g.c') = g(a.c’,b.c/) — g(a’.c/,b.c’) = (ab/ — a’b)|c|?,
a multiple of the canonical symplectic structure on R2.
For an arbitrary Y € J. we can then write Y = Y7 + Y5 uniquely where Y7 € ch
is tangent to ¢/ and where Y5 is in the w.-orthogonal complement to J,.| in J.:
0= wc(cl» Yi) = g(C/, Vatyz) - g(vatc/a }/2) = g(clv VatYQ) - VatYQJ—C/
0=w.(t.c,Ys) =g(t.d,Vy,Ys) —g(c,Ys) = —g(c,Ya) = Yol
Conversely, Y2 19¢ implies 0 = 9, g(c/,Ya) = g(c’,Vs,Y2) so that Yo € J+ and
J:- equals the we-orthogonal complement of J.". By symplectic linear algebra the
latter space is w.-non-degenerate.

(4) for ¢ # 0 and ¢ = 0. Let Y € J. be a Jacobi field. Consider b(s) :
eXPe(0)(8-Y(0)). We look for a vector field X along b such that (Va,X)(0)
Vs,Y(0). We try
X(s) : = Pt(c,5)(¢(0) + 5.(Vo,Y)(0))
X'(0) = 0slo (Pt(b, 5)(¢(0) + 5.(V5,Y)(0)))
= 0slo (Pt(b, 5)(¢(0)) + T(Pt(b,0)) dso (¢(0) + 5.(V5,Y)(0))
= C(t'(0),¢(0)) + virar(¢(0), (Vo,Y)(0))  using (24.2).

Now we put
V(s t) : = expy,) (. X (s)), then
7(0,8) = expe(q) (£-X(0)) = exp,(g) (£.¢(0)) = (?).

Obviously, v is a 1-parameter variation of ¢ through geodesics, thus the variation
vector field Z(t) = Js)o (s, t) is a Jacobi vector field. We have

Z(0) = 9slo(s,0) = Oslo expy(s)(Op(s)) = Islo b(s) = Y (0),
(Vo,2)(0) = Vo, (T.0s)|s=0,t=0
= Vo (T7.01)|s—0.0—0 by (22.10.4) or (27.1.1)
= Vo, (9tlo expy) (X (5)))ls=0 = Vo, X|s=0
= K(9s]0 X (s)) = K (C(V'(0),¢(0)) + v1(¢(0), (Vo,Y)(0)))
=0+ (Vs,Y)(0).
Thus Z =Y by (1).
(5) follows from (1) and symplectic linear algebra, see (20.5). O
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27.6. Lemma. Let ¢ be a geodesic with ¢ # 0 in a Riemann manifold (M, g) and
let Y € J0 be a Jacobi field along ¢ with Y (0) = 0. Then we have

Y (t) = Ty.o00 (ech(O)) vl(t.é(O), t.(VatY)(O)).
Proof. Let us step back into the proof of (27.5.4). There we had
b(s) = exp,(g)(s.Y(0)) = ¢(0),
X(s) = Pt(c, s)(¢(0) + 5.(Va,Y)(0)) = €(0) 4 5.(Va,Y)(0),
Y (£) = 0,10 7(5,£) = Bilo expyey(E-X (5)) = Ths10) (€xDego)) Dilo me X (5)
= Th.¢(0) (exPe(0) )- (mt) 9slo (¢(0) + 5.(V5,Y)(0))
= T}.¢(0)(€xPc(y)- T (). v1(¢(0), (Vo,Y)(0 )
= T}.5(0) (€xD(y)- V(1. C( ),t.(V,Y)(0)). O
27.7. Corollary. On a Riemann manifold (M,g) consider exp, : ToM — M.
Then for X € T, M the kernel of Tx (exp,,) : Tx (ToM) — Toyp, (x)M is isomorphic

to the linear space consisting of all Jacobi fields Y € J2 for c(t) = exp |, (tX) which
satisfy Y(0) =0 and Y (1) = 0.

Proof. By (27.6), Y(t) = Tix(exp,).vl(tX,t(Vs,Y)(0)) is a Jacobi field with
Y (0) = 0. But then

0=Y(1) = Tx(exp,) vI(X, (V5,Y)(0)) < (V5,Y)(0) € ker(Tx (exp,)). O
27.8. Let (M,g) and (M,§) be two Riemann manifolds of the same dimension.
Let ¢ : [0,1] - M and ¢ : [0,1] — M be two geodesics of the same length. We
choose a linear isometry Iy : (Ty0)M, ge(0y) — (Te0)M, Gz(o)) and define the linear

isometries:
Iy := Pt(¢,t) o Iy o Pt(c,t) ™" : Ty M — Ty M.

Lemma. IfY is a vector field along ¢, then t — (L.Y)(t) = I; Y (¢) is a vector field
along é and we have Vg, (1Y) = I.(Vy,Y) so that Vg, o I, = I, 0 Vj,.

Proof. We use Fermi charts (with the minimum of the two p;s)
M DU, —2 (—&,1+¢€) x Bj(o)(p)
1d xlol linear
M > Us, —*= (—&,1+¢) x By (p)

By construction of the Fermi charts we have (I.Y)(t) = T(U~ o(Id xIp)oue,,).Y(t).
Thus

Vo, (LY)(t) = Vo, (T(uz ) o (Id x1o) 0 ). Y)(t)
=T(uz,p) " 0 ((Id xIp) 0 T(uc,,).Y(t)) by (27.4)
= T(ug,p)~".(1d xIo). 0y T(ue,p).Y (1)
= T(ug,p)~".(1d xIo). T (uc,).(Va,Y)(t) by (27.4)
=I,(Vs,Y)(t). O
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27.9. Jacobi operators. On a Riemann manifold (M,g) with curvature R
we consider for each vector field X € X(M) the corresponding Jacobi operator
Rx : TM — TM which is given by Rx(Y) = R(Y, X)X. It turns out that each
Rx is a selfadjoint endomorphism, g(Rx(Y,Z)) = g(Y,Rx(Z)), since we have
gRY,X)X,Z) = g(R(X,2)Y,X) = g(R(Z,X)X,Y) by (24.4.4) and (24.4.5).
One can reconstruct the curvature R from the family of Jacobi operators Rx by
polarization and the properties from (24.4).

27.10 Theorem. (E. Cartan) Let (M, g) and (M, §) be Riemann manifolds of the
same dimension. Let x € M, & € M, and € > 0 be such that exp, : By, () — M
and exp; : Bo,(e) — M are both diffeomorphisms onto their images. Let I, :
(T: M, g.) — (T;,;M,gj) be a linear isometry. Then the following holds:

The mapping ® := exp; ol o(exp, |Bo, ()™ : B.(¢) — By, (¢) — By, (¢) — Bz(e)
is a diffeomorphism which maps radial geodesics to radial geodesics. The tangent
mapping T® maps Jacobi fields Y along radial geodesics with Y (0) = 0 to Jacobi

fields Y along radial geodesics with Y (0) = 0.

Suppose that moreover for all radial geodesics ¢ in B(e) and their images ¢ = Poc
the property

(1) Iy o Rc’(t) = R'@(t) oly

holds where Iy : ToyM — T&(t)M is defined in (27.8). Then ® is an isometry.
Conversely, if ® is an isometry, then (1) holds.

Proof. It is clear that ® maps radial geodesics in B, (¢) C M to radial geodesics
in Bz(¢) € M. Any Jacobi field Y along a radial geodesic ¢ can be written as
variation vector field Y (t) = 9|0 y(s,t) where v(s, ) is a radial geodesic for all
s and v(0,t) = ¢(t). Then T®.Y(t) = TP.0s|ov(s,t) = Islo (Py(s,t)), and any
®y(s, ) isaradial geodesic in Bz(g). Thus T®.Y is a Jacobi field along the radial
geodesic ® o ¢ with T®.Y(0) = 0. This proves the first assertion.

Now let Y be a Jacobi field along the radial geodesic ¢ with Y (0) = 0. Then the
Jacobi equation 0 = Vy,Vy,Y + Re(Y) holds. Consider (I.Y)(t) = I, Y (t). By
(27.8) and (1) we then have

Vo,Vo,(I.Y) + Ry(L.Y) = I.(V9,Va,Y + R:Y) = 0.

Thus 1Y is again a Jacobi field along the radial geodesic ¢ with (I,Y)(0) = 0.
Since also Vg, (LY )(0) = I.(Vy,Y)(0) = Iy (Va,Y)(0) = T®.(V5,Y)(0) we get
LY = T®.Y. Since the vectors Y (t) for Jacobi fields Y along ¢ with Y (0) = 0
span TeyyM by (27.6), we may conclude that Te)® = Iy : ToyM — Ta(t)M is
an isometry. The converse statement is obvious since an isometry intertwines the
curvatures. U

27.11. Conjugate points. Let ¢ : [0,a] — M be a geodesic on a Riemann
manifold (M, g) with ¢(0) = z. A parameter ¢y € [0,a] or its image c(to) € ¢([0,a])
is called a conjugate point for = ¢(0) on ¢([0, a]) if the tangent mapping

Tyoe(0)(€xp,) = Tyoo(0) (Te M) — Teogrg) M
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is not an isomorphism. Then ty, > 0. The multiplicity of the conjugate point is the
dimension of the kernel of T} (o) (exp,) which equals the dimension of the subspace
of all Jacobi fields Y along ¢ with Y (0) = 0 and Y (¢9) = 0, by (27.7).

27.12. Example. Let M = p-S™ C RM*1 the sphere of radius p > 0. Then any
geodesic ¢ with |¢| = 1 satisfies ¢(pm) = —¢(0), so —¢(0) is conjugate to ¢(0) along
¢ with multiplicity m — 1.

27.13. Lemma. Let c: [0,a] — M be a geodesic in a Riemann manifold (M, g).
Then the vector 0¢(t.¢(0))|t=t, = V1(t0.¢(0), ¢(0)) € Tyy.c00)(Te(o) M) is orthogonal to
the kernel ker(Ty,4(0)(€xp(0))), for any to € [0, al.

Proof. If ¢(tp) is not a conjugate point to z = ¢(0) of ¢ this is clearly true. If it
is, let Y be the Jacobi field along ¢ with Y (0) = 0 and (V,Y)(0) = X # 0 where
vl(to.¢(0), X) € ker(Tye0)(exp,)). Then we have Ty u)(exp,) vi(to.¢(0), X) =
Y(tg) = 0. Let é(t) = (t —t9)¢(0) € J.', a tangential Jacobi field along c. By
(27.5.2) applied for ¢ = 0 and for ¢ — ¢ty we get

we(6,Y) = g(é(0), (Va,)Y (0)) — g(Y(0), (Vs,Y)(0)) = g(to-¢(0), X) — 0,
= g(¢(to), (Va,)Y (to)) — 9(Y(to), (Va,Y)(to)) = 0.

Thus tg.9(¢(0), X) = 0 and since to > 0 we get X L¢(0). O

We can extract more information about the Jacobi field Y from this proof. We
showed that then (Vy,Y)(0)L9¢(0). We use this in the following application of
(27.5.2) for t = 0: now

we(¢,Y) = g(¢(0), (Va,Y)(0)) = g(Y(0, (Va,¢)(0))) = 0

Together with w.(¢,Y) = 0 from the proof this says that Y € J=, so by (27.5.3)
Y (t)L9¢(t) for all ¢.

Let us denote by J-° = J:2 N J0 the space of all Jacobi fields Y with Y (0) = 0
and Y'(t) L9¢(t) for all t. Then the dimension of the kernel of T} (o) (exp,) equals
the dimension of the space of all Y € J:-0 which satisfy Y (tg) = 0.

Thus, if ¢(0) and c(tp) are conjugate then there are 1-parameter variations of ¢
through geodesics which all start at ¢(0) and end at c(to), at least infinitesimally
in the variation parameter. For this reason conjugate points are also called focal
points. We will strenghen this later on.

27.14. The Hessian of the energy, alias second variation formulas. Let
(M, g) be a Riemann manifold. Let ¢ : [0,a] — M be a geodesic with ¢(0) = =
and c(a) = y. A smooth wvariation of ¢ with fixed ends is a smooth mapping
F : (—e,e) x[0,a] - M with F(0,t) = c(t), F(s,0) = z, and F(s,a) = y. The
variation vector field for F' is the vector field X = 04lp F(s, ) along ¢, with
X(0) =0 and X(a) = 0.

The space C*(([0,al],0,a),(M,x,y)) of all smooth curves v : [0,a] — M with
¢(0) = x and c(a) = y is an infinite dimensional smooth manifold modelled on

Draft from April 18, 2007 Peter W. Michor,



27.14 27. Jacobi fields 295

Fréchet spaces. See [Kriegl, Michor, 1997] for a thorough account of this. ¢ is in
this infinite dimensional manifold, and T.(C*°(([0, a],0, a), (M, z,y))) consists of all
variations vector fields along c as above. We consider again the energy as a smooth
function

B C(0.0,0.0)0L) =R E0) =4 [ BoR
Let now F' be a variation with fixed ends of the geodesic ¢. Then we have:
9, E(F(s, ))=1 /0 0. g(0uF, 0,F) dt — /0 (V. O,F, 0,F) dt
_ /0 C (Yo, 0.F.0,F)dt, by (22.10.4) or (27.1.1).
Therefore,

OE(F(s, )= [ (s(V0, o, 0.E.0,F) + o(Vo, 0.F. Vo, )
0

s=0

- / (g(VatVaS 8, F,0,F) + g(R(D,F,0,F) 8, F, 8, F)
0

+g(Va, 05 F, Va, 6SF)>

dt by (24.5) and (22.10.4)

s=0

dt

s=0

- / (g(Vat 0,F, Vo, 05 F) + g(R(0sF,0,F) 8, F, 8tF)>
0

+ [ (9(90,V0, 0.F.0F) |0 + 9(V, 8 Flumo. Yo, 0iFl.cs) )
0 —

Vo, ¢=0
The last summand equals foa 0+ g(Vo, OsF, 0+ F)|s=0 dt which vanishes since we have

a variation with fixed ends and thus (Vy, 95F)(s,0) = 0 and (Vg, 0sF)(s,a) = 0.
Recall X = 0o F, a vector field along ¢ with X(0) = 0 and X (a) = 0. Thus

PE(e)(X.X) = 02 |oE(F(s, )) = / " (9(V0, X, Vo, X) + 9(R(X, &)X, &) dt.

If we polarize this we get the Hessian of the energy at a geodesic ¢ as follows (the
boundary terms vanish since X, ¥ vanish at the ends 0 and a):

dE(c)(X) = /Oag(vatx, é)dt = — /Oa g(X,Vp,é)dt =0
(1) d*E(c)(X,Y) = /Oa (9(Vo,X,V5,Y) — g(R:(X),Y)) dt
@ EEOEY) =~ [ o(TaToX + RCO,Y)

We see that among all vector fields X along ¢ with X (0) = 0 and X (a) = 0 those
which satisfy d?E(c)(X,Y) = 0 for all Y are exactly the Jacobi fields.
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We shall need a slight generalization. Let X, Y be continuous vector fields along
¢ which are smooth on [t;,¢;41] for 0 = tg < t; < -+ < t;, = a, and which vanish
at 0 and a. These are tangent vectors at ¢ to the smooth manifold of all curves
from x to y which are piecewise smooth in the same manner. Then we take the
following as a definition, which can be motivated by the computations above (with
considerable care). We will just need that d?E(c) to be defined below is continuous
in the natural uniform C?-topology on the space of piecewise smooth vector fields
so that later we can approximate a broken vector field by a smooth one.

PE()(X,Y) = / (9(Vo, X, VoY) + g(R(X, &)Y, &) di

k=1 iy

=3 [ Vo X, VoY) + g(RX Y. 0) de
i=0 Vti
k—1

=0 g
3) — [ (V0T + Re(0).Y)
k—1
+ 3 (9((Va Xt =), Y (ti1))) = 9((Vo, X)), Y (t:41)))
=0

27.15. Theorem. Let (M,g) be a Riemann manifold and let ¢ : [0,a] — M be a
geodesic with ¢(0) = x and c(a) = y.

(1) If Tyeoy(exp,) = Tioo)(TuM) — TowyM is an isomorphism for all t € [0,a],
then for any smooth curve e from x to y which is near enough to c the length
L(e) > L(c) with equality if and only if e is a reparameterization of c. Moreover,
d*E(c)(X,X) > 0 for each smooth vector field X along ¢ which vanishes at the
ends.

(2) If there are conjugate points c¢(0), c(t1) along ¢ with 0 < t; < a, then there
exists a smooth vector field X along ¢ with X(0) = 0 and X(a) = 0 such that
d’E(c)(X,X) < 0. Thus for any smooth variation F of ¢ with Os|oF(s, )= X
the curve F(s, ) from x toy is shorter than ¢ for all 0 < |s| < e.

Proof. (1) Since Tys(0)(exp,) : Tie(o)(TeM) — TeryM is an isomorphism, for each
t € [0,a] there exist an open neighbourhood U(t.¢(0)) C T, M of t¢(0) such that
exp, |U(¢.¢(0)) is a diffeomorphism onto its image. Since [0, a].¢(0) is compact in
T, M there exists an € > 0 such that U(t.¢(0)) D By (e) for all ¢.

Now let e : [0,a] — M be a smooth curve with e(0) = = and e(a) = y which is
near ¢ in the sense that there exists a subdivision 0 =ty < t; < -+ < tx = a with

e([ti, tiv1]) C expy(By,e(0)(€))- We put:

&1 [0, > T,M ('AYQ""wA
&(t) := (exp, | By,e(0)(€)) ' (e(t),  t € [t tiya]
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Then € is smooth, €(0) = 0,
polar representation é(t) = r(t).¢(t) in T, M where p(t) = ‘z(t)‘
Let r = |é(a)| = a|¢(0)|. Then we put:

0., é(a) = a.¢(0), and exp, (é(t)) = e(t). We consider the
Y and r(t) = ().

V(s,t) = exp,(rt.p(s))
which implies

)+ 0, "),

e(t) = (t, ") = exp, (r(D)-p(t),  é(t) = Dy (t, "2
Note that Vg, 9,y = 0 since (s, ) is a geodesic. From

91 9(957,9¢7) = 9(Va, 957, 917) + (957, Vo, 017)
=9(Va, 0¢y,017) +0 by (22.10.1)
= 30,9007 07) = $ 0 0i(s, )PP = §0,0%lp(s)* = § 0,17 =0

we get that g(0s7(s,t),917(s, 1)) = g(0s7(s,0),0¢7(s,0)) = g(0,7.¢0(s)) = 0. Thus
(3) g’y(s,t) (88’7(83 t)v at’Y(& t)) =0 for all S, t.

By Pythagoras

. r r r(t 2
()2 = |97 (t, "2)[2 + | 9py(t, (:))@'ET”
v R

= 1 8uy(t, TOY2 1 12 o() ig' S D)2

r(t)

T

with equality iff 957(t,

) =0, i.e., ©(t) is constant in ¢. So

@ L= [ ety dt > / Cr(e)]dt > / “it)dt = r(a) - r(0) = r = L(e)

with equality iff (¢) > 0 and ¢(t) is constant, i.e., e is a reparameterization of c.

Note that (3) and (4) generalize Gau}’ lemma (23.2) and its corollary (23.3) to
more general assumptions.

Now consider a vector field X along ¢ with X(0) = 0 and X(a) = 0 and let
F : (—¢,e) x [0,a] — M be a smooth variation of ¢ with F(s,0) = z, F(s,a) =y,
and Os)p F' = X. We have
a a a 2
2E(F(s, ))-a :/ |8tF|Zdt-/ 12dt > (/ |0,F),.1 dt)
0 0 0
() =L(F(s, ))*>L(c)*> by (4)
a 2 a
= (/ |é(0)|gdt) :|é(0)|2.a2:/ 16(0))2 dt - a = 2E(c).a.
0 0

Moreover, ;|0 E(F (s, )) = 0 since c is a geodesic. Thus we get d?E(c)(X, X) =
0% lo B(F(s, ))=0.
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(2) Let ¢(0), ¢(t1) be conjugate points along ¢ with 0 < ¢; < a. By (27.11)
there exists a Jacobi field Y # 0 along ¢ with Y(0) = 0 and Y (¢1) = 0. Choose
0 <ty <t <ty <aand a vector field Z along ¢ with Z|[0,tg] = 0, Z|[t2,a] = 0,
and Z(t1) = —(Vs,Y)(t1) # 0 (since Y # 0). Let Y be the continuous piecewise
smooth vector field along ¢ which is given by Y|[0,¢] = Y|[0,#] and Y|[t1,a] = 0.
Then Y +nZ is a continuous piecewise smooth vector field along ¢ which is broken
at t; and vanishes at 0 and at a. Then we have

PEC)Y +1Z,Y +1Z) = d*E(¢)(Y,Y) +n*d*E(c)(Z, Z) + 2nd*E(c) (Y, Z)

and by (22.12.3)

PE()(Y,Y) = —/0 1 9(Vo,Va,Y + R:(Y),Y) — /ag(VatVatO + R:(0),0)

T (Yo, Y)(E1-),0) — 9((Vo,Y)(04),0)
T (Vo 7)(a=),0) — g((Vo,7)(t14),0) =0,

a

PE()(Y,2) = - / ' 9(Vo.Va,Y + Ri(Y). Z) - / 9(V0, V0,0 + Re(0), 2)

+9((Vo,Y)(t1—), Z(t1)) — 9((V5,Y)(0+),0)
+9((Vo,Y)(a=),0) — g((Va,0)(t1+), Z(t1))
=9((Vo,Y)(t1), Z(t1)) = =9((Va,Y)(t1), (Vo,Y)(t1))
=—|(Va,Y)(t1)]2 <O.
FPEC)Y +12,Y +nZ) =n* d*E(c)(Z, Z) — 2|(Va,Y) (1),

The last expression will be negative for n small enough. Since d?E(c) is continuous
in the C2-topology for continuous piecewise smooth vector fields along ¢, we can
approximate Y 4+ nZ by a smooth vector field X vanishing at the ends such that
still d?E(c)(X, X) < 0.
Finally, let ' : (—¢,¢) x [0,a] — M be any smooth variation of ¢ with fixed ends
and O4|oF = X. Consider the Taylor expansion

E(F(s, ))=E(c)+sdE(c)(X) + S d*E(c)(X, X) + s>h(s)
where h(s) = fol %6)3 E(F(v, ))|v=usdu. Since dE(c)(X) = 0 this implies
E(F(s, )) < E(c) for s # 0 small enough. Using the two halves of (5) this implies
L(F(s, ))?<2E(F(s, ))a<2E(c)a=L(c)?>. O

27.16. Theorem. Let (M,g) be a Riemann manifold with sectional curvature

k > ko > 0. Then for any geodesic ¢ in M the distance between two conjugate
; - s

points along ¢ is < T

Proof. Let ¢ : [0,a] — M be a geodesic with |¢] = 1 such that ¢(a) is the first
point which is conjugate to ¢(0) along ¢. We choose a parallel unit vector field Z
along ¢, Z(t) = Pt(c,t).Z(0), |Z(0)|y = 1, Z(t)L9¢é(t), so that Vg, Z = 0. Consider
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f e C>®([0,a],R) with f(0) =0 and f(a) =0, and let 0 < b < a. By (27.15.1) we
have d?E}(c)(fZ, fZ) > 0. By (27.14.1) we have

b
PEY )/ 7, 17) = / (4(Vo,(F2),Vo,(f2)) — (R Z.0)¢ 1 2)) dt

b b
:/ (f’2 — f2k(Y N¢))dt g/ (F7° = ko) dt

0 0
since Y, ¢ form an orthonormal basis. Now we choose f(t) = sin(ntb) so that
JPf2dt = % and [P f7dt = I Thus 0 < [(f° — f2ko)dt = I — ko which

T T

implies b < N Since b was arbitrary < a we get a < N (]

27.17. Corollary. (Myers, 1935) If M is a complete connected Riemann manifold
with sectional curvature k > ko > 0. Then the diameter of M is bounded:

T
diam(M) := sup{dist(z,y) : x,y € M} < —.
Vko
Thus M is compact and each covering space of M is also compact, so the the
fundamental group 71 (M) is finite.

Proof. By (23.6.6) any two points x,y € M can be connected by a geodesic ¢ of
minimal length. Assume for contradiction that dist(z,y) > 5= then by (27.16)
there exist an interior point z on the geodesic ¢ which is conjugate to x. By (27.15.2)
there exist smooth curves in M from x to y which are shorter than ¢, contrary to

the minimality of ¢ O

27.18. Theorem. Let M be a connected complete Riemann manifold with sec-
tional curvature k < 0. Then exp, : TuM — M is a covering mapping for each
x € M. If M is also simply connected then exp, : T, M — M is a diffeomorphism.

This result is due to [Hadamard, 1898] for surfaces, and to E. Cartan 1928 in the
general case.

Proof. Let c¢: [0,00) — M be a geodesic with ¢(0) = z. If ¢(a) is a point conjugate
to ¢(0) along ¢ then by (27.11) and (27.7) there exists a Jacobi field Y # 0 along
¢ with Y(0) = 0 and Y (a) = 0. By (27.13) we have Y (t) L9¢(¢) for all t. Now use
(27.14.2) and (27.14.1) to get
d*E(c)(Y,Y) = —/ 9(Vo, Vo, Y + R:(Y),Y) dt =0,
0
CESY.Y) = [ (o(Va,Y,To,Y) - 9RO Y)) de
0
— [ (9o Y B~ KO A DY PR - oY) di >0,

0
a contradiction. Thus there are no conjugate points. Thus the surjective (by (23.6))
mapping exp, : T, M — M is a local diffeomorphism by (27.11). Lemma (27.20)
below then finishes the proof. O
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27.19. A smooth mapping f : (M,g) — (M,g) between Riemann manifolds is
called distance increasing if f*g > g; in detail, g¢ ) (To f. X, T f-X) > g.(X, X) for
al X e T, M, all z € M.

Lemma. Let (M,g) be a connected complete Riemann manifold. If f : (M,g) —
(M, g) is surjective and distance increasing then f is a covering mapping.

Proof. Obviously, f is locally injective thus T, f is injective for all  and dim(M) <

dim(M). Since f is surjective, dim(M) > dim(M) by the theorem of Sard (1.18).

For each curve ¢ : [0,1] — M we have Ly(c) = fol ||y dt < fol || p+gdt = Ly«g(c)
thus disty(x,y) < disty5(z,y) for z,y € M. So (M,dists-5) is a complete metric
space and (M, f*g) is a complete Riemann manifold also. Without loss we may
thus assume that g = f*g, so that f is a local isometry. Then (M = f(M),g) is
also complete.

For fixed # € M let 7 > 0 such that exp, : By, (2r) — Bz(2r) C M is a diffeomor-
phism. Let f=(z) = {x1,22,...}. All the following diagrams commute:

exp,,

T,.M < By, (2r) By (2r) — M

Tx,:fJ fJ

T, M < By, (2r) XDz By (2r) — M

We claim (which finishes the proof):

(1) f: By, (2r) — Bz(2r) is a diffeomorphism for each 4

(2) 71 (Ba(r)) = U; Ba,(r)

(3) Ba,(r) U By (r) = 0 for i # .
(1) From the diagram we conclude that there exp, is injective and f is surjective.
Since exp,, : Bo,, (r) — Ba,(r) is also surjective (by completeness), f : By, (r) —
Bgz(r) is injective too and thus a diffeomorphism.

(2) From the diagram (with 2r replaced by r) we see that f~1(Bz(r)) 2 By, (r) for
all i. If conversely y € f~1(Bz(r)) let ¢ : [0,s] — Bz(r) be the minimal geodesic
from f(y) to z in M where s = distz(f(y),Z). Let ¢ be the geodesic in M which
starts at y and satisfies T, f.c/(0) = & (0). Since f is an infinitesimal isometry,
foc==¢and thus f(c(s)) = Z. So ¢(s) = x; for some 4. Since disty(y,z;) < s <7
we have y € By, (r). Thus f7Y(Bz(r)) €U, By, (7).

(3) If y € By, (r) U B, (r) then z; € By, (2r) and by (1) we get z; = ;. [

27.20. Lemma. [Kobayashi, 1961] If M is a connected complete Riemann mani-
fold without conjugate points, then exp, : TxM — M is a covering mapping.

Proof. Since (M, g) is complete and connected exp,, : T, M — M is surjective; and
it is also a local diffeomorphism by (27.11) since M has no conjugate points. We will
construct a complete Riemann metric g on T, M such that exp, : (T, M, g) — (M, g)
is distance increasing. By (27.19) this finishes the proof.
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Define the continuous function h : T, M — R~ by

h(X) = sup{r: |TX(epr).§|§cpr<X) > 7‘|£|§z for all ¢ € T, M}

= min{\TX(epr)ﬂgexpz(m t[Elg, =1}

= 1/\/operator norm(7'x (exp, )~ : Toxp, (x)M — T, M)

We use polar coordinates ¢ : Rsg x S™™1 — T, M\ {0,} given by ¢(r,6) = r.6 and
express the metric by ¢*(g,) = dr?+r2g® where ¢g° is the metric on the sphere. Now
we choose an even smooth function f : R — R which satisfies 0 < f(r(X)) < h(X).
Consider the Riemann metric § = dr? + r2 f(r) on T, M.

For every R > 0 we have
By (R) = {X € T,M : dist;(X,0,) < R} C{X € T,M : (X) < R}

which is compact, thus (T, M, §) is complete.

It remains to check that exp, : (IpM,§) — (M,g) is distance increasing. Let
e Tx(T;M). If X =0, then Tp, (exp,).§ = &, so exp, is distance increasing at
0, since f(0) < 1.

So let X # 0,. Then & = & + & where dr(§2) = 0, thus & tangent to the sphere
through X, and &; L&, (with respect to both ¢, and gx). Then

€l5, = lals, +1&ls, . 1€l; = 163 + 1€, 1€lg, = &l = ldr(&1)] = dr(€)].

By the generalized version of the Gauf} lemma in (27.15.3) the vector T'x (exp,).£1 €
Texp, (x)M is tangent to the geodesic ¢ — exp,(t.X) in (M, g) and Tx(exp,).&2 is
normal to it. Thus |T'x (exp,).&ilg = [&1]y = |1]5 and

[ Tx (exp,)-£]; = |Tx (exp,,)-£1l] + [ Tx (exp,).&al; = [€1l5 + |Tx (exp,).Eal;
| Tx (exp,).£l5 — I€]5 = |Tx (exp,).-&lj — &3

In order to show that that |T'x (exp,).£|y > ||z we can thus assume that { = &
is normal to the ray ¢ — ¢t.X. But for these { we have |§|§ = f(r(X))[¢2, by
construction of g and

[ Tx (exp,)-£l5 > M(X) €[5, > f(r(X) [€]5, = I€3.

So exp,, : (T, M, g) — (M, g) is distance increasing. [
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CHAPTER VI
Isometric Group Actions and
Riemannian (G-Manifolds

28. Homogeneous Riemann
manifolds and symmetric spaces

28.1. Invariant covariant derivatives on homogeneous spaces. Let G be a
Lie group and H a closed subgroup with Lie algebras g and 0, respectively. Let
¢: G x G/H be the left action of G on the homogeneous space G/H with notation
ly(z) = £7(g9) = £(g9,xz) = gow for g € G,z € G/H. Let ( : g — X(G/H) the
corresponding infinitesimal action, called the fundamental vector field mapping. It
is a Lie algebra antihomomorphism. Let p : G — G/H be the projection, p(e) = 0 €
G/H. Then T,p: g — T,(G/H) factors to a linear isomorphis p : g/h — T,(G/H)
which is equivariant under Ad : H — Aut(g/h) (induced from the adjoint action)
and h — Tol, € GL(T,(G/H)). We shall also use T.(Ad) =:ad : h — L(g/h, g/h).
Let V be a G-invariant linear connection for T(G/H), and let &, n € X(G/H).
Recall its properties: V : X(G/H) x X(G/H) — X(G/H) is R-bilinear, Vyen =
fNen, and Ve(fn) = df(§).n + f.Ven. The Nomizu operator N : X(G/H) —
X(G/H) is defined by

(1) Nen = Ven — [§,n].

Then N¢(f.n) = f.Nen, so Ne is tensorial, N¢ : TG/H — TG/H. Moreover,
Nyen = f.Nen+df(n).§. G-invariance for V means KZ,I(V435€;77) = V¢n so that

Viselgn =LVen = Neselgn = Vselgn — [0, Lgn] = LGV en — C[€,m] = €GNen
Let us apply this for a fundamental vector field £ = (x:
T(lg-1) o (Ngxm) o by = Ly(Nexn) = Nescx (€gn) = Ne, 1y (T(g=1) 0moly)

We evaluate this at the origin o € G/H:

Tty )-(Nexmlar = Neyyy s, - (Tyrt Gy 1) nlnr)
(2) Nexlgn = TO(Eg)-NCAd(g—l)X|0~T9H(€g*1) 1 TynG/H — TynG/H.
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Let us now define

(3)  @:g—L(g/b,g/h), by &x(Y+h) =5 "Neclop.(Y +h)

We have (z(gH) = To({y).Cad(g-1)zl0, and for h € H we have T,(¢).p = Ad(h).p.
Using (2) we obtain:

by = ﬁil.N<X|o.ﬁ = ﬁil.To(fh).NgAd(h_l)X‘O.To(ehfl).i
— Ad(h) 5! o BA(RY) = Ad(h).B pggry - Ad(R )

CAd(h*I)X

(3) Prayx = Ad(h).®x.Ad(h™") heH Xeg

If X e b then CX(O) = 0so (NCXn)‘O = v(x|on - [CXan”O =0- [CX?””O which

depends only on n(o) since {x(0) = 050 [Cx, f-n]lo = f(0).[Cx, 0|0 +df (Cx]o)-n(0).
Thus for X € b:

Dx(Y+8) =7 "NegloB(Y +85) =5 ".NegloTepY =5 L Neyg oGy lo)
(4) =P "[x:rllo =P (ixvlo = ad(X) (Y + ).

Theorem. G-invariant linear connections V on a homogeneous space G/H corre-
spond bijectively to H-homomorphisms ® : g — L(g/h,a/h) such that ®x = ad(X)
for X € b. If one such homomorphism ezists then the space of all G-invariant
linear connections on G/H is an affine space modelled on Homp (®2?%(g/h),a/b).

The torsion of V corresponds to the linear mapping /\2 g/h — g/b which is induced
by
(X,)Y) = @x(Y +bh) — 2y (X +b) — ([X, Y] +h).

The curvature of V corresponds to the mapping /\2 g/b — L(g/h,g/h) which is
induced by
(X,Y) — (I)X O q)y - (I)y e} @X — (I)[X7y].

Proof. Just unravel all computations from before backwards. Note that

(VexO)lgr = (Nex Cv)lgm + [Cx, Cyllgm

- (£ ) CAd(gfl)X |0 QH( _1) CY|9H C[X Y] |gH

=To(g)-Neyiy-1)xlo-Cad g=1v o = Toly) Tyn (£g=1) Cx ) lgn
=T,(lg) D-Pada(g-1)x (Adg™'Y +b) = To(ly)-Caarg-1)x.v1lo
4)  =To(ly) P-(Paae-1x(Adg™'Y + ) — ([Ad(g~H)X,Ad(g"")Y] + D)) O

28.2. Invariant Riemannian metrics on homogenous spaces. Let G be a
Lie group and let H be a closed subgroup. A G-invariant Riemannian metric 7y
on G/H (if it exists) is uniquely determined by the H-invariant inner product 7,
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on T,G/H, and this in turn is determined by the ad(H)-invariant inner product
B =7y, on g/b, if it exists. Suppose that such an inner product exists. Then

Yor (&m) = (L5-17)gu (1) = Yo(T(lg-1).§, T (Ly-1).1).

For fundamental vector fields we get:

Yo (Cx (9H), Gy (9H)) = 7o(T'(¢y-1).Cx (9H ), T ({y-1).Cy (9H))
= B(Ad(g~ )X +b,Ad(g" )Y +b)
d(Adov)|y(Te(1g) X) = Ad(r(g))-(ad or") (Tyv.Te(1g) . X)
= Ad(g™1).ad(Ad(g).X)
dB((Adov).X + b, (Adov).X +b)ly(Te(pg).Z) =
= —2B(Ad(g7").ad(Ad(g).Z2).X +bh,Ad(g" )X +b)
= —2B(Ad(g").[Ad(9).Z, X] +b,Ad(g" ") X + )
= —2B([Z,Ad(g™").X] + b, Ad(¢ )X +b)
dy(Cx, Cx)(Cz(9H)) = dv(Cx, Cx)lgn (To(lg)-Caagg—1)2(0))
= d’Y(CX,CX”gH(TpTE(:Ug)- Ad(g_l).Z)
= dB((Adov).X + b, (Adov). X + b)|4(T.(ug). Ad(g~1)2)
= —2B([Ad(¢7")Z,Ad(¢7").X] + b,Ad(g” )X +b)
= —B(Ad(¢g)[Z, X] +h,Ad(¢g" )X +1b)

On the other hand we have for a G-invariant linear connection on G/H correspond-
ing to ® : g — L(g/h,g/h) as in (28.1.4):

2v(Ve, CxyCx)|gn =
=2B(Paa(g-1)z(Adg "X +b) — ([Ad(g")Z,Ad(g~")X] +b), Ad(g")X +b)

Collecting we get

dV(CXa CX)(CZ(QH)) - QV(VCzCXa CX)|QH =
= 2B(Ppq(4-1)z(Adg™ ' X + 1), Ad(g7") X +b)

so that the connection
(1)  Vrespects vy <= B(Pz(X +5),Y+h)+B(X+5,0z(Y +5))=0.

The Levi-Civita connection V is uniquely determined by the metric v. We now
derive a formula for ® corresponding to V directly from B. V is torsion free iff

0=ox(Y +h) - Oy (X +h) - ([X,Y]+h) forall X,V € g.

Consider the symmetric bilinear form B : g x g — g/h x g/h B, R on g. Then
torsionfreeness corresponds to

B(X,Y],Z2) = B(®x(Y +b),Z+b) - B(Py(X +5),Z +b)
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We permute this cyclically:

+B([X,Y],Z) =+B(®x(Y +h),Z +h) — B(®y (X + 1), Z +b)
+B([Y, Z],X) = +B(®y(Z + 1), X + ) — B(®2(Y +b), X +b)
—B([Z,X],Y) = —-B(®z(X +h),Y +h) + B(®x(Z +h),Y +b)

We add, using (1):

(2) |B(X.,Y],Z)+ B(lY,Z],X) - B([Z,X],Y) =2B(®y(Z +h),X +b)

It remains to check that the trilinear expression
(X,Y,2) = B(X,Y],2) + B(IY, 2], X) - B(1Z, X],Y)

factors to g/h x g/h x g/b — R. If one of X,Y,Z is in h (say, X), then the second
term vanishes and the first term cancels with the third one since B is Ad(h)-
invariant. So (2) defines a mapping ® which in turn gives rise to the Levi-Civita
connection V.

28.3. The case of symmetric spaces. Suppose that G/H is a pseudo-Riemann
symmetric space: the geodesic symmetry expp(X ) = expp(—X ) at p is an isometry
sp of G/P. Conjugation by s, induces an involutive automorphism o of G whose

derivative, again called o : g — g has h as eigenspace for the eigenvalue 1 and a
reductive complement p as eigenspace for —1. ‘Reductive’ means that we have:

b, Ch, [p,p] Sh, [b,p] Cp.

From now on let X, X; € h, Y,Y; € p. If B is an H-invariant inner product on p
we have B(adx Y1,Y2) + B(Y1,adx Y2) = 0. We extend B to a bilinear form B on
g which has b as its kernel. Equation (28.2.1) then becomes

B(®xY1,Y2) = B([Ya, X],Y1) + B([X, Y1], Y2) — B([Y1,Ya], X) = —2B(adx Y1,Y2)
B(®yY1,Yz) = B([Ye, Y], Y1) + B([Y, V1], Y2) — B([Y1,Ya],Y) = 0
q>X4_yY1 = 7adX Y1

From theorem (28.2) we conclude that the curvature operator is given by

R(Y1,Y2)Ys = Oy, . Dy, . Y3 — Oy, .y, . Y5 — O[Y1, Ya]Y3 = [[V7, V5], V3]

29. Riemannian G-manifolds

In this section, a Riemannian metric will usually be called v since g is usually a
group element.
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29.1. Preliminaries. Let (M,~) be a Riemannian G-manifold. If ¢ : M — M is
an isometric diffeomorphism, then

(1) plexpM(tX)) = exp%z)(thgo.X). This is due to the fact that isometries
map geodesics to geodesics, and the starting vector of the geodesic t +—
o(expM(t.X)) is Tpp.X.

(2) If p(x) = z, then, in the chart (U,, (exp})~1), ¢ is a linear isometry
(where U, is neighborhood of z so small, that (exp?)~!: U, — T, M is a
diffeomorphism onto a neighborhood of 0 in 7, M) :

P(X) = (expfy)f1 opo expi\/[(X) = (eXpi\C/[f1 expiw(nga.X) =T,p.X

(3) M? ={x € M : p(x) =x} is a totally geodesic submanifold of M:
If we choose X € T, (M¥?), then, since T,.X = X and by (1), we have

p(expl! (tX)) = exp) (Top.tX) = expy’ (tX).

So the geodesic through x with starting vector X stays in M*¥.
(4) If H is a set of isometries, then M = {z € M : p(z) =z for all p € H}
is also a totally geodesic submanifold in M.

29.2. Definition. Let M be a proper Riemannian G-manifold, x € M. The
normal bundle to the orbit G.z is defined as

Nor(G.z) := T(G.x)*

Let Nor.(G.z) = {X € Nor(G.z) : || X||y < e}, and choose r > 0 small enough
for exp, : T, M 2 B,(0;) — M to be a diffeomorphism onto its image and for
exp,(Br(0;)) N G.z to have only one component. Then, since the action of G is
isometric, exp defines a diffeomorphism from Nor, 5(G.z) onto an open neighbor-
hood of G.z, so exp(Nor, /5(G.x)) =: U, 2(G.x) is a tubular neighborhood of G.x.
We define the normal slice at x by

Sy := exp,(Nor, /2(G.2),).

29.3. Lemma. Under these conditions we have

(1) Sg =9.5.
(2) Sy is a slice at x.
Proof. (1) Since G acts isometrically and by (29.1.1) :

Sg.w = expy , (Tuly(Nor, j2(G.x)),) = Ly exp, (Nor,/5(G.x)s) = 9.5z

(2) 7:G.S; — G.x:exp, , X +— g.x defines a smooth equivariant retraction (note
that S, and S, are disjoint if z # y). O
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29.4. Isotropy representation. Let M be a G-manifold and = € M, then there
is a representation of the isotropy group G,

Gy — GL(T;M) : g — Tyl

called isotropy representation. If M is a Riemannian G-manifold, then the isotropy
representation is orthogonal, and T, (G.z) is an invariant subspace under G,. So
T.(G.z)* is also invariant, and

Gz — O(Norg(G.x)) : g — T4,
is called the slice representation.

29.5. Example. Let M = G be a compact Lie group with a biinvariant metric.
Then G x G acts on G by (g1,92).9 := g199, *, making G a Riemannian (G x G)-
space. The isotropy group of e is (G x G). = {(g,9) : g € G}, and the isotropy
representation coincides with the adjoint representation of G = (G x G), on g =

T.(G).

29.6. Example. Let G/K be a semisimple symmetric space (G compact) and
g = £ + p the corresponding orthogonal decomposition of the Lie algebra g with
regard to the negative Cartan-Killing form —B. Then T.(G/K) = g/t = p, and the
isotropy subgroup of G at e is K. The isotropy representation is Adjac : K — O(p).
The slices are points since the action is transitive.

29.7. Lemma. Let M be a proper Riemannian G-manifold, x € M. Then the
following three statements are equivalent:

(1) z is a regular point.

(2) The slice representation at  is trivial.

(3) Gy = Gy for ally € Sy for a sufficiently small slice S,.

Proof. Clearly, (2) <= (3). To see (3) = (1), let S, be a small slice at x.
Then U := G.S is an open neighborhood of G.z in M, and for all g.s € U we have
Gys = 9Gsg~ ' = gG,g~'. Therefore G.z is a principal orbit. The converse is true
by (6.16.3), since G is compact. O

29.8. Definition. Let M be a Riemannian G-manifold and GG.z some orbit, then
a smooth section u of the normal bundle Nor(G.z) is called equivariant normal
field, if

Ty(ly).u(y) = u(g.y) forally € G.x,g € G.

29.9. Corollary. Let M be a proper Riemannian G-manifold and x a regular
point. If X € Nor,(G.x), then X(g.z) := T, ({y).X is a well defined equivariant
normal field along G.x in M.

Proof. If g.x = h.x then h™'g € G, = Ty (€y-14).X = X, since the slice repre-
sentation is trivial by (2) above. Now by the chain rule: T,(¢,).X = T,(¢).X.
Therefore X is a well defined, smooth section of Nor(G.z). It is equivariant by
definition. O
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29.10. Corollary. Let M be a Riemannian G-manifold, G.x a principal orbit,
and (ui,...,un) an orthonormal basis of Nor,(G.x). By corollary (29.9), each
u; defines an equivariant normal field 4;. So (G1,...,70,) is a global equivariant
orthonormal frame field for Nor(G.z), and Nor(G.xz) is a trivial bundle. O

This follows also from the tubular neighborhood description G.S; = G xq, Sz,
where S, is a normal slice at « with trivial G-action, see (29.7).

29.11. Definition. Let (M,) be a Riemannian G-manifold and w an equivariant
normal field along an orbit G.zg. Then X, € T,(G.xp) defines a linear form on
Yy = v(S(Xa, Ya), u()),

where S € T'(S?T*(G.z0) ® Nor(G.xp)) is the second fundamental form of the orbit
G.zg. Therefore, there is a vector Sy(y)(X.) € T:(G.wo) such that

V1P (Su@) (Xe), Ya) = 1(S(Xe, V), u(2))

This assignment defines a linear map Sy(,) : TP — T, P called the shape op-
erator of P in the normal direction u(x). For hypersurfaces it is also known as
the Weingarten endomorphism. Its eigenvalues are called the main curvatures of P
along u.

29.12. Lemma. Let u be an equivariant normal field along an orbit P := G.xy,
then

(1) Su(gz) = Taj(gg)su(I)Tgaj(fgfl)
(2) The main curvatures of P along u are all constant.
(3) {exp™(u(x)):x € P = G.x0} is another G-orbit.

Proof.

(1) Since 7 is G-invariant and S is G-equivariant:

'V(Su(g.z)(Xg-w)a Y.q-w) = 'Y(S(Xg-quw)a u(g.r)) =
=Y (TlyS(Tly1X g0, Tly-1Yy2), Tly(u(z))) =
= W(S(Tﬁgleg,w, Tly-1Yy2), u(x)) =
= ¥(Su(w) © Tly-1(Xg.0), Tly-1Yg) = (Tly 0 Sugay © Tly-1(Xg), Yy.0)

(2) By (1) Sy(g.z) results from S,y by a linear coordinate transformation,
which does not affect the eigenvalues.
(3) {expM(u(x)):x € P=G.29} = G.expM (u(zp)), since

g-exp™ (u(w)) = exp™ (Tly.u(xo)) = exp™ (u(g.20)).
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29.13. Example. Let N™(c) be the simply connected space form with constant
sectional curvature ¢, that is

1
N™(c) = S", sphere with radius — if ¢ > 0
c
=R"ifc=0

1
= H", hyperbolic sphere with radius ﬂ if ¢ < 0.
c

Let G be a closed subgroup of Isom(N™(c)). If P is a G-orbit, then so is the subset
{exp(u(z)) : € P} for any equivariant normal field « along P. For instance

(1) If G = SO(n) C Isom(R™), then the G-orbits are the spheres with center 0.
A radial vector field with constant length on each sphere, u(x) := f(|z|).z,
defines an equivariant normal field on each orbit. Clearly its flow carries
orbits back into orbits.

(2) Another example is the subgroup

G={f:z—z+ :AeRveE (v1,v2,...,09m)}

of Isom(RR™) consisting only of affine translations in certain fixed directions.
Here the orbits of G are then parallel planes of dimension m. An equi-
variant normal field on an orbit is a constant vector field orthogonal to
V1,V2y...,Um-

29.14. Theorem. Let M be a proper G-manifold, then the set of all reqular points
M.eg is open and dense in M. In particular, there is always a principal orbit type.

Proof. Suppose & € M,c;. By (6.26) there is a slice S at «, and by (6.16)(3) S can
be chosen small enough for all orbits through S to be principal as well. Therefore
G.S is an open neighborhood of = in Mes (open by (6.15)(3)).

To see that M. is dense, let U C M be open, x € U, and S a slice at . Now
choose a y € G.SNU for which G, has the minimal dimension and the smallest
number of connected components for this dimension in all of G.SNU. Let S, be a
slice at y, then G.S, N G.SNU is open, and for any z € G.S, N G.SNU we have
z € 9.5y =8g4,50 G, C Gy, =gGyg~'. By choice of y, this implies G, = gGyg~*
for all z € G.S, NG.SNU, and G.y is a principal orbit. [

29.15. Theorem. Let M be a proper G-manifold and x € M. Then there is a
G-invariant neighborhood U of x in which only finitely many orbit types occur.

Proof. By theorem (6.29) there is a G-invariant Riemann metric on M. Let S be
the normal slice at z. Then S is again a Riemannian manifold, and the compact
group G, acts isometrically on S. In (6.16)(4) we saw that, if G,.s; and G,.s2 have
the same orbit type in S, then G.s; and G.se have the same orbit type in M. So
the number of G-orbit types in G.S can be no more, than the number of G -orbit
types in S. Therefore it is sufficient to consider the case where G is a compact Lie
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group. Let us now prove the assertion under this added assumption. We carry out
induction on the dimension of M.

For n = 0 there is nothing to prove. Suppose the assertion is proved for dim M < n.
Again, it will do to find a slice S at = with only a finite number of G, -orbit
types. If dim .S < dim M, this follows from the induction hypothesis. Now suppose
dim S = n. S is equivariantly diffeomorphic to an open ball in T, M under the slice
representation (by exp). Since the slice representation is orthogonal, it restricts to
a G-action on the sphere S”~!. By the induction hypothesis, locally, S"~! has
only finitely many G-orbit types. Since S"~! is compact, it has only finitely many
orbit types globally. The orbit types are the same on all spheres r.S"~1 (r > 0),
since z — %x is G-equivariant. Therefore, S has only finitely many orbit types:
those of S™~! and the 0-orbit. [

29.16. Theorem. If M is a proper G-manifold then the set Mging /G of all singular
G-orbits does not locally disconnect the orbit space M /G (that is to every point
in M/G the connected neighborhoods remain connected even after removal of all
singular orbits).

Proof. As in the previous theorem, we will reduce the statement to an assertion
about the slice representation. By theorem (6.29), there is a G-invariant Riemann
metric on M. Let S be the normal slice at z. Then S is again a Riemannian
manifold, and the compact group G, acts isometrically on S. A principal G -orbit is
the restriction of a principal G-orbit, since G.s is principal means that all orbits in
a sufficiently small neighborhood of G,.s have the same orbit type as G5.s ((29.7)).
Therefore, by (6.16)(4), the corresponding orbits in G.U are also of the same type,
and G.s is principal as well. So there are “fewer” singular G-orbits in G.S than
there are singular G -orbits in S. Now cover M with tubular neighborhoods like
G.S;, and recall that G.S,/G = S, /G, by (6.16)(5). This together with the above
argument shows us that it will suffice to prove the statement for the slice action.
Furthermore, like in the proof of theorem (29.17), we can restrict our considerations
to the slice representation. So we have reduced the statement to the following:

If V is a real, n-dimensional vector space and G a compact Lie group acting on V/,
then the set Viing/G of all singular G-orbits does not locally disconnect the orbit
space V/G (that is to every point in V/G the connected neighborhoods remain
connected even after removal of all singular orbits).

We will prove this by induction on the dimension n of V. For n = 1, that is V = R,
the only nontrivial choice for G is O(1) & Zs. In this case, R/G = [0,00) and
Rging/G = {0}. Clearly, {0} does not locally disconnect [0, 00), and we can proceed
to the general case.

Suppose the assertion is proved for all dimensions smaller than n. Now for G C
O(n) we consider the induced action on the invariant submanifold S"~!. For any
x € S"! we can apply the induction hypothesis to the slice representation G, —
O(Nor,(G.z)). This implies for the Gg-action on S, that S,/G, = G.S;/G is
not locally disconnected by its singular points. As above, we can again cover S™ !
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with tubular neighborhoods like G.S,, and we see that all of S"~1/G is not locally
disconnected by its singular orbits. Now we need to verify that the orbit space
of th unit ball D™ is not locally disconnected by its singular orbits. Since scalar
multiplication is a G-equivariant diffeomorphism, the singular orbits in V' (not
including {0}) project radially onto singular orbits in S™"~!. So if we view the
ball D™ as cone over S”~! and denote the cone construction by coneS™~!, then

-1
D = coneS”

sing sing - Furthermore, we have a homeomorphism

coneS™" /G — cone(S"/G) : G.[x,t] — [G.x,1]

since G preserves the “radius” t. Therefore

D" /G = (coneS™ ') /G = cone(S" ! /G)
and D% /G = coneS" ! /G = cone(S"1/G).

sing sing sing

Since Sg;gl /G does not locally disconnect S"~!/G, we also see that

cone(Sh—1/G) = D, /G

sing sing
does not locally disconnect cone(S"~1/G) = D"/G. O

29.17. Corollary. Let M be a connected proper G-manifold, then

(1) M/G is connected.
(2) M has precisely one principal orbit type.

Proof.

(1) Since M is connected and the quotient map 7 : M — M/G is continuous,
its image M/G is connected as well.

(2) By the last theorem we have that M/G — Mging/G = Miyeg/G is connected.
On the other hand by (29.7), the orbits of a certain principal orbit type
form an open subset of M /G, in particular of M,es/G. Therefore if there
were more than one principal orbit type, these orbit types would partition
M,ce/G into disjoint nonempty open subsets contradicting the fact that
M,cg /G is connected. O

29.18. Corollary. Let M be a connected, proper G-manifold of dimension n and
let k be the least number of connected components of all isotropy groups of dimension
m = inf{dim G|z € M}. Then the following two assertions are equivalent:

(1) G.zg is a principal orbit.

(2) The isotropy group Gy, has dimension m and k connected components.
If furthermore G is connected and simply connected, these conditions are again
equivalent to

(3) The orbit G.xo has dimension n —m and for the order of the fundamental
group we have: |1 (G.xo)| = k.
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Proof. Recall that we proved the existence of a principal orbit in (29.14) just by
taking a G, as described above. The other direction of the proof follows from the
above corollary. Since there is only one principal orbit type, this must be it.

If moreover GG is connected and simply connection we look at the fibration G, —
G — G/G,, = G.xg and at the following portion of its long exact homotopy
sequernce

0=m(G) = m(G.x) — 79(Gsy) — 7o(G) =0

from which we see that |71 (G.xzo)| = k if and only if the isotropy group G, has k
connected components. [

29.19. Theorem. [Sartori, 1983] Let m : G — O(V') be an orthogonal, real, finite
dimensional representation of a compact Lie group G. Let p1,...,p, € R[V]Y be
homogeneous generators for the algebra R[V]S of invariant polynomials on V. For
v € V, let Nor,(G.w) := T,(G.v)*+ be the normal space to the orbit at v, and let
Nor, (G.v)% be the subspace of those vectors which are invariant under the isotropy
group G, .

Then grad p1(v), . .., grad pg(v) span Nor,(G.v)% as a real vector space.

Proof. Clearly each grad p;(v) € Nor,(G.v)%>. In the following we will identify G
with its image 7(G) C O(V'). Its Lie algebra is then a subalgebra of o(V') and can
be realized as a Lie algebra consisting of skew-symmetric matrices. Let v € V, and
let S, be the normal slice at v which is chosen so small that the projection of the
tubular neighborhood (see (6.18)) pg., : G.S, — G.v from the diagram

GxS, —— Gxqg, Sy —— G.S,

| po |

G/G, —Z— Guw

o~

has the property, that for any w € G.S, the point pg.,(w) € G.v is the unique
point in the orbit G.v which minimizes the distance between w and the orbit G.v.

Choose n € Nor,(G.v)% so small that x := v +n € S,. So pg.(z) = v. For the
isotropy groups we have G, C G, by (6.16).(2). But we have also G, € G, NG,, C
G, so that G, = G,. Let S, be the normal slice at x which we choose also so
small that pg.. : G.S; — G.z has the same minimizing property as pg.,, above, but
so large that v € G.S, (choose n smaller if necessary). We also have pg.,(v) = x
since for the Euclidean distance in V' we have

lv—2| = min lg.v — x| since v = pg.,, ()
=min |h.gv — h.x| forall hed
geG

=min|v — g l.z| by choosing h = ¢ 1.

e
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For w € G.S; we consider the local, smooth, G-invariant function

dist(w, G.;U)2 = dist(w,pc;_z(w))2 = (w —pa.(w),w — pg..(w))
= (w,w) + (Pg.2(w), pa.o(w)) — 2(w, pa..(w))
= (w,w) + (z,z) — 2(w, pg.2(w)).

Its derivative with respect to w is

1) d(dist( ,G.2)*)(w)y = 2(w,y) — 2(y, pc.o(w)) — 2(w, dpg...(w)y).
We shall show below that

(2) (v, dpe.a(v)y) =0 forall y € V,

so that the derivative at v is given by

(3)  d(dist( ,G.2)*)(v)y = 2(v,y) — 2y, pc.a(v)) = 2(v — z,y) = ~2(n,y).

Now choose a smooth G -invariant function f : S, — R with compact support
which equals 1 in an open ball around z and extend it smoothly (see the diagram
above, but for S;) to G.S, and then to the whole of V. We assume that f is
still equal to 1 in a neighborhood of v. Then g = f.dist( ,G.r)? is a smooth G-
invariant function on V' which coincides with dist( , G.x)? near v. By the theorem
of Schwarz ((7.14)) there is a smooth function h € C*°(R¥,R) such that g = ho p,
where p = (p1,...,pr) : V. — RE. Then we have finally by (3)

—2n = grad(dist( ,G.z)?)(v) = grad g(v) =
k

= grad(h o p)(v

)) grad p;(v),

which proves the result.

It remains to check equation (2). Since T,V = T,(G.v) & Nor,(G.v) the normal
space Nor, (G.z) = ker dpg.,(v) is still transversal to T;,(G.v) if n is small enough;
o0 it remains to show that (v, dpg..(v).X.v) = 0 for each X € g. Since = = pg .. (v)
we have |[v—z|? = mingeq [v—g.2|?, and thus the derivative of g — (v—g.z,v—g.7)
at e vanishes: for all X € g we have

(4) 0=2(—X.a,v—z)=2(Xzz)—2(X2,0) =0—2(X.2,0),

since the action of X on V is skew symmetric. Now we consider the equation
pG.z(9.v) = g.pG..(v) and differentiate it with respect to g at e € G in the direction
X € g to obtain in turn

dpG . (v).Xv=Xpg.(v) =Xz,
(v,dpg.o(v).Xw) = (v, X.x) =0, by (4). O
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29.20. Lemma. Let 7 : G — O(V) be an orthogonal representation. Let w €
Qﬁor(V)G be an invariant differential form on V which is horizontal in the sense
that iww, = 0 if w is tangent to the orbit G.x. Let v € V and let w € T,V be
orthogonal to the space Nor, (G.v)GS of those orthogonal vectors which are invariant

under the connected component GO of the isotropy group G,,.

Then tyw, = 0.
Proof. We consider the orthogonal decomposition
T,V = T,(Gv) & W & Nor, (G.v).

We may assume that w € W since i w, = 0 for u € T,,(G.v).

We claim that each w € W is a linear combination of elements of the form X.u for
uwe W and X € g, := ker(dm( )v). Since GY is compact, the representation space
W has no fixed point other than zero and is completely reducible under G% and
thus also under its Lie algebra g,, and we may treat each irreducible component
separately, or assume that W is irreducible. Then g, (W) is an invariant subspace
which is not 0. So it agrees with W, and the claim follows.

So we may assume that w = X.u for u € W. But then
(v+ tu, Xu=nX.(v+2tu) € T, 1,(G.(v+ Lu))
satisfies ix.ywytu/m = 0 by horizontality and thus we have

LWy = 1X Wy = h}ln iX.uwaru/n =0. O

29.21. G-manifold with single orbit type as fiber bundle. Let (M,) be a
proper Riemannian G-manifold and suppose that M has only one orbit type, (H).
We then want to study the quotient map 7 : M — M/G. Let us first consider the
orbit space M/G. Choose z € M and let S, denote the normal slice at x. Then by
(6.16)(2) we have G, C G, for all y € S,. Since G, must additionally be conjugate
to G, and both are compact, they must be the same (by (6.12)). So G, = G, and
therefore G, acts trivially on S, (this can also be seen as a special case of (29.7)).
From (6.16)(5) it follows that 7(S,) = S,/Gx = Sy, and with (6.18) we have that
G.S, is isomorphic to G/G, x S,. Therefore, for any z € M, (7(S.),exp;t]s,)
can serve as a chart for M/G.

M—— 5,

M/G+—— 7(S;) = S./G,
To make an atlas out of these charts, we have to check whether they are compatible

— which is obvious. By (6.28) M/G is Hausdorff, and therefore it is a smooth
manifold.

Now let us study the smooth submersion 7 : M — M/G. We want to find a
Riemannian metric on M /G which will make 7 a Riemannian submersion.
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Claim. For X,,Y, € Hor,(n) = Nor,(G.z), the following inner product is well
defined.
777\'(95) (TT[-XI7 Tﬂ-Y$) = 'Yac(X:m Yo:)

Proof. Choose X Y/, € Horg,(m) such that Tm. X, = Tmn.X, and T7.Y,, =
Tmw.Yy. Then we see that X, = T({,)X, by the following argumentation: Clearly
Tr(Xg, —T(lg).Xz) = 0, so the difference X, —T(¢,).X, is vertical. On the other

hand, X;w is horizontal, and so is T'({4).X,:

¢, leaves G.x invariant, consequently, T, maps vertical vectors to vertical vectors
and since it is an isometry, it also maps horizontal vectors to horizontal vectors.
Therefore X, —T({y). X, is horizontal as well as vertical and must be zero.

Now we can conclude, that

’Ygx(X/ Y, ) = 'Ygaf(T(gg)Xva(ég)Yx) = ’Yac(Xa:an) O

gz gx

So we have found a Riemannian metric 4 on M/G which makes 7 a Riemannian
submersion.

Let us finally try to understand in which sense 7 : M — M/G is an associated
bundle. Let z € M be such that G, = H. By (29.1).(4) the set M7 = {z € M :
g.x =z for all g € H} is a geodesically complete submanifold of M. It is Ng(H)-
invariant, and the restriction 7 : M — M/G is a smooth submersion since for
each y € M* the slice S, is also contained in M. The fiber of 7 : M# — M/G
is a free Ng(H)/H-orbit: if n(z) = n(y) and G, = H = G, then g € Ng(H). So
7 : MH — M/G is a principal Ng(H)/H-bundle, and M is the associated bundle
with fiber G/H as follows:

M xG/H
J (z,[g]) — gx

29.22. Another fiber bundle construction. Let M again be a proper Rie-
mannian G-manifold with only one orbit type. Then we can “partition” M into
the totally geodesic submanifolds M99 .= {z € M : ghg~ .z = z for all h € H}
where H = G,, (xg € M arbitrary) is fixed and g varies. This is not a proper
partitioning in the sense that if g # e commutes with H, for instance, then
M9HI™ = MeHe™  We want to find out just which g give the same sets M9H9 "

Claim.
1 r—1

M9H™' — py9'Hg < gN(H)=¢'N(H)
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where N(H) denotes the normalizer of H in G.

Proof. First let us show the following identity:
N(H)={geG:g(M")c M"}
(C) Let n € N(H) and y € M. Then n.y is H-invariant:
hny =nn"hny = n(n"'hn).y = ny

(D) gM*H C M* implies that hg.y = g.y, or equivalently g~ 'hg.y = y, for any
y € MH and h € H. Recall at this point, that H = G, for some xo € M.
Therefore, we have g~'hg.zo = 2o and consequently g~ *hg € G, = H.

Using this characterization for N(H) and the identity
g{geG:gM" C M"} ={geG:gM" C g M"},

we can convert the righthand side of our equality, gN(H) = ¢’ N(H), to the follow-
ing:
{acG:aM C g M} ={acG:aM? C g .M"}.

In particular, this is the case if
g M7 =g M.

In fact, let us show that the two equations are equivalent. Suppose indirectly that
gy & g".M* for some y € M. Then a = g has the property a.MH® ¢ ¢'. M, so
{aeG:aM? CgMU} £ {acG:aM? C g M7},

So far we have shown that gN(H) = ¢’ N(H) & g.M*" = ¢'.M*. To complete the
proof it only remains to check whether

MIHI™ = g M H

This is easily done (as well as plausible, since it resembles strongly the “dual”
notion Gy, = gG,g™ ")

yEMng1 — ghgly=y foralhec H
> hgly=gly foralhe H
— glyem?
— yegMt [

Claim. The map @ : M — G/N(H) defined by M9H™ 5 g s g.N(H) is a fiber
bundle with typical fiber MH.
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Proof. To prove this, let us consider the following diagram.

G x M1 ¢ M
G/N(H)

Here we use the restricted action ¢ : N(H) x MH — M* to associate to the
principal bundle G — G/N(H) the bundle GIM* (] = G x y(gy M*. It remains to
show that  is a diffeomorphism, since then 7 has the desired fiber bundle structure.

lis smooth, since lo q = £ is smooth and ¢ is a submersion. Now let us show that
lis bijective.

(1) { is surjective: Since H is the only orbit type, for every # € M thereis a g € G,
such that G, = gHg™!, which implies = € M9HI™" = gM*™ C (G x MH). So ¢ is
surjective and, by the commutativity of the diagram, so is l.

(2) £ is injective: Suppose £(a,z) = a.x = b.y = £(b,y), for some a,b € G, z,y €
MH. Then b~ la.x =y € M¥ implies hb~'a.x = y = b~ 'a.z which implies again
(b=ra)"'hb~la.r = x. Since there is only one orbit type and all isotropy groups are
compact, we know that z € M = H = G, (by (6.12)). So (b=ta)"1hb~1a is again
in H, and b~'a € N(H). In this case, g(a,z) = [a,z] = [bb"'a,z] = [b,b" a.x] =
[b7 y] = Q(b7 y)

/=1 is smooth, since ¢ is a submersion. So / is a diffeomorphism and 7 a fiber
bundle with typical fiber M. O

29.23. Construction for more than one orbit type. Let (H) be one particular
orbit type (H = G,). To reduce the case at hand to the previous one, we must
partition the points in M into sets with common orbit type:

M(H) = {:L' eM: (Gm) = (H)}

Claim. For a proper Riemannian G-manifold, the space Mgy as defined above is
a smooth G-invariant submanifold.

Proof. My is of course G-invariant as a collection of orbits of a certain type.
We only have to prove that it is a smooth submanifold. Take any 2 in Mg (then,
without loss of generality, H = G,.), and let S, be a slice at z. Consider the tubular
neighborhood G.S 2 G xpg S, ((6.18)). Then the orbits of type (H) in G.S are
just those orbits that meet S, in SZ (where S shall denote the fixed point set of
H in S;). Or, equivalently, (G xx Sz)(z) = G X SH.
(g) [g,s} € (G XH Sr)(H) = g.5 € G.S(H) = gHgfl =GsCH=G,=H=
s€SH =g, 5] €GxygSH
(D) l9,8] € Gxyg SH = s € S = H C G, but since s € S, we have
G, C G, = H by (6.16)(2), therefore Gy = H and [g,s] € (G xg Sz)(m)
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Now, let S; = exp,(Nor,(G.x)) be the normal slice at x. That is, r is chosen so
small that exp, is a diffeomorphism on Nor,(G.z) =: V. Notice, that V' is not only
diffeomorphic to S;, but G-equivariantly so, if we let G act on Nor,(G.x) via the
slice representation. Since the slice action is orthogonal, in particular linear, the
set of points fixed by the action of H is a linear subspace of Nor,(G.x) and its
intersection with V', a “linear” submanifold. Therefore S¥ is also a submanifold of
S;. Now consider the diagram

G x SH ¢ M

G xpy SH

The map ¢ is well defined, injective and smooth, since p is a submersion and ¢ is
smooth. Furthermore, p is open, and so is £. Just consider any open set of the
form U x W in G x SH. Then ¢(U x W) is the union of all sets £, (W) for u € U.
Since £, is a diffeomorphism, each one of these is open, so £(U x W) is open as
well. Therefore, i must be open, and so i is an embedding and G.S¥ = G x g SH
an embedded submanifold of M. [

Let (H) be one particular orbit type (H = G), then M is again a closed, totally
geodesic submanifold of M (see (29.1)(3)).

Claim. {z € M : G, = H} is an open submanifold of M™.

For one orbit type, € M implied H = G, and thus {x € M : G, = H} = M.
For more than one orbit type M is not necessarily contained in M, (m)- Therefore,
it is necessary to study {z € M : G, = H} = M*" 0 Mp).

Proof. In (29.22) we saw that N (H) is the largest subgroup of G acting on M#. It
induces a proper N(H)/H-action on M. Now, {x € M : G, = H} is the set of all
points in M* with trivial isotropy group with respect to this action. So by (29.18)
it is simply the set of all regular points. Therefore, by (29.14), {x € M : G, = H}
is an open, dense submanifold of M¥. O

Now, Myy can be turned into a fiber bundle over G/N(H) with typical fiber
{z € M : G, = H} just as before. And, on the other hand, Mg is a fiber bundle
over Mgy /G with typical fiber G/H. The partition of M into submanifolds Mg,
and that of M/G into the different orbit types is locally finite by (29.15). So M
and M/G are in a sense stratified, and 7 : M — M/G is a stratified Riemannian

submersion (see also [Davis, 1978]).

29.24. Remark. Let M be a connected Riemannian G-manifold and (H) the prin-
cipal orbit type, then we saw in (29.23) that 7 : My — Mp)/G is a Riemannian
submersion. Now we can prove:
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Claim. For x € Myeg = Mgy a vector field & € T'(Nor(G.x)) is mw-parallel iff & is
G-equivariant.

Proof. ( < ) &(g9.x2) = Tply.&(x) implies Ty ,m.&(g.x) = Tgom o Tply.é(x) =
T,m.&(x) for all g € G. Therefore ¢ is m-parallel.

(=) &(9.2) and T,¢,¢(x) are both in Nory ,(G.z), and since & is m-parallel we
have:

Tyom&(g.x) = Tym&(x) = Tyomo Tply.(x). So &(g.x) and T,¢4.&(x) both have
the same image under T} ;7. Because T ;7 restricted to Norg . (G.z) is an isomor-
phism, &(g.2) = Tply.&(z). O

30. Polar actions

In this chapter, let (M,~) always denote a connected, complete Riemannian G-
manifold, and assume that the action of G on M is effective and isometric.

30.1. Lemma. Consider X € g, the Lie algebra of G, (x, the associated funda-
mental vector field to X, and ¢, a geodesic in M. Then ~v(c'(t),(x(c(t))) is constant
wmn t.

This is an example of a momentum mapping if we view the whole situation on T™.
See section (34).

Proof. Let V be the Levi-Civita covariant derivative on M. Then

0 (' (1), Cx (c(t))) = ¥(Va, ¢ (t), Cx (e(t))) + (' (t), Vo, (Cx 0 0)).

Since c is a geodesic, Vi, ' (t) = 0, and so is the entire first summand. So it remains
to show that y(c/(t), Vo, ({x o c)) vanishes as well.

Let s1,...,s, be a local orthonormal frame field on an open neighborhood U of
c(t), and o, ..., 0™ the orthonormal coframe. Then v = 3 o' ® o*. Let us use the
notation

CX|U = E:SZ)(Z
Vix|v = ZXJS]®O'

Then we have

Vo (Cx 0¢) =Y X[ (e(t)s;(c(t)a’ (¢ (1))

So

Y(¢(t), Va,(Cx 0 €)) = > o9(¢ (1)o7 (Va,(Cx 0 ¢)) =
=" X/ (c(t)o? c(t))oi(c'(t)),
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If we now show that X7 + X} =0, then v(¢/(t), Vo, (Cx o ¢)) will be zero, and the

proof will be complete. Since the action of G is isometric, (x is a Killing vector
field; that is L¢,v = 0. So we have

Zﬁgxai ® o’ +Zai ® Leyo' =0.

Now we must try to express L¢y o in terms of Xij . For this, recall the structure
equation: do* + Y wk Ao/ = 0. Now we have

ECXUi = iCx do’ + d(iﬁxai) = 77:CX (Z w;‘ A Jj) + d(o—z(CX)) -
=iy Y wiAol +dX = Wi XT = wi(Cx)o! +dX".
Since
Vixly =V X)) =Y siwi X'+ s;@dX'=> Xis;®@o,
we can replace Y w}. X7 by 3 Xto/ — dX*. Therefore,
Lowo' = (Xjo! —wi(Cx)o?) = Y (X} — wi(Cx))o’
Now, let us insert this into 0 = L, 7:
0= Zﬁcxai ® o' +Zai ® Lego' =
=Y (X} —wiCx))o? @0’ + > (Xi - wi(Cx))o' ® ol =

- Z(X; + X))ol @a' — Z(W;'(CX) +wl(Cx))o? ® o' =
=Y (Xi+X])o' ®o' 0

since w(Y") is skew symmetric. This implies XJ’: + Xij =0, and we are done. [
30.2. Definition. For any x in M, we define:

E(z) := exp)(Nor,(G.z)) C M
= E(z) N Myeg

8@
®
—
8
|

In a neighborhood of x, E(x) is a manifold; globally, it can intersect itself.

30.3. Lemma. Let v € Moz then

(1) g.E(x) = E(g-z), g-Ereg(x) = Ereg(g-7).

(2) For X, € Nor(G.z) the geodesic ¢ : t — exp(t.X,) is orthogonal to every
orbit it meets.

(3) If G is compact, then E(x) meets every orbit in M.
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Proof. (1) This is a direct consequence of (29.1)(1):
g-exp, (t.X) = exp, . (t.T,ly.X).

(2) By choice of starting vector X, the geodesic ¢ is orthogonal to the orbit G.z,
which it meets at ¢ = 0. Therefore it intersects every orbit it meets orthogonally,
by Lemma (30.1).

(3) For arbitrary z,y € M, we will prove that E(x) intersects G.y. Since G is
compact, by continuity of /Y : G — M the orbit G.y is compact as well. Therefore
we can choose g € G in such a way, that dist(x,G.y) = dist(z,g.y). Let c(t) :=
exp, (t.X,) be a minimal geodesic connecting x = ¢(0) with g.y = ¢(1). We now
have to show, that X, € Nor,(G.xz): Take a point p = ¢(t) on the geodesic very
close to g.y—close enough so that exp, is a diffeomorphism into a neighborhood
Up of p containing g.y (it shall have domain V' C T,M). In this situation the
lemma of Gauss states, that all geodesics through p are orthogonal to the “geodesic
spheres”: exp,(k.S™~!) (where S™~! := {X), € T,M : 7(X,, X,) = 1}, and k > 0
is small enough for E.S™ 1 CV to hold). From this it can be concluded that c is
orthogonal to G.y: Take the smallest geodesic sphere around p touching G.y. By
the minimality of ¢, ¢ must leave the geodesic sphere at a touching point, and by
Gauss’ lemma, it must leave at a right angle to the geodesic sphere. Clearly, the
touching point is just g.y = ¢(1), and there ¢ also meets G.y at a right angle. By (2),
c encloses a right angle with every other orbit it meets as well. In particular, c starts
orthogonally to G.x. Therefore, X, is in Nor,(G.z), and g.y = ¢(1) € E(z). O

30.4. Remark. Let x € M be a regular point and S, the normal slice at x. If
S, is orthogonal to every orbit it meets, then so are all ¢.5, (¢ € G arbitrary). So
the submanifolds ¢.S5, can be considered as leaves of the horizontal foliation (local
solutions of the horizontal distribution—which has constant rank in a neighborhood
of a regular point), and the Riemannian submersion 7 : Myeg — Miyeg/G is inte-
grable. Since this is not always the case (the horizontal distribution is not generally
integrable), it must also be false, in general, that the normal slice is orthogonal to
every orbit it meets. But it does always meet orbits transversally.

Example. Consider the isometric action of the circle group S* on C x C (as real
vector spaces) defined by e%.(z1, z2) 1= (.21, €'.25). Then p = (0,1) is a regular
point: G, = {1}. The subspace Nor,(S*.p) of T},C x C takes on the following form:
Nor, (S'.p) = ((1,0), (¢,0), (0,1))r = C x R. Therefore, we get: F(0,1) = {(u,1+
r):u € C,r € R}. In particular, y = (1,1) € E(0,1), but St.y = {(e?, e’) : t € R}
is not orthogonal to F(0, 1). Its tangent space, T,,(S*.y) = R.(i, 1), is not orthogonal
to C x R.

30.5. Definition. A connected closed complete submanifold ¥ C M is called a
section for the G-action, and the action is called a polar action if

(1) X meets every orbit, or equivalently: G.X = M.
(2) Where X meets an orbit, it meets it orthogonally.

The second condition can be replaced by the equivalent
(2) z e X =T,% C Nor,(G.x) or
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(27) zeX, X €eg=(x(x) L T,X.
If ¥ is a section, then so is ¢g.X for all g in G. Since G.X = M, there is a section
through every point in M. We say “M admits sections”.

The notion of a section was introduced by [Szenthe, 1983, 1984], and in slightly
different form by [Palais, Terng, 1987, 1988]. The case of linear representations was
considered by [Bott, Samelson, 1958], [Conlon, 1972], and then by [Dadok, 1985]
who called representations admitting sections polar representations (see (30.17))
and completely classified all polar representations of connected Lie groups. [Conlon,
1971] considered Riemannian manifolds admitting flat sections. We follow here the
notion of Palais and Terng.

30.6. Examples. For the standard action of O(n) on R™ the orbits are spheres,
and every line through 0 is a section.

If G is a compact, connected Lie group with biinvariant metric, then conj : GxG —
G, conjg(h) = ghg~! is an isometric action on G. The orbits are just the conjugacy
classes of elements.

Proposition. Fvery mazximal torus H of a compact connected Lie group G is a
section.

A torus is a product of circle groups or equivalently a compact connected abelian
Lie group; a maximal torus of a compact Lie group is a toral subgroup which is not
properly contained in any larger toral subgroup.

Proof. (1) conj(G).H = G: This states that any g € G can be found in some to
H conjugate subgroup, g € aHa~!. This is equivalent to ga € aH or gaH = aH.
So the conjecture now presents itself as a fixed point problem: does the map ¢ :
G/H — G/H : aH — gaH have a fixed point. It is solved in the following way:

The fixed point theorem of Lefschetz (see [Stocker, Zieschang, 1988], 11.6.2,
p-297) says that

a smooth mapping f : M — M from a connected compact manifold to
itself has no fixed point if and only if

dim M

> (=1)! Trace(H'(f) : H'(M) — H'(M)) = 0.
=0

Since G is connected, ¢, is homotopic to the identity, so

dim G/H
> (=1)' Trace(H'(¢,) : H'(G/H) — H'(G/H)) =
= dim G/H dim G/H
= Y (=1)Trace(H'(Id)) = Y (~1)"dim H'(G/H) = x(G/H),
=0 =0
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the Euler characteristic of G/H. This is given by the following theorem ([Onishchik,
1994], Sec. 13, Theorem 2, p.217)

If G is a connected compact Lie group and H is a connected com-
pact subgroup then the Euler characteristic x(G/H) > 0. Moreover
X(G/H) > 0 if and only if the rank of G equals the rank of H. In
case when x(G/H) > 0 then x(G/H) = |Wg|/|Wx|, the quotient of the
respective Weyl groups.

Since the Weyl group of a torus is trivial, in our case we have x(G/H) = |[Wg| > 0,
and thus there exists a fixed point.

(2)he H X e€g= Cx(h) L ThH:
Cx(h) = 04 lpexp(tX)hexp(—tX) = Tou". X — Topp.X. Now choose Y € h. Then
we have T up.Y € T H, and

Vi (Topin.Y, Topt. X — Topg,. X) = 7.(Y, Ad(h).X — X) =
=7e(Y, Ad(h).X) = 7e(Y, X) = 7e(Ad(h).Y, Ad(h).X) — 7.(Y, X) =0

by the right, left and therefore Ad-invariance of v and by the commutativity of
H. O

30.7. Example. Let G be a compact semisimple Lie group acting on its Lie
algebra by the adjoint action Ad : G x g — g. Then every Cartan subalgebra § of
g is a section.

Proof. Every element of a semisimple Lie algebra g is contained in a Cartan sub-
algebra, and any two Cartan subalgebras are conjugated by an element g € G, since
G is compact. This is a consequence of (30.6) above, since the subgroup in G corre-
sponding to a Cartan subalgebra is a maximal torus. Thus every Adg-orbit meets
the Cartan subalgebra . It meets orthogonally with respect to the Cartan Killing
form B: Let Hy;,Hy € h and X € g. Then 0y |o Ad(exp(tX)).H; = ad(X)H; is a
typical vector tangent to the orbit through H; € b, and H» is tangent to h. Then

B(ad(X)H,, Hs) = B([X, H,], Hy) = B(X,[Hy1,Hs)) =0
since h is commutative. [

30.8. Example. In (7.1) we showed that for the O(n)-action on S(n) by conju-
gation the space X of all diagonal matrices is a section.

Similarly, when the SU(n) act on the Hermitian matrices by conjugation, the (real)
diagonal matrices turn out to be a section.

30.9. Definition. The principal horizontal distribution on a Riemannian
G-manifold M is the horizontal distribution on M;eg = M;es/G.

Draft from April 18, 2007 Peter W. Michor,



30.11 30. Polar actions 325

Theorem. If a connected, complete Riemannian G-manifold M has a section X,
then

(1) The principal horizontal distribution is integrable.

(2) Every connected component of ¥y is a leaf for the principal horizontal
distribution.

(3) If L is the leaf of Hor(Myeg) through @ € Miyeg, then w|p : L — Myeg/G is
an isometric covering map.

(4) X is totally geodesic.

(5) Through every regular point x € M there is a unique section: E(x) =
exp)(Nory (G.x))

(6) A G-equivariant normal field along a principal orbit is parallel in terms of
the induced covariant derivative VN,

Proof. (1) The submanifolds g.X,cs of Mg are integral manifolds to the horizon-
tal distribution, since they are orthogonal to each orbit and by an argument of
dimension.

(2) is clear. (3) is (26.13.2). (4) follows from (26.13.1).

(5) For x € M choose g € G such that g.x € ¥ N G.z, then g~1.3 is a section
through x. By (2) and (4) we have E(z) C g~1.X. The converse can be seen as
follows: Let y € ¢~ 1.% and choose a minimal geodesic from z to y. By the argument
given in the proof of (30.3.2) this geodesic is orthogonal to the orbit through x and
thus lies in E(z). So y € E(z).

(6) see (26.17) (1) <= (2) and recall that by (29.24) a normal field is G-equivariant
iff it is w-parallel, where 7 : M — M /G is the orbit map. O

30.10. Remark. The converse of (30.9.1) is not true. Namely, an integral mani-
fold of Hor(M,eg) is not, in general, a section.

Example. Consider the Lie group G = S x {1}, and let it act on M := St x S!
by translation. Let £ = (1,0) denote the fundamental vector field of the action, and
choose any 7 € Lie(S! x S1) = R x R which generates a one-parameter subgroup c
which is dense in S x S (irrational ascent). Now, endow S* x S* with a Riemannian
metric making ¢ and 7 an orthonormal frame field. Any section of M would then
have to be a coset of ¢, and therefore dense. This contradicts the assumption that
a section is a closed embedded submanifold.

Yolddlalde

30.11. Definition. A symmetric space is a complete, connected Riemannian
manifold M such that for each © € M there is an isometry S, (defined globally)
which locally around x takes on the form:

exp, tX — exp, (—tX)

In particular, x is an isolated fixed point.
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Equivalent to this definition is the following one: A symmetric space is a quotient
space M = G/H of a Lie group G with a subgroup H together with an automor-
phism ¢ : G — G which satisfies two conditions

(1) coo=1id

(2) (G7)o CHCG”:={g€G:0(g) =g}
An indication for this is that the first definition of a symmetric space implies that the
group of isometries must act transitively. For any z,y € M, take a geodesic joining
the two, then the reflection S, at the central point between x and y on the geodesic
carries z into y. Now if we identify G := Isom(M) and let H := G, for some point
xo in M, then M = G/H, and o can be defined as o(g) := Sz, 0 g 0 Sy,. It clearly
fulfills 0 o o = id. Let us check (2). Take any h € H. Since Ty, Sy, = —Idr, m
and h.xg = xg, we get Ty, 0(h) = Ty, h by the chain rule. This suffices to prove
that o(h) = h. So we have H € G,. To see (G,), C H, take a one-parameter
subgroup g; of G, with go = id. Then o(g;) = g; implies that Sy, © g+ = g1 © Sy,-
So Sz, 0 g¢(x0) = g¢(x0), and since go(xo) = xo and 2z is an isolated fixed point of
Szes 9t(x0) = xo for the other ¢ as well, so g, € H.
27?

30.12. Theorem. If (G/H,o) is a symmetric space, then the totally geodesic
connected submanifolds N of G/H through e € G/H correspond exactly to the
linear subspaces T.N =m' Cm:=T,G/H 2 {X € g: o (X) = —X} which fulfill
[m/,m],m'] Cm'.

This implies that a locally totally geodesic submanifold of a simply connected sym-
metric space can be extended uniquely to a complete, totally geodesic submanifold.
Here we mean by locally geodesic submanifold that a geodesic can leave the sub-
manifold only at its “boundary”. In other words, the second fundamental form
must be zero.

30.13. Corollary. Let M = G/H be a simply connected, complete symmetric
space, K C @G, a subgroup. Then the action of K on G/H admits sections iff
Hor(M,eg) is integrable. In particular, if the principal K-orbits have codimension
1, there are always sections.

30.14. Theorem. Consider any Riemannian G-manifold M. Then the following
statements are equivalent.
(1) Hor(M,eg) is integrable.
(2) Every G-equivariant normal field along a principal orbit is VN -parallel.
(3) For x € Myeg, S the normal slice at x and X € g and s € S arbitrary,
Cx(s) LTy(S).

Proof. The equivalence of (1) and (2) is a direct consequence of (26.17) and remark
(29.24). Furthermore, suppose (1), then there is an integral submanifold H of the
horizontal distribution going through x. H is totally geodesic by (26.13.1), and so
S = exp,(Nor,(G.z)) is contained in H. Therefore, (3) holds: The fundamental
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vector field (x is tangent to the orbit G.s and with that perpendicular to the
horizontal distribution and to T5(S). Now if we suppose (3), then S is an integral
submanifold of Hor(Myeg), and (1) holds. [

30.15. Remark. We already saw in (29.10) that Nor G.z is a trivial bundle. Now
we even have a parallel global frame field. So the normal bundle to a regular orbit
is flat.

30.16. Corollary. Consider an orthogonal representation V of G, G — O(V).
Let x € V' be any regular point and % the linear subspace of V' that is orthogonal to
the orbit through x. Then the following statements are equivalent:

(1) V' admits sections
(2) X is a section
(3) forallye¥ and X € g, (x(y) L X

Proof. (3) implies that the horizontal bundle is integrable ((30.14)). In this case
(30.12) implies (1). (1) = (2) is clear with (30.9)(5). (2)= (3) is trivial. O

30.17. Definition. An orthogonal representation of G is called polar represen-
tation if it admits sections.

Let G C O(V) be an orthogonal representation of a compact Lie group G on a
finite dimensional vector space V', with Lie algebra g C o(V).

30.18. Corollary. Let w: G — O(V) be a polar representation, and let v € V be
a reqular point. Then

Yi={weV:{g(w) C{v)}
is the section through v, where (g(w) := {{x(w) : X € g} C V.

Proof. Since (3(v) = T,(G.v) and by (30.16), a section through v is given by
Y o= (g(v)t. If 2 € ¥/, then (4(2) C (¥')1, which in our case implies that
Cq(2) € (g(v). So z € .

Conversely, suppose z is a regular point in ¥. Consider the section X" = (4 (2)*
through z. Then, since (4(z) C (4(v), we also have that X' = (4(v)* C (4(2)* =
3", Therefore ¥’ = X" and, in particular, z € ¥/. O

30.19. Lemma. For every v € V the normal space Nor,(G.v) = T,(G.v)* meets
every orbit.

Proof. Let w € V and consider f : G — R, f(g) = (g-w,v). Let go be a crit-
ical point, e.g. a minimum on the compact group G, then 0 = df(go).(X.g0) =
(X.go.w,v) = —{go.w, X.v) for all X € g. Thus gg.w € Nor,(G.v). O

30.20. Lemma. For any regular vy € V the following assertions are equivalent:

(1) For any v € Vieg there exists g € G with ¢.T,(G.v) = T,,(G.v).
(2) Nory, (G.vg) = Ty, (G.vg) is a section.
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Proof. (1) = (2) Let A := {v € Nor,,(G.v) : (g.v, Nor,,(G.v9)) = 0}, a linear
subspace. If (2) does not hold then A C Nor,,(G.vp), and then dim(G.4) <
dim(V'). So there exists w € Vieg \ G.A, and by lemma (30.19) we may assume
that w € Nor,,. By (1) there exists ¢ € G with k.Nor,, = Nor,,. This means
Norg ., = Nor,,, a contradiction to the definition of A.

(2) = (1) For any w € V,eg there exists ¢ € G with g.w € Nor,,. But then
g.Nor,, = Norg w = Nor,,, so (1) holds. O

30.21. Theorem. If G C O(V) is a polar representation then for any v € V with
a section ¥ C Nor,,, the isotropy representation G, C Nor, is also polar with the
same section Y C Nor,,.

Conversely, if there exists some v € V' sucht that the isotropy representation G, C
Nor, is polar with section ¥ C Nor,,, then also G C O(V') is polar with the same
section X C V.

Proof. (=) Let G C O(V) be polar with section X, let v € ¥ and w € X, =
YN Vieg-
Claim. Then V =X ¢ g,.w @ g.v is an orthogonal direct sum decomposition.

Namely, we have (g.2,¥) = 0 so that

(go-w, g.v) = (w, g. gy.v) — (w, [gv, g] .v) = 0.
0 Cg

Since w is in V;eg we have the orthogonal direct sum V = & g.w, so that dim(V) =
dim(X) + dim(g) — dim(g,,); and also we have (g,)w = gw. Thus we get

dim(X @ gy.w & g.v) = dim(X) + dim(g,) — dim((gy)w) + dim(g) — dim(g,)
= dim(X) 4 dim(g,) — dim(g.) + dim(g) — dim(g,)
= dim(V)

and the claim follows.

But then we see from the claim that Nor, = X & g,,.w is an orthogonal decomposi-
tion, and that (30.20).(1) holds, so that G, C Nor, is polar with section X.
Conversely, if G, C Nor, is polar with section ¥ we get the orthogonal decom-
position Nor, = ¥ @ g,.%X for This implies (¥,g.X) = 0. By lemma (30.19) we
have G.Nor, = V, by polarity we have G,.X = Nor,, thus finally G.X. = V. So
G Cc O(V) is polar. O

30.22. Theorem. Let G be connected and G C O(V = V1 &Vz) be a polar reducible
representation, which is decomposed as V = V1 &V, as G-module. Then we have:

(1) Both G-modules Vi and Vs are polar, and any section ¥ of V' is of the form
¥ =% § Xy for sections X; in V.
(2) Consider the connected subgroups

G :={g € G:g|Xy =0}°, Gz :={g € G:g|E =0}".
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Then G = G1.G2, and Gy X Ga acts on 'V = Vi & Vo componentwise by
(91, 92)(v14v2) = g1.v1+9g2.v2, with the same orbits as G: G.v = (G1xG2).v
for any v.

Proof. Let v =01 +v2 € XN Viee CV =V1 @ V. Then V =X @ g.v, thus v; =
si+X;wfors; € ¥, and X; € g. But then s; € 3;NV; =: 2; and V; = (2NV;) B g.v;
and the assertion (1) follows.

Moreover Nor,, = (g.v1)* = 1 @ Vi, and by theorem (30.21) the action of G,
on this space is polar with section ¥; & 9. Thus we have g,, = g2 := gy, and
g, acts only on Vo and vanishes on Vi and we get Vo = 39 @ g,,v2 = X2 @ g.va.
Similarly g,, = g1 := g5, and g,, acts only on V; and vanishes on V3, and V; =
31D gu,v1 = X1 B g.v1. Thus g = g1 + g2 and consequently G = G1.G2 = G2.G3
by compactness of G;. For any g € G we have g = g1.92 = g5.91 for g;,¢; € G;.
For u = u; + ug € V4 & Vo =V we then have g.(u; + us) = g1.g2.u1 + gh.g1.us =
g1-u1 + gh.ug, thus G.u C (Gy x G3).u. Since both orbits have the same dimension,
G.u is open in (G1 x G2).u; since all groups are compact and connected, the orbits
coincide. [

30.23. The generalized Weyl group of a section. Consider a complete Rie-
mannian G-manifold M which admits sections. For any closed subset S of M we
define the largest subgroup of G which induces an action on S:

N(S):={geG:t,(5) =S}
and the subgroup consisting of all g € G which act trivially on S:
Z(S):={g€G:ly(s)=s, forall se S}

Then, since S is closed, N (S) is closed, hence a Lie subgroup of G. Z(S) = [,cg G
is closed as well and is a normal subgroup of N(S). Therefore, N(S)/Z(S) is a Lie
group, and it acts on S effectively.

If we take for S a section 3, then the above constructed group is called the gener-
alized Weyl group of ¥ and is denoted by

WD) = N(2)/Z().

For any regular point € X, G, acts trivially on the normal slice S, at = (by
(29.7)). Since ¥ = exp, Nor,(G.x) by (30.9)(5), S, is an open subset of X, and we
see that G, acts trivially on all of ¥. So we have G, C Z(X). On the other hand,
Z(%) C G is obvious, therefore

Z(%) =G, for x € ¥ N M.

Now, since Z(X) is a normal subgroup of N(X), we have N(X) C N(G,) where the
second N stands for the normalizer in G. So we have

W(X) C N(Gy)/G, for £ € ¥ N Miyeg.
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30.24. Proposition. Let M be a proper Riemannian G-manifold and X a section,
then the associated Weyl group W (X) is discrete. If X' is a different section, then
there is an isomorphism W (%) — W(X') induced by an inner automorphism of G.
It is uniquely determined up to an inner automorphism of W (X%).

Proof. Take a regular point x € ¥ and consider the normal slice S,. Then S, C X
open. Therefore, any g in N(X) close to the identity element maps x back into S,.
By (6.15)(2) g then lies in G, = Z(X). So Z(X) is an open subset of N(X), and
the quotient W (X) is discrete.

If ¥’ is another section, then ¥’ = ¢.¥ where g € G is uniquely determined up to
N(%). Clearly, conj, : G — G induces isomorphisms

N(Z)
Z(3)

conj, :N(X)
Z(%)

e |

and therefore it factors to an isomorphism W (%) = w(x)., O

30.25. Example. Any finite group is a generalized Weyl group in the appropriate
setting. That is, to an arbitrary finite group W we will now construct a setting in
which it occurs as a Weyl group. Let G be a compact Lie group and H a closed
subgroup such that W C N(H)/H (this is always possible since any finite group can
be regarded as a subgroup of O(V') =: G so we need only choose H = {e}). Next,
take a smooth manifold ¥ on which W acts effectively. Consider the inverse image of
W under the quotient map 7 : N(H) — N(H)/H, K := 7—*(W). Then the action
of W induces a K-action on ¥ as well. The smooth manifold M := G X g ¥ has a
left G-action. Let —B denote the G-invariant Riemann metric on G induced by the
Cartan-Killing form on the semisimple part and any inner product on the center,
and let vy be a W-invariant Riemann metric on ¥. Then the Riemann metric
—B x g on G x ¥ induces a G-invariant Riemann metric on the quotient space
G x g X. With this, G X g ¥ is a Riemannian G-manifold, and if ¢ : GX¥X — GX g%
is the quotient map, then g({e} x ¥) = ¥ meets every G-orbit orthogonally. So it
is a section. The largest subgroup of G acting on ¥ is K and the largest acting
trivially on ¥ is H. Therefore, W(X) = K/H = W is the Weyl group associated
to the section X.

30.26. Theorem. Let M be a proper Riemannian G-manifold with sections.
Then, for any x € M, the slice representation G, — O(Nor,(G.z)) is a polar rep-
resentation. If ¥ is a section through x in M, then T,% is a section in Nor,(G.x)
for the slice representation. Furthermore,

W(T,X) = W(2),.
Proof. Clearly 7,3 C Nor,(G.z). We begin by showing that it has the right
codimension. Take a £ € Nor,(G.z) close to 0, then (Gg)¢ = G, for y = exp] &,

Draft from April 18, 2007 Peter W. Michor,



30.26 30. Polar actions 331

since exp, is a Gy-equivariant diffeomorphism in a neighborhood of 0,. So G.§ =
G2/(Gy)¢e = G4/Gy. Let us now calculate the codimension of G;.£ in Nor,(G.z):

dim Nor, (G.z) — dim G,.§ = dim Nor,(G.x) — dim G, + dim G, =
= dim Nor,(G.z) + dim G/G, — (dim G — dim G,)) = codimys G.y.

=dim M =dim G/G,

Since the regular points lie dense, we can choose £ € T, % regular by assuming that
y = exp)(X) is regular in ¥. Then y is regular as well and we get:

codimyer, (G.z) Gz-§ = codimy Gy = dim ¥ = dim T, 3.

So T, % is a linear subspace of Nor, G.x with the right codimension for a section.
Therefore, if we show that 7,Y is orthogonal to each orbit it meets, then it is
already the entire orthogonal complement of a regular orbit, and by corollary (30.16)
(3) = (2), we know that it meets every orbit.

Denote the G-action on M by £ : G — Isom(M). If £ € T,)% is arbitrary, then it
remains to prove that for all n € T, and X € g,:

Y (0, 97 (€)) = 0.

To do this, choose a smooth one-parameter family 7)(t) € Toxp(1¢)2 such that n(0) =
n and Vg,n = 0. Since ¥ is a section in M we know for each single ¢ that

’yexp(té) (Cg( (exp”(t{)), U(t)) = 0.

If we derive this equation we get

0 = 05 Jov(¢k (exp™(s€)),m(s)) = (V. k (exp(s€)),n(0)).

So it remains to show that V(% (exp?(s€)) is the fundamental vector field of X
at £ for the slice representation.

Vo, (x (exp?(s€)) = Velyx = K o T(x & =
= K 0 T(9¢|olexpc (1 x))-Os|o exp) (s))
= K.0s]0-0¢|0lexpe (1x) (exp (5E))
= K.k1.0t]0-0s]0 expe (1) (exp ()
= K.k01-0¢|0- T (Lexpe (1)) (§)

Here, K denotes the connector and kj; the canonical flip between the two structures
of TT M, and we use the identity Kok = K, which is a consequence of the symmetry
of the Levi-Civita connection. The argument of K in the last expression is vertical
already since X € g,. Therefore we can replace K by the vertical projection and
get

Vo, (exp7(5€)) = vpr s [oTs (Loxpe (1))-€ = (2197 (£).
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So ¢22flew (¢ intersects T, > orthogonally, and therefore T, Y is a section.
X

Now consider N¢, (T5(X)) = {9 € Gu : Tu({y). T,X = T, X}. Clearly, Ng(X)NG, C
Ng, (T(X)). On the other hand, any g € Ng, (T»(X)) leaves ¥ invariant as the
following argument shows.

For any regular y € X we have ¥ = exp, Nor(G.y). Therefore z = exp,n for
a suitable n € Ty,X, and conversely, y can be written as y = exp,§{ for £ =
— 0t |l1expy(tn) € T, Now g.y = g.exp, § = exp, T:{,.€ lies in 3, since T,0,.§
lies in T,;%. So g maps all regular points in 3 back into 3. Since these form a dense
subset and since ¢, is continuous, we get g € Ng(X).

We have now shown that
Ne, (T.%) = Ng(S) 1 G
Analogous arguments used on Zg, (T, X) give
Za,(T3%) = Za(%),
and we see that

We, (1:X) = (N(X)NGe)/Z(X) =W (E),. D

x

30.27.. Corollary. Let M be a Riemannian G-manifold admitting sections and
let v € M. Then for any section ¥ through x we have

NOIw(G.{L‘)Gg CT,%,

where GO is the connected component of the isotropy group G at x.

Proof. By theorem (30.26) the tangent space T,,% is a section for the slice repre-
sentation G, — O(Nor,(G.z)). Let € € T,X be a regular vector for the slice repre-
sentation. By corollary (30.18) we have T, X = {n € Nor,(G.z) : (5, (1) C (. (&)}
Since Nor,(G.z)% consists of all 5 in Nor,(G.z) with Cg. (1) = 0, the result fol-
lows. O

30.28. Corollary. Let M be a proper Riemannian G-manifold with sections and
x € M. Then G, acts transitively on the set of all sections through x.

Proof. Consider two arbitrary sections ¥; and ¥, through z and a normal slice .S,
at z. By theorem (30.26), 7,2 is a section for the slice representation. Since exp,
can be restricted to a G -equivariant diffeomorphism onto S, Y2 NS, is a section
for the G -action on S,. Next, choose a regular point y € 31 N S,. Its G -orbit
meets the section 39 N S,, that is we can find a g € G, such that g.y € ¥5. Now
39 and ¢.X; are both sections containing the regular point ¢g.y. Therefore they are
equal. O
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30.29. Corollary. Let M be a proper G-manifold with sections, 3 a section of M
and x € . Then

GzNI=W(E)x

Proof. The inclusion (D) is clear. Now we have
yeGrnNY <= y=g.x€XforsomegcedG.

Take this ¢ and consider the section ¥’ := ¢.3. Then ¥ and ¥’ are both sections
through y, and by (30.28) there is a ¢' € G, which carries ¥’ back into ¥. Now
g9 X =X, thatisg’'g € N(X),and g'gx =¢'.y=y. Soy e N(E).a =W ((X).z. O

30.30. Corollary. If M is a proper G-manifold with section 3, then the inclusion
of ¥ into M induces a homeomorphism j between the orbit spaces.

|

S/W () —L— M/G

(but it does not necessarily preserve orbit types, see remark (6.17)).

Proof. By the preceding corollary there is a one to one correspondence between
the G-orbits in M and the W(G)-orbits in X, so j is well defined and bijective.
Since j oy, = 7y 0@ and 7y is open, j is continuous.

Consider any open set U C /W (X). We now have to show that

i (U) = G (U)
is an open subset of M (since then j(U) is open and j 1
x € 7y} j(U). We assume z € % (otherwise it can be replaced by a suitable g.z € X).
So z € my,'(U). Let S, be a normal slice at x, then ¥ N S, is a submanifold of
S, of dimension dim X. In S,, = has arbitrarily small G -invariant neighborhoods,
since the slice action is orthogonal and S, G-equivariantly diffeomorphic to an open
ball in Nor,(G.z). Let V, be such an open neighborhood of x, small enough for
Ve N X to be contained in ng(U). V. is again a slice, therefore G.V,, is open in
M ((6.15)(3)). Now we have to check whether G.V} is really a subset of 7, 5(U).
Using corollary (30.28) we get

continuous). Take any

G.(VoND) = G.Go(VaNT) = G.(Vy N Gyp.S) = GV

Therefore, G.V, C G.r5,* (U) = w3, 5(U) where it is an open neighborhood of z. So

WIT/Ilj(U) is an open subset of M, j(U) is open in M /G, and j~! is continuous. [
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30.31. Corollary. Let M be a proper Riemannian G-manifold and ¥ C M a
section with Weyl group W. Then the inclusion i : ¥ — M induces an isomorphism

COM)E L o)W,

Proof. By corollary (30.29) we see that every f € C%X)" has a unique G-
equivariant extension f onto V. If we consider once more the diagram

|

5/W(E) —L— M/G

we see that f factors over ms to a map f’ € C°(X/W (X)), and since j is a homeo-
morphism ((30.30)) we get for the G-invariant extension f of f:

f=fojtomyeC®(M)C. O

30.32. Theorem. [Palais, Terng, 1987|, 4.12, or [Terng, 1985], theorem D. Let
G — GL(V) be a polar representation of a compact Lie group G, with section ¥
and generalized Weyl group W = W (X).

Then the algebra R[V|® of G-invariant polynomials on V is isomorphic to the
algebra R[X]W of W-invariant polynomials on the section ¥, via the restriction

mapping f — fls.

30.33. Remark. This seemingly very algebraic theorem is actually a consequence
of the geometry of the orbits. This already becomes evident in the case of a first
degree homogeneous polynomial. To see that the G-invariant extension of p €
B[]} to V is again a polynomial (and again of first degree), we we must assume
the following convexity result of Terng.

Under the conditions of the theorem, for every regular orbit G.z the orthogonal
projection onto 3, pr(G.zx), is contained in the convex hull of G.x N Y (this is a
finite subset of ¥ by (30.29) since G is compact and W (%) discrete).

Let us make this assumption. Denote by p the unique G-invariant extension of p,
then clearly p is homogeneous. Now, notice that for any orbit G.z, p is constant
on the convex hull of G.x NY =: {g1.2,92.2, ..., gg-x}. Just take any s = >_ \;g;.x
with >~ A; = 1, then

p(s) =D Aip(giw) = p(gre) Y A = plgr.@).

With this and with our assumption we can show that for regular points u,v € M,
p(u+v) = p(u) + p(v). Suppose without loss of generality that u + v € X, then

p(u+v) = p(pr(u) + pr(v)) = p(pr(u)) + p(pr(v))
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At this point, the convexity theorem asserts that pr(u) and pr(v) can be written
as convex combinations of elements of G.u N X, respectively G.v N X%. If we fix an
arbitrary g, (resp. g,) in G such that g,.u (resp. g,.v) lie in X, then by the above
argument we get

p(pr(u)) = p(gu-u) and  p(pr(v)) = p(ge-v).

So we have
p(u+v) = p(gu-u) + p(go-v) = p(u) + p(v),

and p is linear on Vieg. Since the regular points are a dense subset of V', and p is
continuous by (30.31), p is linear altogether.

A proof of the convexity theorem can be found in [Terng, 1986] or again in [Palais,
Terng, 1988], pp. 168-170. For a proof of theorem (30.32) we refer to [Terng,
1985]. In both sources the assertions are shown for the more general case where
the principal orbits are replaced by isoparametric submanifolds (i.e., submanifolds
of a space form with flat normal bundle and whose principal curvatures along any
parallel normal field are constant; compare (29.12) and (30.15)). To any isopara-
metric submanifold there is a singular foliation which generalizes the orbit foliation
of a polar action but retains many of its fascinating properties.

In connection with the example we studied in (7.1), the convexity theorem from
above yields the following classical result of [Schur, 1923]:

Let M C S(n) be the subset of all symmetric matrices with fixed distinct eigenvalues
ai,...,a, and pr: S(n) — R™ defined by

Pr(fcz‘j) = (3011, Z22, . .- ,fnn)
then pr(M) is contained in the convex hull of S,,.a where a = (a4, ..., an).

30.34. Theorem. Let M be a proper Riemannian G-manifold with section ¥ and
Weyl group W. Then the inclusion i : ¥ — M induces an isomorphism

Co(M)E L 0o (n)W ),

Proof. Clearly f € C>°(M)% implies i*f € C=(X)"V. By (30.31) we know that

every f € C(X)" has a unique continuous G-invariant extension f. We now have
to show that f € C>°(M)%.

Let us take an x € M and show that f is smooth at z. Actually, we can assume
x € X, because if f is smooth at x then f o/ -1 is smooth at g.z, so f is smooth
at g.x as well. Now let S, denote a normal slice at . Then we have

GXG’me GXS;E

G.S, I q
\ / fk L/L% O pry
G/G, R
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Since in the above diagram [ is an isomorphism and ¢ a submersion, it is sufficient
to show that f|s1 opry or equivalently j:|5L is smooth at . Let B C T,.S, be a ball
around 0, such that B = S, and T,X N B 2 ¥ N S,. Then, by theorem (30.26),
the G -action on S, is basically a polar representation (up to diffeomorphism). So
it remains to show the following:

Claim: If ¥ is a section of a polar representation G, — O(V) with Weyl group
W, and f is a smooth W -invariant function on 3, then f extends to a smooth
G-invariant function f on V.

In order to show this, let p1, ..., px be a system of homogeneous Hilbert generators
for R[X]W=. Then, by Schwarz’ theorem (7.14), there is an f’ € C°(R*) such
that f = f o (p1,...,pr). By theorem (30.32), each p; extends to a polynomial
p; € R[V]%. Therefore we get

f="1o@pr,....pn):V—R
is a smooth G -invariant extension of f. [

30.35. Basic differential forms. Our next aim is to show that pullback along
the embedding ¥ — M induces an isomorphism Q (M)¢ = QP(2)W®) for each
p, where a differential form w on M is called horizontal if it kills each vector tangent
to some orbit. For each point x in M, the slice representation of the isotropy group
G, on the normal space T,(G.z)" to the tangent space to the orbit through x is
a polar representation. The first step is to show that the result holds for polar
representations. This is done in theorem (30.40) for polar representations whose
generalized Weyl group is really a Coxeter group, is generated by reflections. Every
polar representation of a connected Lie group has this property. The method used
there is inspired by [Solomon, 1963]. Then the general result is proved under the
assumption that each slice representation has a Coxeter group as a generalized Weyl
group. This result is from [Michor, 1996a, 1997].

Let G be a Lie group with Lie algebra g, multiplication p : G x G — G, and for
g € Glet pg, 9 : G — G denote the left and right translation.

Let £ : Gx M — M be a left action of the Lie group G on a smooth manifold M. We
consider the partial mappings ¢, : M — M for g € G and £ : G — M for x € M
and the fundamental vector field mapping ¢ : g — X(M) given by (x(z) = T.(¢*)X.
Since { is a left action, the negative —( is a Lie algebra homomorphism.

A differential form ¢ € QP (M) is called G-invariant if (£4)*p = ¢ for all g € G and
horizontal if ¢ kills each vector tangent to a G-orbit: i¢c, ¢ = 0 for all X € g. We
denote by QF
are also called basic forms.

(M)@ the space of all horizontal G-invariant p-forms on M. They

30.36. Lemma. Under the exterior differential Quo(M)C is a subcomplex of

Proof. If ¢ € Qo (M)E then the exterior derivative dy is clearly G-invariant. For
X € g we have

i(xd<P = iCXdSD + di(x‘p - 'CCXQQ =0,
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so dy is also horizontal. [J

30.37. Main Theorem. [Michor, 1996a, 1997] Let M x G — M be a proper
isometric right action of a Lie group G on a smooth Riemannian manifold M,
which admits a section 3.

Then the restriction of differential forms induces an isomorphism

D
Qh01r

(M)% = Qp(2)V

between the space of horizontal G-invariant differential forms on M and the space
of all differential forms on X which are invariant under the action of the generalized
Weyl group W (X) of the section 3.

Proof of injectivity in (30.37). Let i : ¥ — M be the embedding of the section.
It clearly induces a linear mapping i* : Qﬁor(M)G — QP(2)" ) which is injective
by the following argument: Let w € Qflor(M)G with i*w = 0. For z € ¥ we have
ixwy = 0for X € T, X since i*w = 0, and also for X € T, (G.z) since w is horizontal.
Let z € ¥ N M;eg be a regular point, then T, = (T.(G.x))* and so w, = 0. This
holds along the whole orbit through x since w is G-invariant. Thus w|M;es = 0,
and since M,g is dense in M, w = 0.

So it remains to show that ¢* is surjective. This will be done in (30.44) below. O

30.38. Lemma. Let { € V* be a linear functional on a finite dimensional vector
space V', and let f € C(V,R) be a smooth function which vanishes on the kernel
of £, so that f|[{=1(0) = 0. Then there is a unique smooth function g such that

f=tlg

Proof. Choose coordinates z!,...,2" on V with £ = 2!. Then f(0,22,...,2") =0
and we have f(z!,... 2") = fol oL f(tat, 2%, ... a™)dt.at = g(at, ..., 2").xt. O

30.39. Question. Let G — GL(V) be a representation of a compact Lie group in a
finite dimensional vector space V.. Let p = (p1,...,pm) : V — R™ be the polynomial
mapping whose components p; are a minimal set of homogeneous generators for the
algebra R[V|E of invariant polynomials.

We consider the pullback homomorphism p* : QP(R™) — QP(V). Is it surjective
onto the space Q. (V) of G-invariant horizontal smooth p-forms on V ¢

See remark (30.41) for a class of representations where the answer is yes.

In general the answer is no. A counterexample is the following: Let the cyclic group
7 = 7./nZ of order n, viewed as the group of n-th roots of unity, act on C = R? by
complex multiplication. A generating system of polynomials consists of p; = |z|?,
p2 = Re(2™), ps = Im(z™). But then each dp; vanishes at 0 and there is no chance
to have the horizontal invariant volume form dx A dy in p*Q(R?).
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30.40. Theorem. [Michor, 1996a, 1997] Let G — GL(V) be a polar representation
of a compact Lie group G, with section ¥ and generalized Weyl group W = W ().

Then the pullback to X of differential forms induces an isomorphism

ar (V)¢ S ar )V,

According to [Dadok, 1985], remark after proposition 6, for any polar representation
of a connected Lie group the generalized Weyl group W (X) is a reflection group.
This theorem is true for polynomial differential forms, and also for real analytic
differential forms, by essentially the same proof.

Proof. Leti: ¥ — V be the embedding. It is proved in (30.37) that the restriction

i QP (V)G — QP(£)W(E) is injective, so it remains to prove surjectivity.

Let us first suppose that W = W (X) is generated by reflections (a reflection group
or Coxeter group). Let py, ..., p, be a minimal set of homogeneous generators of the
algebra R[%]W of W-invariant polynomials on Y. Then this is a set of algebraically
independent polynomials, n = dim Y, and their degrees di,...,d, are uniquely

determined up to order. We even have (see [Humphreys, 1992])

(1) dy...d, = |W|, the order of W,

(2) dy +---+d, =n+ N, where N is the number of reflections in W,

(3) TIi (1 + (d; — 1)t) = ag + art + -+ + ant™, where a; is the number of

elements in W whose fixed point set has dimension n — 1.

Let us consider the mapping p = (p1,...,pn) : ¥ — R™ and its Jacobian J(z) =
det(dp(z)). Let zt,... 2" be coordinate functions in . Then for each o € W we
have

Jdz' Ao ANdax™ =dpy A+ ANdpy, = 0" (dpy A+ Adpy)
= (Joo)o*(dx' A--- Adx™) = (J o o) det(a)(dzt A--- Ada™),
(4) Joo =det(c™h)J.

If J(z) # 0, then in a neighborhood of x the mapping p is a diffeomorphism by
the inverse function theorem, so that the 1-forms dps,...,dp, are a local coframe
there. Since the generators p1, ..., p, are algebraically independent over R, J # 0.
Since J is a polynomial of degree (dy — 1)+ -+ (d, — 1) = N (see (2)), the set
U =13\ J1(0) is open and dense in ¥, and dp, ..., dp, form a coframe on U.
Now let (04)a=1,..,n be the set of reflections in W, with reflection hyperplanes
H,. Let £, € ¥* be a linear functional with H, = ¢=(0). If 2 € H, we have
J(x) = det(oq)J(0q.x) = —J(x), so that J|H, = 0 for each «, and by lemma
(30.38) we have

(5) J=cly.. ly.

Since J is a polynomial of degree N, ¢ must be a constant. Repeating the last
argument for an arbitrary function g and using (5), we get:
(6) If g € C(X, R) satisfies goo = det(c~1)g for each o € W, we have g = J.h
for h € C°(Z,R)W.
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(7) Claim. Let w € QP(X)". Then we have

w = Z Wiy ...jpdpjs A= Ndpj,,
1< <dp

where wj, . ;, € C®(Z,R)V.

Since dpy,...,dp, form a coframe on the W-invariant dense open set U = {z :
J(x) # 0}, we have

WlU="Y"" gp.sydpp|UA---Ndpj,|U

J1<<Jp

for gj,..;, € C°°(U,R). Since w and all dp; are W-invariant, we may replace g;, .. j,
by
w
W D 9, 00 € CT(UR)Y,
oceW
or assume without loss that g;,..;, € C>(U, R)W.

Let us choose now a form index i; < -+ < i, with {ip41 < -+ <in}={1,...,n}\
{i1 < -+ <ip}. Then for some sign e = £1 we have

wlU Adpi,,, N--- Ndpi, = €.giy..i,-dpr N -+ Ndpp
= E.gil,,,ip.J.dxl A~ Adx™, and
(8) wAdpi,,., N Ndp;, zs.kilmipdxl A Ndx™

for a function k;, . ;, € C*°(X,R). Thus
(9) kiy.ip|U = Giy..ipy- T U

Since w and each dp; is W-invariant, from (8) we get k;, .., 00 = det(c )k
for each 0 € W. But then by (6) we have k;, . ;, = w;,..4,.J for unique w;, . ;, €
C>(%,R)", and (9) then implies Wiy ...i, U = Giy...i,, 50 that the claim (7) follows
since U is dense.

Now we may finish the proof of the theorem in the case that W = W(X) is a
reflection group. Let i : ¥ — V be the embedding. By theorem (30.32) the algebra
R[V] of G-invariant polynomials on V is isomorphic to the algebra R[X]" of W-
invariant polynomials on the section ¥, via the restriction mapping i*. Choose
polynomials ji,...p, € R[V]® with p; 00 = p; for all i. Put p = (p1,...,pn) :
V — R™. In the setting of claim (7), use the theorem (7.14) of G. Schwarz to find
hiy,...i, € C(R",R) with h;, .. ;, 0 p=wj, .. 4, and consider

i1

w= Z (hjl‘..jp © ﬁ)dﬁjl JARERNAN dejpa

J1<<Jjp
which is in Q7 (V)¢ and satifies i*0 = w.
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Thus the mapping i* : QF (V)¢ — QF

hor

(X)W is surjective in the case that W =
W(X) is a reflection group.

Now we treat the general case. Let Gy be the connected component of G. From
(30.16).(3) one concludes:

A subspace ¥ of V is a section for G if and only if it is a section for
Go. Thus p is a polar representation for G if and only if it is a polar
representation for Gy.

The generalized Weyl groups of 3 with respect to G and to Gy are related by
W(Go) = Ne, (X)/Za, (%) € W(G) = Na(E)/Za(X),

since Zg(z) N Ng, (2) =Zg, (Z)
Let w € QP(X)W(@) ¢ Qr(R)W(Go), Since Gy is connected the generalized Weyl

group W(Gp) is generated by reflections (a Coxeter group) by [Dadok, 19985,
remark after proposition 6. Thus by the first part of the proof

QP (V)G S qp(x)W(G)

hor

is an isomorphism, and we get ¢ € QF (M)% with i*p = w. Let us consider

P = /Gg*sodg e (V)C,

where dg denotes Haar measure on G. In order to show that i*¢ = w it suffices to
check that i*¢g*p = w for each g € G. Now ¢(X) is again a section of G, thus also
of Gy. Since any two sections are related by an element of the group, there exists
h € Gy such that hg(X) = X. Then hg € Ng(X) and we denote by [hg] the coset
in W(G), and we may compute as follows:

("9 @) = (9" ) e APTi = pg(z) . APTg. APTi
= (W Q) g(a)- APTg.APTi,  since ¢ € QP (M)Co
= Phg(z) AT (hg) APTi = @ifng) () A Ti.APT([hg])
= Qihg)(z) A T1APT([hg]) = (" Q) ng)(x)-A"T ([hg])
= Whg)(x) AT ([hg]) = [hg]*"w =w. O

30.41. Remark. The proof of theorem (30.40) shows that the answer to question
(30.39) is yes for the representations treated in (30.40).

30.42. Corollary. Let p : G — O(V,{ , )) be an orthogonal polar repre-
sentation of a compact Lie group G, with section ¥ and generalized Weyl group
W =W(X). Let B CV be an open ball centered at 0.

Then the restriction of differential forms induces an isomorphism

Qp

hor

(B)Y = r(zn B)WE,
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Proof. Check the proof of (30.40) or use the following argument. Suppose that
B ={v e V:|v| <1} and consider a smooth diffeomorphism f : [0,1) — [0,00)
with f(t) = t near 0. Then g(v) := %v is a G-equivariant diffeomorphism
B — V and by (30.40) we get:

*

o (B)° L Loor (V)¢ Zarm)V® Larmnp)V®. O

hor

30.43. Let us assume that we are in the situation of the main theorem (30.37), for
the rest of this section. For x € M let S, be a (normal) slice and G, the isotropy
group, which acts on the slice. Then G.S, is open in M and G-equivariantly
diffeomorphic to the associated bundle G — G/G,, via

GxSy —1— Gxg, 8y —— G.S,

l I

G/G, —— G,

where r is the projection of a tubular neighborhood. Since ¢ : Gx S; — G x¢g, Sy is
a principal G,-bundle with principal right action (g, s).h = (gh, h~1.s), we have an
isomorphism ¢* : Q(G x g, Sz) — Qa, —hor(G x S;)%*. Since q is also G-equivariant
for the left G-actions, the isomorphism ¢* maps the subalgebra Qﬁor(G.SI)G ~

Qb (G xa, S2)¢ of UG xg, Sa) to the subalgebra QF, _,.(S:)%" of Qa, —hor(G X
Sm)GI. So we have proved:

Lemma. In this situation there is a canonical isomorphism

0P (G.8,)% = Q8 0 (S,)%

«—hor
which is given by pullback along the embedding S, — G.S;.

30.44. Rest of the proof of theorem (30.40). Let us consider w € QP (X)W ),
We want to construct a form @ € QF (M)% with i*® = w. This will finish the
proof of theorem (30.40).

Choose x € ¥ and an open ball B, with center 0 in T, M such that the Riemannian
exponential mapping exp, : T,M — M is a diffeomorphism on B,. We consider
now the compact isotropy group G, and the slice representation p, : G, — O(V,),
where V, = Nor,(G.z) = (T.(G.x))t C T,M is the normal space to the orbit.
This is a polar representation with section 7,3, and its generalized Weyl group
is given by W(T,X) = Ng(X) N Gy /Zc(E) = W(X), (see (30.26)). Then exp, :
B, NV, — S, is a diffeomorphism onto a slice and exp, : B, NT, X — ¥, C ¥ is a
diffeomorphism onto an open neighborhood ¥, of x in the section 3.

Let us now consider the pullback (exp|B, N T,X)*w € QP(B, N T,X)V (=) By
corollary (30.42) there exists a unique form ¢* € Qf, (B, N V)% such that
i*¢® = (exp|By N TpX)*w, where i, is the embedding. Then we have

((exp |Bz N Vx)il) * " € Qg (Sr)Gm

z—hor
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and by lemma (30.43) this form corresponds uniquely to a differential form w® €
QP (G.S,)¢ which satisfies (i|X,)*w® = w|X,, since the exponential mapping com-
mutes with the respective restriction mappings. Now the intersection G.S; N X is
the disjoint union of all the open sets w;(X,) where we pick one w; in each left
coset of the subgroup W(X), in W(X). If we choose g; € Ng(X) projecting on w;

for all j, then

(10 (52))"® = (b, 0115 0w )"
= (w;l)*(imw)*fawm
= (W) (%) = (w71 (@]Sa) = wlwy (Sa),

J

so that (i|G.S; N E)*w® = w|G.S; NX. We can do this for each point x € X.

Using the method of (6.27) and (6.29) we may find a sequence of points (2, )nen in
¥ such that the 7(2,,) form a locally finite open cover of the orbit space M/G =
¥/W(X), and a smooth partition of unity f, consisting of G-invariant functions
with supp(f,) C G.Sz,. Then @ = Y, fow®™ € QF (M)® has the required

property i*w =w. 0O
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CHAPTER VII
Symplectic Geometry and
Hamiltonian Mechanics

31. Symplectic Geometry and Classical Mechanics

31.1. Motivation. A particle with mass m > 0 moves in a potential V(q) along
a curve ¢(t) in R? in such a way that Newton’s second law is satisfied: mg(t) =
—grad V(q(t)). Let us consider the the quantity p; := m - ¢ as an independent
variable. It is called the i-th momentum. Let us define the energy function (as the
sum of the kinetic and potential energy) by

1 m|g|?
Bgp) = ool + V(o) = "4 4 vg)

Then m{(t) = —grad V(¢(t)) is equivalent to

%) OFE
g = ap:
pi:_aqia 7’:172737

which are Hamilton’s equations of motion. In order to study this equation for a
general energy function E(q,p) we consider the matrix

(0 s
J‘(-HRB 0)'

Then the equation is equivalent to (t) = J - grad E(u(t)), where u = (q,p) € RS.

In complex notation, where 2% = ¢* +/=1p;, this is equivalent to ' = —2v/—12Z.

Consider the Hamiltonian vector field Hg := J - grad E associated to the energy
function E, then we have u(t) = Hg(u(t)), so the orbit of the particle with initial
position and momentum (go, po) = uo is given by wu(t) = FIF# (uy).

Let us now consider the symplectic structure

3
wlz,y) =Y (@'y* —a¥Ty') = (alJy)  for z,y € RS

i=1
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Then the Hamiltonian vector field Hg is given by

w(Hg(u),v) = (Hg|Jv) = (J grad E(u)|Jv) =
= (J" J grad E(u)|v) = (grad E(u)|v) = dE(u)v
The Hamiltonian vector field is therefore the ‘gradient of F with respect to the
symplectic structure w; we write Hg = grad” E.

How does this equation react to coordinate transformations? So let f : R3 x R? —
R3 xR? be a (local) diffeomorphism. We consider the energy Eo f and put u = f(w).
Then

w(grad® (B o f)(w), v) = d(E o f)(w)o = dE(f (w)).df (w)v
— w(grad® B(f(w)), df (w)v) = w(df () df (w) ™" grad® B(f(w)), df (w)o)
= w(df (w) (f* grad®” E)(w), df (w)v) = (f*w)((f* grad” E)(w), v).

So we see that f*grad” E = grad”(F o f) if and only if f*w = w, i.e. df(w) €

)
Sp(3,R) for all w. Such diffeomorphisms are called symplectomorphisms. By (3.14)
we have FIf 8247 E — =1 o pgrad™ B o ¢ iy any case.

31.2. Lemma. (E. Cartan) Let V be a real finite dimensional vector space, and
let w € A2V* be a 2-form on V. Consider the linear mapping & : V — V* given by
(@(v),w) = w(v,w).

If w # 0 then the rank of the linear mapping © : V. — V™ is 2p, and there exist
linearly independent 1%, ... 1P € V* which form a basis of ©(V) C V* such that

w=">Y0_ I**Y N2k Furthermore, I? can be chosen arbitrarily in &(V) \ 0.

Proof. Let vq,...,v, be a basis of V and let v!,...,v™ be the dual basis of V*.

Then w =3, _; w(vi, vj)vt Aol =: D ey i v' Avd. Since w # 0, not all a;; = 0.
Suppose that a12 # 0. Put
1 1 1 IR
=00 = —i(n)w=—i(v ( a--vi/\vj>=v2+f ap; vl
(") = (o) = —i(w) Z i 222 1

2 = w(vg) = i(ve)w = Z(UQ)(Z a;j LN vj) = —apv! + Zagj v,
j=3

1<j
So, I',12,v3,...,v" is still a basis of V*. Put w; := w — [* Al%. Then
oy w1 = Gy w — G IV A2 H 1 Ny, 12 = agal' — 0 — arpl' =0,
oW1 = Gy — gy P NP2 H TP Nig, 2 =12 —124+0=0

So the 2-form w; belongs to the subalgebra of AV* generated by v3,v%, ... 0™, If
w; = 0 then w = I* AI2. If w; # 0 we can repeat the procedure and get the form of

w.
If i =a(v) € (V) C V* is arbitrary but # 0, there is some w € V with (l,w) =
w(v,w) # 0. Choose a basis v1,...,v, of V with v; = w and v9 = v. Then

P=iln)w=ivw=1 0O
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31.3. Corollary. Letw € A2V* and let 2p = rank(w : V — V*).

Then p is the mazimal number k such that w* =w A - Aw # 0.
Proof. By (31.2) we have w"? = plI' A2 A--- AI?P and W CPH) = 0. O

31.4. Symplectic vector spaces. A symplectic form on a vector space V is a
2-form w € A?V* such that @ : V — V* is an isomorphism. Then dim(V) = 2n
and there is a basis I*,...,1*" of V* such that w = Y | I A" by (31.2).

For a linear subspace W C V we define the symplectic orthogonal by W<+ =
Wt ={veV:w(w,v) =0 for all w € W}; which coincides with the annihilator
(or polar) o(W)° ={v eV : (w(w),v) =0 for all w € W} in V.

Lemma. For linear subspaces W, W1, Ws C V we have:
(1) wHt =w.
(2) dim(W) + dim(W+) = dim(V) = 2n.
(3) (W) =W?° and (W) = (WL)° in V*.
(4) For two linear subspace W1, Wo C V we have: Wy C Wy & Wit D Wi,
(Wi N W)t = Wit + Wst, and (W1 + W)+ = Wit n Wit
(5) dim(Wy N W) — dim(Wit N Wih) = dim Wy + dim Wy — 2n.

Proof. (1) - (4) are obvious, using duality and the annihilator. (5) can be seen as
follows. By (4) we have

dim(Wy N Wy)t = dim(Wit + W) = dim(Wit) 4 dim(Wy") — dim(Wi- 0 W3h),
dim(W1 N Wy) = 2n — dim(W, N Wa)+ by (2)
= 2n — dim(Wi) — dim(Wy") + dim(Wi- n W3h)
= dim(Wy) + dim(Ws) — 2n + dim(Wis nW3H). O

A linear subspace W C V is called:

isotropic if W Ccwt = dim(W

(W) <n
coisotropic if W oW+ = dim(W) >n
Lagrangian if w=w = dim(W) =
symplectic if WNnWw+=0 = dim(W) = even.

31.5. Example. Let W be a vector space with dual W*. Then (W x W*,w) is a
symplectic vector space where w((v, v*), (w, w*)) = (w*,v) — (v*, w). Choose a basis
Wi, ..., wy of W =W+** and let w!, ..., w™ be the dual basis. Then w = > W Aw;.
The two subspace W x 0 and 0 x W* are Lagrangian.

Consider now a symplectic vector space (V,w) and suppose that W7, Wy C V are
two Lagrangian subspaces such that Wy N Wy = 0. Then w : W; x Wy — R is a
duality pairing, so we may identify Wy with W} via w. Then (V,w) is isomorphic
to Wy x W7 with the symplectic structure described above.
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31.6. Let R?" = R" x (R")* with the standard symplectic structure w from (31.5).
Recall from (4.7) the Lie group Sp(n,R) of symplectic automorphisms of (R?",w),

Sp(n,R) = {A € L(R*",R*"): ATJA=J}, whereJ = ( E H“S”) .
—Ign

Let (| ) be the standard inner product on R*" and let R?" = \/—1R"®R" = C",
where the scalar multiplication by +/—1 is given by J (‘;) = (3Y)- Then we have:

’

w((@,@)) =tm - wa) = ()] () = (©)

J? = —lgen implies J € Sp(n,R), and JT = —J = J~! implies J € O(2n,R). We
consider now the Hermitian inner product h : C* x C™ — C given by
h(u,v) : = (uv) + V=1w(u,v) = (ulv) + V~1(ulJv)
h(v,u) = (v[u) +V=1(v|Ju) = (ulv) + V=1(J "v|u)
= (ulv) = vV=1(u|Jv) = h(u, v)
h(Ju,v) = (Julv) + vV=1(Ju|Jv) = V=1((u|J " Jv) — vV=1(u|J "))
= V=1((ulv) + vV=1w(u,v)) = vV=1h(u,v).

ulv

Lemma. The subgroups Sp(n,R), O(2n,R), and U(n) of GL(2n,R) acting on
R2™ = C" are related by

O(2n,R)NGL(n,C) = Sp(n,R) NGL(n,C) = Sp(n,R) N O(2n,R) = U(n).

Proof. For A € GL(2n,R) (and all u,v € R?") we have in turn

h(Au, Av) = h(u,v) & AeU(n)
(AulAv) = (ulv) (real part)
{w(Au, Av) = w(u,v) (imaginary part) } & A€O0@n,R)NSp(nR)

{ (Au}iv):ZSUM } < AeO(2n,R)NGL(n,C)

JA=AJ
{ (AulJAv) = (Au|AJv) = (ulJv) } & A€SpmR)NGLA,C) O
31.7. The Lagrange Grassmann manifold. Let L(R?",w) = L(2n) denote the
space of all Lagrangian linear subspaces of R?"; we call it the Lagrange Grassmann
manifold. It is a subset of the Grassmannian G(n, 2n;R), see (18.5).

In the situation of (31.6) we consider a linear subspace W C (R?",w) of dimension
n. Then we have:

W is a Lagrangian subspace
SwW=0 < ( |J( HW=0
< J(W) is orthogonal to W with respect to (| )= Re(h)
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Thus the group O(2n,R) N GL(n,C) = U(n) acts transitively on the Lagrange
Grassmann manifold L(2n). The isotropy group of the Lagrangian subspace R™ x 0
is the subgroup O(n,R) C U(n) consisting of all unitary matrices with all entries
real. So by (5.10) we have L(2n) = U(n)/O(n,R) is a compact homogenous space
and a smooth manifold. For the dimension we have dim L(2n) = dimU(n) —

. n(n—1 n(n—1 n(n+1
dimO(n,R) = (n+2 (2 )y — (2 ) — (2 ),

Which choices did we make in this construction? If we start with a general sym-
plectic vector space (V,w), we first fix a Lagrangian subspace L (= R™ x 0), then
we identify V/L with L* via w. Then we chose a positive inner product on L,
transport it to L* via w and extend it to L x L* by putting L and L* orthogonal
to each other. All these possible choices are homotopic to each other.

Finally we consider detc = det : U(n) — S' C C. Then det(O(n)) = {£1}. So
det® : U(n) — S* and det*(O(n)) = {1}. For U € U(n) and A € O(n,R) we have
det®*(UA) = det®(U)det*(A) = det*(U), so this factors to a well defined smooth
mapping det? : U(n)/O(n) = L(2n) — S*.

Claim. The group SU(n) acts (from the left) transitively on each fiber of det? :
L(2n) =U(n)/O(n) — S*.

Namely, for Uy, U, € U(n) with det?(U;) = det?(Us) we get det(U;) = +det(Us).
There exists A € O(n) such that det(U;) = det(Us.A), thus Uy (U2A)~! € SU(n)
and Uy (U2A)"1U3AO(n) = Uy O(n). The claim is proved.

Now SU(n) is simply connected and each fiber of det? : U(n)/O(n) — S* is dif-
feomorphic to SU(n)/SO(n) which again simply connected by the exact homotopy
sequence of a fibration

-+ = (0=m(SU(n))) — 71 (SU(n)/SO(n)) — (m(SO(n)) =0) — ...
Using again the exact homotopy sequence
= 0=m(SU(n)/SO(n)) — 71 (L(2n)) — m1(S*) — 70 (SU(n)/SO(n)) = 0

we conclude that 71 (L(2n)) = 71(S1) = Z. Thus also (by the Hurewicz homomor-
phism) we have H'(L(2n),Z) = Z and thus H*(L(2n),R) = R.

Let %di\/z_—lngl = I;:\;giﬁsl € Q1(S') be a generator of H'(S',Z). Then the
pullback (det2)*2ﬂdﬁ = (det%*% € QY (L(2n)) is a generator of H'(L(2n)).

Its cohomology class is called the Maslov-class.

31.8. Symplectic manifolds, and their submanifolds. A symplectic manifold
(M,w) is a manifold M together with a 2-form w € Q?(M) such that dw = 0 and
wy € A*TFM is a symplectic structure on T, M for each x € M. So dim(M) is

An

even, dim(M) = 2n, say. Moreover, w" = w A -+ Aw is a volume form on M

(nowhere zero), called the Liouville volume, which fixes also an orientation of M.

Among the submanifolds N of M we can single out those whose tangent spaces
T, N have special relations to the the symplectic structure w, on T, M as listed in
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(31.4): Thus submanifold N of M is called:

isotropic if T,N CT,N“! for each z € N = dim(N) <n
coisotropic  if T,N D T, N** for each z € N = dim(N) >n
Lagrangian if T,N = T,N“" for each z € N = dim(N) =n
symplectic  if TN NT,N“t =0 for eachz € N = dim(N) = even,

where for a linear subspace W C T, N the symplectic orthogonal is W«+ = {X €
ToM :w,(X,Y)=0forall Y € W}, as in (31.4).

31.9. The cotantent bundle. Consider the manifold M = T*(Q, where Q is a
manifold. Recall that for any smooth f : @ — P which is locally a diffeomorphism
we get a homomorphism of vector bundles T f : T*Q) — T*P covering f by T f =

((wa)_ ) T*Q - f(:r)
There is a canonical 1-form 6 = fg € QY(T*Q), called the Liouville form which is
given by

0(X) = (rr-q(X), T(m)(X)), X eT(I"Q),

where we used the projections (and their local forms):

WVT(T*Q)\T(ZTQ) / \7762
Q TQ (4:€)
m\) L/Q \ (/Q
Q

For a chart ¢ = (¢*,...,¢") : U — R™ on Q, and the induced chart T*q : T*U —
R™ x R", where T7q = (T,q~1)*, we put p; := (e;,T*q( )) : T*U — R. Then
(4, ..., q" p1,. -y pn) : T*U — R"x (R™)* are the canonically induced coordinates.
In these coordinates we have

(¢,p:€,m)

n

o= (‘9@(

i=1

2)dg’ + 0o (50 dpz> szdq +0,

since 0g(52:) = Orn (g, p; €:,0) = (p, ;) = p;.

Now we define the canonical symplectic structure wg = w € Q?(T*Q) by

n
wq = —dfg locally Z dq" A dp;.
i=1

Note that w(

a?;i) = dp; and &J(a%i) = —dg'.
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Lemma. The 1-form 0g € QY(T*Q) has the following unversal property, and is
uniquely determined by it:

Any 1-form ¢ € QY(Q) is a smooth section ¢ : Q — T*Q and for the pullback we
have ¢*0g = ¢ € QHQ). Moreover, p*wg = —dp € Q*(Q).

The 1-form fg is natural in Q € M f,: For any local diffeomorphism f :Q — P
the local diffeomorphism T f : T*Q — T*P satisfies (T f)*0p = 0q, and a fortiori
(T*f)'wp = wgq.

In this sense g is a universal 1-form, or a universal connection, and wg is the
universal curvature, for R'-principal bundles over Q. Compare with section (19).

Proof. For a 1-form ¢ € Q(Q) we have

(¢"00)(Xz) = (0Q)y, (Top-Xu) = 0u(Tp, Q. Tup.- Xz)
= 02(Tu(7q 0 ). Xs) = @u(Xa).

Thus ¢*0g = ¢. Clearly this equation describes g uniquely. For w we have
prwg = —p*dlg = —dp*0g = —dep.

For a local diffeomorphism f : Q — P, for a € T;Q, and for X, € To(T*Q) we
compute as follows:

(T*f)*0p)a(Xa) = (Op)1+ f.o(Ta(T" f).Xo) = (T f.a)(T(7p).T(T" f).Xa)
(o T f )T (rpoT f)Xe) =aTuf LT(f omg) Xa
a(T(rq).Xo) = 0o(Xa). O

31.10. Lemma. Let ¢ : T*Q — T*P be a (globally defined) local diffeomorphism
such that ©*0p = Og. Then there exists a local diffeomorphism f : Q — P such
that o =T*f.

Proof. Let {g = —0 1 0fg € X(T*Q) be the so called Liouwville vector field.

T(T*Q) —— 22, 74(1*Q)

\/

Then locally &g = Y1, pia%i. Its flow is given by FlfQ () = e'.av. Since p*0p = ¢
we also have that the Liouville vector field {o and &p are ¢-dependent. Since
&o = 0 exactly at the zero section we have ¢(0g) C Op, so there is a smooth
mapping f : Q@ — P with Opo f = po0g : Q — T*P. By (3.14) we have
po FlfQ = Flfp oy, so the image of ¢ of the closure of a flow line of {q is contained
in the closure of a flow line of £p. For «, € 1) Q the closure of the flow line is
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[0,00).0p and ¢(0z) = 0y(x), thus ¢([0,00).00) C T, P, and ¢ is fiber respecting:
mpoyp= fong:T*Q — P. Finally, for X, € T,,(T*Q) we have

a(Tomg.-Xa) = 0g(Xa) = (¢"0p)(Xa) = (9P)go(a)(Ta‘P~Xa>
= (p())(Tpymp-Tap.-Xa) = (¢(a))(Tal(mp 0 ). Xa)
= (p(a))(Tu(f o WQ)-XDA) = (@(a))(Tf-TaﬂQ-Xa)v thus

o= (P(a) © TTrQ(a)f
(@) = a0 Try o) f ' = Trg)f ) (@) =T f(a). O

31.11. Time dependent vector fields. Let f; be curve of diffeomorphism on a
manifold M locally defined for each t, with fo = Idy, as in (3.6). We define two
time dependent vector fields

(@) = (Tufe) " G fe(@),  mel@) = (5o (f ().
Then T(f;).& = %ft =m0 fi, so & and n, are f;-related.

Lemma. In this situation, for w € Q¥(M) we have:

(1) ig, [{ w = f{ iy w.
(2) %ft*“}:ffcmwzﬁ& Jiw.

Proof. (1) is by computation:

(ift ft* w)ﬂf(X27 e vXk) = (ft* w)m(gt(x)aX27 e 7Xk') =
= wft(m)(TIft'gt(x)aTIft'X27 cee 7T$ft'Xk) =
= wft(x) (nt(ft(x))vTxft-X% e 7Txft-Xk) = (ft* Z‘m W)r(XQ, . ,Xk).

(2) We put 7 € X(Rx M), 7(t,x) = (O, me(x)). We recall from (3.30) the evolution
operator for n;:

OT:RXRx M — Ma %(D?,s(x) = nt(q)?,s(x))’ ég,s(x) =,
which satisfies

(t, @7 () = FI_,(s,2), @]

,8

=@/, 0 ®] ().
Since f; Satisﬁes % ft =mng o fr and fp = Idjs, we may conclude that f; = (I)?,o’ or
(t, fi(z)) = F1}(0,z), so f; = pryoF1} oinsg. Thus
%f;‘w = %(pr2 oF17 oinsg)*w = ins;, %(Flf)* prow = insS(Fltﬁ)*E,—, praw.
For time dependent vector fields X; on M we have, using (9.6):

(Lypraw)(0x X1,...,0 X Xp)|t,2) = 7((praw)(0 x X1,...)|(t,0)—
=2 i(pr3w)(0 x Xy, ..., [7,0 x X5, ..., 0 X Xi)|t,2)
= (O, () (w(Xq, .., Xi)) = 2, w( X,y 06, Xals oo, X e
= (Ly,w)e(X1,..., Xx).
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This implies for X; € T, M

= Entw)ft(x)(Ta:ft-Xh - ,TItI.Xk)

(
(
= (L7 prow) e, f,(2)) (08 X To ft- X1, ..., 0p X Tty Xp,)
(
= (f:ﬁmw)r(Xl, ce ,Xk)7

which proves the first part of (2). The second part now follows by using (1):

%ft*w = ft*‘cmw = ft*(diﬂt + iﬂtd)w = dft* iﬂtw + ft* imdw
= digt ft*w + ig, ft* dw = digt ft*w+i§t dft*w = [:gt ft* w. O

31.12. Surfaces. Let M be an orientable 2-dimensional manifold. Let w € Q2?(M)
be a volume form on M. Then dw = 0, so (M,w) is a symplectic manifold. There
are not many different symplectic structures on M if M is compact, since we have:

31.13. Theorem. (J. Moser) Let M be a connected compact oriented manifold.
Let wy,wy € QUM (M) be two volume forms (both > 0).

If [,y wo = [y, w1 then there is a diffeomorphism f : M — M such that f*w; = wy.
Proof. Put w; := wg + (w1 — wy) for ¢ € [0, 1], then each w; is a volume form on
M since these form a convex set.

We look for a curve of diffeomorphisms ¢ — f; with f;w; = wp; then %( fiwe) =0.
Since [, (w1 —wo) = 0 we have [wy —wg] =0 € H™(M), so w1 —wy = di for some
Y € Q™ HM). Put n, := (2 f) o £, then by (31.11) we have:

ish * * *
"= %(ft wt) = [ met + ft*%wt = fi (Emwt +wi; — WO)

0 Wgh met +wip —wg = dim(/.)t + intdwt + dw = di”]twt + dw

We can choose n; uniquely by i,,w; = —1, since w; is non degenerate for all t. Then
the evolution operator f; = @ exists for ¢ € [0, 1] since M is compact, by (3.30).
We have, using (31.11.2),

%(ft*wt) = f{(Ly,we +dv) = fi (diy,w; + dip) =0,
so ffw; = constant =wy. O

31.14. Coadjoint orbits of a Lie group. Let G be a Lie group with Lie algebra
g and dual space g*, and consider the adjoint representation Ad : G — GL(g).
The coadjoint representation Ad* : G — GL(g*) is then given by Ad*(g)a :=
aoAd(g~!) = Ad(g~1)*(a). For a € g* we consider the coadjoint orbit G.a C g*
which is diffeomorphic to the homogenous space G/G,, where G, is the isotropy
group {g € G : Ad"(g)a = a} at a.
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As in (6.2), for X € g we consider the fundamental vector field (x = —ad(X)* €
X(g*) of the coadjoint action. For any Y € g we consider the linear function
evy : g* — R. The Lie derivative of the fundamental vector field (x on the
function evy is then given by

(1) Ly evy = —devyoad(X)* = —evy oad(X)" = evy,x, X, Y eg,

Note that the tangent space to the orbit is given by Ts(G.a) = {(x(8) : X € g}.
Now we define the symplectic structure on the orbit O = G.a by

(2) (wO)a(CX7<Y):a([va]):<O‘7[X7Y]>a aeg*ﬂ vaeg'

wo(Cx,Cy) = evix,y

Theorem. (Kirillov, Kostant, Souriau) If G is a Lie group then any coadjoint
orbit O C g* carries a canonical symplectic structure wo which is invariant under
the coadjoint action of G.

Proof. First we claim that for X € g we have X € go = {Z € g : (z(a) = 0} if
and only if a([X, |) = (wo)a((x, )=0. Indeed, for Y € g we have

(o, [X,Y]) = (a, dt|0Ad exp(tX))Y) = %|0 (o, Ad(exp(tX))Y)

= 2|, (Ad"(exp(—tX))a,Y) = —(Cx(),Y) = 0.

This shows that wo as defined in (2) is well defined, and also non-degenerate along
each orbit.

Now we show that dwo = 0, using (2):

(dwo)(Cx,CviCz) = Y Cxwolly,Cz) = Y wolllx,¢v],Cz)

cyclic cyclic
=Y (xeviyz— . wolloxv):¢z)  mow use (1)
cyclic cyclic
= Z eviy,z],x] + Z ev(x,y],z1 =0 by Jacobi.
cyclic cyclic

Finally we show that wo is G-invariant: For g € G we have

((Ad*(9))"wo)a(Cx (@), Cy (@) = (wo) ad- (g)a (T(Ad"(9)) Cx (), T(Ad(9)) -Cy (@)

)

= (wo) aa+(g)a(Cad(g)x (Ad"(9) ), Caa(g)y (Ad"(9))), by (6.2.2),
= (Ad*(g)a )([Ad( )X, Ad(g)Y])
= (

aoAd(g™))(Ad(9)[X,Y]) = a([X,Y]) = (wo)a(Cx,Cy). O
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31.15. Theorem. (Darbouzx) Let (M,w) be a symplectic manifold of dimension
2n. Then for each x € M there exists a chart (U,u) of M centered at x such that
w|U =31 du Adu™tt. So each symplectic manifold is locally symplectomorphic
to a cotangent bundle.

Proof. Take any chart (U,u : U — u(U) C R?") centered at z. Choose linear
coordinates on R*" in such a way that w, = >, du’ A du™**|, at z only. Then
wo = w|U and wy = Y, du® A du™* are two symplectic structures on the open
set U C M which agree at z. Put wy := wy + t(w1 — wp). By making U smaller if
necessary we may assume that w; is a symplectic structure for all ¢ € [0, 1].

We want to find a curve of diffeomorphisms f; near = with fy = Id such that
fi(x) = z and ffw; = wg. Then %ft*wt = %wo = 0. We may assume that U is
contractible, thus H2(U) = 0, so d(w; — wp) = 0 implies that w; — wy = d¢ for
some ¢ € QY(U). By adding a constant form (in the chart on U) we may assume
that ¥, = 0. So we get for the time dependent vector field n; = % fro ft_l, using
(31.11.2),

0= %ft*wt = f{ (Ly, Wt"'%wt) = [ (diy, wi +iy, dw +w1 —wo) = fi d(iy, wi+1))

We can now prescribe 1, uniquely by i,, w; = —, since w; is non-degenerate on x.
Moreover n;(x) = 0 since 9, = 0. On a small neighborhood of = the left evolution
operator f; of n; exists for all ¢ € [0, 1], and then clearly %(ft*wt) =0, so ffwr = wo
forallt €[0,1]. O

31.16. Relative Poincaré Lemma. Let M be a smooth manifold, let N C M be
a submanifold, and let k > 0. Let w be a closed (k + 1)-form on M which vanishes
when pulled back to N. Then there exists a k-form ¢ on an open neighborhood U
of N in M such that dp = w|U and ¢ = 0 along N. If moreover w = 0 along N
(on /\k TM|N), then we may choose ¢ such that the first derivatives of ¢ vanish
on N.

Proof. By restricting to a tubular neighborhood of N in M, we may assume that
p: M =: E — N is a smooth vector bundle and that ¢ : N — E is the zero section
of the bundle. We consider p : R x E — E, given by u(t,z) = ui(xz) = tx, then
wy =1Idg and pp =iop: E — N — E. Let £ € X(FE) be the vertical vector field
&(x) =vl(z,z) = %|0 (2 + tz), then FI§ = p.e. So locally for ¢ near (0,1] we have

diniw = 5 (FL

log t)*w = %(Fli

1ogt)*£5w by (31.11) or (8.16)

= 1pf (igdw + digw) = Tdpjicw.

For x € F and X4,..., X, € T, F we may compute

(%u:iﬁw)x(‘xlv s ’Xk) = %(ifw)tx(Txﬂt'Xla cee aTx,ut-Xk)
%wtm(f(t$>7 Ta:/j/t~X1> s aTwMt-Xk:)
= wi, (VI(tz, x), Tope X1, - oo, Toprr Xi)-
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So if k > 0, the k-form 1/jicw is defined and smooth in (¢,z) for all ¢ near [0,1]
and describes a smooth curve in QF(E). Note that for z € N = 0p we have
(+47icw)y = 0, and if w = 0 along N, then {ujicw vanishes of second order along
N. Since pjw = p*i*w = 0 and pjw = w, we have

1
o= piw i = [ i
0

1 1
= / d($pyiew)dt = d (/ 1,ujigwdt> =:dp.
0 0

If x € N, we have ¢, = 0, and also the last claim is obvious from the explicit form
of p. O

31.17. Lemma. Let M be a smooth finite dimensional manifold, let N C M be a
submanifold, and let wg and w1 be symplectic forms on M which are equal along N
(on N>TMIN).

Then there exist a diffeomorphism f : U — V between two open neighborhoods
U and V of N in M which satisfies fIN = Idy, Tf[(TM|N) = Idpan, and

f*w1 = wop-.

Proof. Let w; = wo + t(w; — wp) for ¢ € [0, 1]. Since the restrictions of wg and wy
to A2TM|N are equal, there is an open neighborhood Uy of N in M such that w;
is a symplectic form on Uy, for all ¢ € [0,1]. If ¢ : N — M is the inclusion, we also
have i*(wy — wp) = 0, and by assumption d(w; —wp) = 0. Thus by lemma (31.16)
there is a smaller open neighborhood Us of N such that wq|Us — wo|Us = dyp for
some ¢ € QY (Usy) with ¢, = 0 for z € N, such that also all first derivatives of
vanish along N.

Let us now consider the time dependent vector field X; := —(w;¥)™! o ¢ given
by ix,w: = ¢, which vanishes together with all first derivatives along N. Let f;
be the curve of local diffeomorphisms with % fi = Xy o fi, then fi|N = Idy and
Tf|(TM|N) = Id. There is a smaller open neighborhood U of N such that f; is
defined on U for all ¢t € [0, 1]. Then by (6.3) we have

Z(ffw) = ffLxwe + f7 Frwr = f7 (dix,wi + w1 — wo)
= [ (—dp + w1 —wy) =0,

so ffw; is constant in ¢, equals fiwo = wp, and finally ffw; = wo as required. O

31.18. Lemma. (MOVE next 3 lemmas later after S.6) (Ehresmann) Let (V,w)
be a symplectic vector space of real dimension 2n, and let g be a nondegenerate
symmetric bilinear form on' V. Let K := g~ tow : V — V* — V so that g(Kv,w) =
w(v,w).
Then K € GL(V) and the following properties are equivalent:

(1) K? = —1dy, so K is a complex structure.

(2) w(Kv, Kw) =w(v,w), so K € Sp(V,w).

(3) 9(Kv, Kw) = g(v,w), so K € O(V,g).
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If these conditions are satisfied we say that any pair of the triple w, g, J is compatible.

Proof. Starting from the definition we have in turn:

9(Kv, w) = <§K( ) w) = (g~ 0 (v), w) = (@(v),w) = w(v,w),
w(Kv, Kw) = g(K?v, Kw) = g(Kw, K*v) = w(w, K*v) = —w(K?v,w),
(K%, w) = w(K ) —w(w, Kv) = —g(Kw, Kv) = —g(Kv, Kw).

The second line shows that (1) < (2), and the third line shows that (1) < (3).

31.19. The exponential mapping for self adjoint operators. (????7?MOVE
later to exercises for section 4).

Let V' be an Euclidean vector space with positive definite inner product (| ) (or
a Hermitian vector space over C). Let S(V') be the vector space of all symmetric (or
self-adjoint) linear operatores on V. Let ST (V) be the open subset of all positive
definite symmetric operators A, so that (Av|v) > 0 for v # 0. Then the exponential
mapping exp : A — e =377 L AF maps S(V) into ST(V).

Lemma. exp: S(V) — ST (V) is a diffeomorphism.

Proof. We start with a complex Hermitian vector space V. Let CT := {\ € C :
Re()\) > 0}, and let log : Ct — C be given by log(\) = f[l N ~1dz, where [1, )]
denotes the line segment from 1 to A.

Let B € ST(V). Then all eigenvalues of B are real and positive. We chose a
(positively oriented) circle ¥ C C* such that all eigenvalues of B are contained in
the interior of . We consider A — log(\)(\ Idy —B)~! as a meromorphic function
in C* with values in the real vector space C ® S(V), and we define

log(B) := log(\)(\ Idy —B)™'d\ B € ST(V).

271'\/ /
We shall see that this does not depend on the choice of v. We may use the same

choice of the curve v for all B in an open neighborhood in ST (V'), thus log(B) is
real analytic in B.

We claim that log = exp™!. If B € S*(V) then B has eigenvalues \; > 0 with
eigenvectors v; forming an orthonormal basis of V', so that Bv; = \v;. Thus
(A\dy —B) 1y, = ﬁvz for A # );, and

(log B)v; = R

= log(\i)vs

27T — / og(Ai)v

by Cauchy’s integral formula. Thus log(B) does not depend on the choice of ~
and exp(log(B))v; = €8Py, = A\;v; = Bu; for all i. Thus expolog = Idg+(v)-
Similarly one sees that logoexp = Idg(y).

Now let V be a real Euclidean vector space. Let V€ = C ® V be the complexified
Hermitian vector space. If B : V — V is symmetric then j(B) := B® = Idc¢ ®B :
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V€ — VC is self adjoint. Thus we have an embedding of real vector spaces j :
S(V) — S(VC). The eigenvalues of j(B) are the same as the eigenvalues of B, thus
j restricts to an embedding j : ST(V) — S*(VC). By definition the left hand one
of the two following diagrams commutes and thus also the right hand one:

S(v) —L— s S(V)—L— (v
eXpJ eXpCJ d exp(B)J dexp® (B)J
SHV) —I gt S(V)—I s vy

Thus dexp(B) : S(V) — S(V) is injective for each B, thus a linear isomorphism,
and by the inverse function theorem exp : S(V) — S+ (V) is locally a diffeomor-
phism and is injective by the diagram. It is also surjective: for B € ST(V) we have
Bv; = \v; for an orthonormal basis v;, where A; > 0. Let A € S(V') be given by
Av; = log(A;) v;, then exp(4) = B. O

31.20. Lemma. (Polar decomposition) Let (V, g) be an Euclidean real vector space
(positive definite). Then we have a real analytic diffeomorphism

GL(V) = 5" (V,g9) x O(V,9g),

thus each A € GL(V') decomposes uniquely and real analytically as A = B.U where
B is g — symmelric and g-positive definite and U € O(V, g).

Furthermore, let w be a symplectic structure on V, let A= g~ tow € GL(V), and let
A = BJ be the polar decomposition. Then A is g-skew symmetric, J is a complex
structure, and the non-degenerate symmetric inner product g1 (v,w) = w(v, Jw) is
positive definite.

Proof. The decomposition A = BU, if it exists, must satisfy AAT = BUUTBT =
B2. By (31.19) the exponential mapping X ~— eX is a real analytic diffeomorphism
exp : S(V,g) — ST(V,g)(V) from the real vector space of g-symmetric operators
in V onto the submanifold of g-symmetric positive definite operators in GL(V),
with inverse B+ log(B). The operator AA" is g-symmetric and positive definite.
Thus we may put B := VAAT = exp(3log(AAT)) € ST(V,g). Moreover, B
commutes with AAT. Let U := B™1A. Then UU" = B~1AAT(B~1)T =Idy, so
UeO(V,g).

If we are also given a symplectic structure w we have g(Av,w) = w(v,w) =
—w(w,v) = —g(Aw,v) = —g(v, Aw), thus AT = —A. This implies that B =
exp(4 log(AAT)) = exp( log(—A?)) commutes with A, thus also J = B~'A com-
mutes with A and thus with B. Since BT = Bwe get J~! = J" = (B71A)T =
AT(BHT = -AB™' = —~B7'!A = —J, thus J is a complex structure. Moreover,
we have

w(Jv, Jw) = g(AJv, Jw) = g(JAv, Jw) = g(Av,w) = w(v,w),
thus by (31.18) the symplectic form w and the complex structure J are compatible,
and the symmetric (by (31.18)) bilinear form g; defined by ¢1(v,w) = w(v, Jw)
is positive definite: g1 (v,v) = w(v, Jv) = g(Av, Jv) = g(BJv, Jv) > 0 since B is
positive definite. O
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31.21. Relative Darboux’ Theorem. (Weinstein) Let (M,w) be a symplectic
manifold, and let L C M be a Lagrangian submanifold.

Then there exists a tubular neighborhood U of L in M, an open neigborhood V of
the zero section O, in T*L and a symplectomorphism

(T*L,wz) D (V,wr) 2 (U,w|U) C (M,w)

such that ¢ 0o 0p : L -V — M is the embedding L C M.

Moreover, suppose that for the Lagrangian subbundle T'L in the sympletic vector
bundle TM|L — L we are given a complementary Lagrangian subbundle E — L,
then the symplectomorphism ¢ may be chosen in such a way that Ty, . Vo, (T*L) =
Eg,) forx € L.

Here V(T*L) denotes the vertical bundle in the tangent bundle of T L.

Proof. The tangent bundle TL — L is a Lagrangian subbundle of the symplectic
vector bundle TM|L — L.

Claim. There exists a Lagrangian complementary vector bundle E — L in the
symplectic vector bundle TM|L. Namely, we choose a fiberwise Riemannian metric
g in the vector bundle TM|L — L, consider the vector bundle homomorphism
A=§'0:TM|L — T*M|L — TM|L and its polar decomposition A = BJ with
respect to g as explained in lemma (31.20). Then J is a fiberwise complex structure,
and ¢;(u,v) = w(u,Jv) defines again a positive definite fiberwise Riemannian
metric. Since g1(J , ) =w( , ) vanishes on TL, the Lagrangian subbundle
E=JTL C TM|L is gi-orthogonal to T'L, thus a complement.

We may use either the constructed or the given Lagrangian complement to T'L in
what follows.

The symplectic structure w induces a duality pairing between the vector bundles
E and TL, thus we may identify (TM|L)/TL = E — L with the cotangent bundle
T*L by (X, 0(Yz)) = w(X,,Yy) forx e L, X, e T,Land Y, € E,.

Let ¢ := expdow™! : T*L — M where exp? is any geodesic exponential mapping
on TM restricted to E. Then 9 is a diffeomorphism from a neighborhood V' of
the zero section in T* L to a tubular neighborhood U of L in M, which equals the
embedding of L along the zero section.

Let us consider the pullback 1*w and compare it with wy, on V. For 0, € 0; we
have Ty, V =T, L ®T;L = T, L & E,. The linear subspace T, L is Lagrangian for
both wy, and ¥*w since L is a Lagrange submanifold. The linear subspace T, L is
also Lagrangian for wy,, and for ¢*w since E was a Lagrangian bundle. Both (wy,)o,
and (¥*w)o, induce the same duality between T, L and T L since the identification
E, =2 T!L was via w,. Thus wy, equals 1*w along the zero section.

Finally, by lemma (31.17) the identity of the zero section extends to a diffeomor-
phism p on a neighborhood with p*1*w = wy. The diffeomorphism ¢ = ¥ o p then
satisfies the theorem. O
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31.22. The Poisson bracket. Let (M,w) be a symplectic manifold. For f €
C>° (M) the Hamiltonian vector field or symplectic gradient Hy = grad“(f) € X(M)
is defined by any of the following equivalent prescriptions:

(1) i(Hp)w =df, Hy=o"'df, w(H, X)=X(f)for X € TM.
For two functions f,g € C°°(M) we define their Poisson bracket {f, g} by

(2) {f.9) + = i(Hp)i(H,)w = w(H,, Hy)
— Hy(g) = L9 = dg(Hy) € C<(M).

Let us furthermore put
(3) X(M,w) ={X eX(M): Lxw=0}

and call this the space of locally Hamiltonian vector fields or w-respecting vector

fields.

Theorem. Let (M,w) be a symplectic manifold.

Then (C(M),{ , }) is a Lie algebra which also satisfies {f,gh} = {f,g}h +
g{f,h}, i.e. ady ={f, } is a derivation of (C*°(M),-).

Moreover, there is an exact sequence of Lie algebras and Lie algebra homomor-
phisms

0 — HO(M) —2 s (M) — =82 vy B () — 0

0 {. [ ] 0

where the brackets are written under the spaces, where « is the embedding of the
space of all locally constant functions, and where v(X) = [ixw] € H'(M).

The whole situation behaves invariantly (resp. equivariantly) under the pullback by
symplectomorphisms ¢ : M — M: For example o*{f, g} = {¢* f,¢* g}, ¢*(Hy) =
Hy-¢, and o*y(X) = y(¢*X). Consequently for X € X(M,w) we have Lx{f, g} =
{Lxf, gt +{f. Lxg}, and v(LxY) = 0.

Proof. The operator H takes values in X(M,w) since
ﬁwa = in dw —|—din w=0+ddf =0.
H({f,g}) = [Hy, H,] since by (9.9) and (9.7) we have

in{fohw =df, 9y =dluyg = Lugdg — 0= Lpgin,w —im, Lmw

= [L:Hf,ng]w = i[Hf,Hg]w~

The sequence is exact at H°(M) since the embedding « of the locally constant
functions is injective.

Draft from April 18, 2007 Peter W. Michor,



31.23 31. Symplectic Geometry and Classical Mechanics 359

The sequence is exact at C°°(M): For a locally constant function function ¢ we
have H. =0 'de=w™'0=0. If Hf =&~ 'df =0 for f € C>°(M) then df =0, so
f is locally constant.

The sequence is exact at X(M,w): For X € X(M,w) we have dixw = ixw+ixdw =
Lxw = 0, thus v(X) = [ixw] € H'(M) is well defined. For f € C°°(M) we have
Y(Hy) = [ig;w] = [df] =0 € H'(M). If X € X(M,w) with y(X) = [ixw] =0 €
H'(M) then ixw = df for some f € Q°(M) = C>(M), but then X = Hy.

The sequence is exact at H'(M): The mapping v is surjective since for ¢ € Q(M)
with dp = 0 we may consider X := &~ 1¢ € X(M) which satisfies Lyw = ixdw +
dixw=0+dp =0 and v(X) = [ixw] = [¢] € H}(M).
The Poisson bracket { , } is a Lie bracket and {f,gh} = {f,g}h + g{f, h}:
{f.9} =w(Hy, Hy) = —w(Hy, Hy) = {9, f}
{filg.h}}y =Ly, La,h =L, Lu,Jh+ Ly, Luh
= ‘C[Hf,Hg]h' =+ {97 {f7 h‘}} = LH{f,g}h =+ {ga {f7 h}}

={{f,g},h} + {9, {f, h}}
{f,gh} = Lu,(gh) = Lu,(9)h+ gLu, (h) = {f, gth + g{f, h}.

All mappings in the sequence are Lie algebra homomorphisms: For local constants
{c1,¢2} = H¢ o = 0. For H we already checked. For X, Y € X(M,w) we have

Z'[X)y]w = [,C)Qiy}w =Lxiyw —iyLxw =dixiyw +ixdiyw — 0 = dixiyw,

thus ([X,Y]) = [ipx,yjw] = 0 € H(M).

Let us now transform the situation by a symplectomorphism ¢ : M — M via
pullback. Then

Prw=w & [Tp)owoTp=w
= Hpep =07 ldo f =07 (¢"df) = (T~ ow™ o (Tp™")") o ((Tp)" o df 0 )
= (T~ ow™  odf o) = ¢*(Hy)
¢ {f,9} = ¢ (dg(Hy)) = (¢"dg) (" Hy) = d(@"g)(Hyp- 1) = {@" f, "9}
The assertions about the Lie derivative follow by applying Lx = %‘0 (FIX)*. O

31.23. Basic example. In the situation of (31.1), where M = T*R" with w =
wrn = —dfgn = Y1, dg' A dp;, we have

w: T(T"R") = T*(T"R"™),  @&(04:) = dpi, w(Opi) = —dgi,
Hy=0tdf = (Zi(gé’i dq" + %dpi)) = Zi(g;{i a(zl‘ - gji a?u)
{f.9}=Hg= Ei(gzi- e = %577)

{pip;} =0, {¢.d}=0, {d"'.p;}= _5;"
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31.24. Kepler’s laws: elementary approach. Here we give an elementary
approach to the derivation of Kepler’s laws.

Let us choose the orthonormal coordinate system in the oriented Euclidean space
R? with standard inner product ( | ) and vector product ¢ x ¢’ in such a way
that the sun with mass M is at 0 € R3. The planet now moves in a force field F
on an orbit ¢(t) according to Newton’s law

(1) F(q(t)) = mq(t).

(2) If the force field is centripetal, F(q) = —f(q)q for f > 0, then the angular
momentum q(t) x ¢(t) = J is a constant vector, since

dlgxd)=g¢xd+qgxi=0+Lf(q)gxq=0.

Thus the planet moves in the plane orthogonal to the angular momentum vector
J and we may choose coordinates such that this is the plane ¢ = 0. Let z =
g + ig? = re*® then

0 1 -1 0
7= (1) === (5) (1) = (o)
J 0 0 a'i®—q?¢*
i=4q"¢ — *¢" =Im(z.2) = Im(re " (7e? + irge’?)) = Im(ri* + ir’¢) = r’¢.

(3) Thus in a centripetal force field area is swept out at a constant rate j = r>¢
(2nd law of Kepler, 1602, published 1606), since

w(tz) prip) #(t2)
Area(ty,t2) = / rdrde = / %T(@)de
p(ti) JO w(t1)

/t2
t1

Now we specify the force field. According to Newton’s law of gravity the sun acts
on a planet of mass m at the point 0 # ¢ € R? by the force

r(p()*@(t) dt = §(t2 — ta).

N[

(4) F(q) = —G]ZTZLQ = —grad U(g), Ulq) = _G%

b

where G = 6,67-101* Nm?2kg~2 is the gravitational constant and U is the gravita-
tional potential. We consider now the energy function (compare with (31.1)) along
the orbit as the sum of the kinetic and the potential energy

m

(5) B(t) = (0P + Ulalt) = ()P ~ G

lq(2)]

which is constant along the orbit, since

O E(t) = m(§(t)|q(t) + (grad U(q())l4(t)) = 0.
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We have in the coordinates specified above for the velocity v = |¢|
= |g> = Re(22) = Re((re "% —irge™*?)(¢e'? + irge’?)) = i + 174>,
We look now for a solution in the form r = r(p). From (3) we have ¢ = j/r? so
that ) )
dr dr\~j% 2
2 _ 22 022 2 022
V=74t = — r =\ 7+t
i (dw) e (d<ﬂ> AT

Plugging into the conservation of energy (5) we get

d ° 1
( r> 7+Lf2(y\/[7:7 constant.

dp) rt r(t)
L (fdr\~ ~v  2GM 1 1
) () =5

Excluding the catastrophe of the planet falling into the sun we may assume that
always r # 0 and substitute

1 du 1 dr

u(p) = ) %:*ﬁ@

into (6) to obtain
du\? 2GM G2M? 2 GM\?
(8 520 o) (- 5.
do J J J G*M J

du\? &2 1\? 52 Vg2
" (d<P> ZPQ_(U_p)’ where p:=7ap €=\ G

are parameters suitable to describe conic sections.

If ¢ = 0 then (—:;) = —(u— %)2 so that both sides have to be zero: v = 1/p or
r = p = constant and the planet moves on a circle.

If € > 0 then (7) becomes

Vfﬁ \/f

“”C/d*”/\/i b
/\/7 /\/1_7;7 T e

/ (2) = aresin (P = aresin (241
= arcsm = arcsm = arcsin .
V1—22 € €
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This implies

-1 1 i C
s+ )= Ly LR 0)

1 p
r=-=--——"—\
u 1+esin(p+C)

We choose the parameter C' such that the minimal distance - of the planet from
the sun (its perihel) is attained at ¢ = 0 so that sin(C) = 1 or C' = 7/2; then
sin(¢ + 7/2) = cos(p) and the planetary orbit is described by the equation

p
8 = >0, > 0.
() " 1+ecosy b c

Equation (8) describes a conic section in polar coordinates with one focal point at

0. We have:

A circle for e = 0.

An ellipse for 0 <e < 1.

A parabola for e = 1.

The left branch of a hyperbola for e > 1.

The ellipse with the right hand focal point at at 0:

2 2
_\ (LI1+26) _1_%21’
a b

a
b
p e=+va%— b2,
e S=0 (recosp+e)?  risinp 1
a a2 bz

(b% — a®)r? cos® p+

+ 2b%rv/ a2 — b2 cos p+

+a¥r? -t =0.

Solving for cos ¢ we get

—2b%rva? — b2 + \/4b4r2(a2 —b%) 4+ 4(a? — b2)r2(a?r? — b*)

cosp =

—2(a® — b2)r2
—2b%re + 212 b2 b2
:M:—ig, thus —:cosgozl:g
—2r2e2 re e re e
b2 b2 ﬁ

— — a

e(fcosp+2)  e2(£l+ Scosp) - +14 £cosyp

Put p=4*/a and 0 < e = /1 —b%/a? = e¢/a < 1 and note that r > 0 to obtain

the desired equation (8) r = £ —.
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The parabola with focal point at 0:

p
3° = —2p(q1 — 3) =2 +p7,
r2(1 — cos? ) = —2pr cos ¢ + p,

r?cos® p — 2preosp+p? —1r2 =0

2pr + \/4p27“2 — 4r2(p% — r2)

cos p =

2r2
+
r T
r=—2> sy
1+ cosp
The hyperbola with left hand focal point at 0:
(1 — 6)2 Q22 -1
-~

- VAT
rcosp — e)? B risin’p
a? v
b2r2 cos? p — 2b%r\/ a2 + b2 cos o+
+a?b? + b —a?r} (1 —cos’ ) = a

1

2b2
(b% + a®)r? cos® p—
— 2%/ a2 + b2 cos p + bt —a%r? =0

Solving again for cos ¢ we get
20°rva? + b2 £ \/4b1r2(a® 4 b2) — 4(a® + b?)r2 (b* — a?r?)
2(a? 4+ v?)r2

cosp =

2b%re + 2r2ea

2r2e?
Put p = b?/a and € = /1 +b2/a? = e/a > 1 and note that 7 > 0 to obtain the
desired equation (8) r =

1+5ios @’
(Kepler’s 3rd law) If T is the orbital periods of a planet on an elliptic orbits with

magor half azris a then:
2 (27)?

a3 GM
is a constant depending only on the mass of the sun and not on the planet.

Let a and b be the major and minor half axes of an elliptic planetary orbit with
period T'. The area of this ellipse is abw. But by (3) this area equals abr = jT'/2.
In (7) we had p = j2/(GM), for an ellipse we have p = b?/a, thus we get

1 3/2 2 2
I — abr — @322 = ¢3/? _ 2ma / T  (27)

j ~_
2 VG VGM' @ GM
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31.25. Kepler’s laws: The two body system as a completely integrable
system. Here we start to treat the 2-body system with methods like Poisson
bracket etc, as explained in (31.23). So the symplectic manifold (the phase space)
is 7*(R3 \ {0}) with symplectic form w = wgs = —dfgs = Y_, dg’ A dp;. As in
(31.1) we use the canonical coordinates ¢* on R® and p; := m - ¢* on the cotangent
fiber. The Hamiltonian function of the system is the energy from (31.24.5) written
in these coordinates:

L _ Ly Mmoo 1 s
V) Bla.p) = golpP +Ule) = gl — G =5-) M -G

Mm
>-(4")?

The Hamiltonian vector field is then given by

. 0E 9 OE 0 /1 9 GMm , 9
e =Y Gnor ~ o7 om) = 2o ~ g " o)

i=1 i=

The flow lines of this vector field can be expressed in terms of elliptic functions.
Briefed by (31.24.2) we consider the 3 components of the vector product J(g,p) =
q X p and we may compute that

J'=¢ps — *pa, JP=—d'ps+p1, JP=q'p2— ¢pu,
(B, J"y =0, {J,J*}=0, forik=1,23.

Moreover the functions J', J2, J> have linearly independent differentials on an open
dense subset. Thus the 2 body system is a completely integrable system. The
meaning of this will be explained later. Actually, even more is true: We have 4
independent integrals E, J', J2, J? on a space of dimension 6. The is completely
integrable in the non-commutative sense.

32. Completely integrable Hamiltonian systems

32.1. Introduction. The pioneers of analytical mechanics, Euler, Lagrange, Ja-
cobi, Kowalewska, ... , were deeply interested in completely integrable systems, of
which they discovered many examples: The motion of a rigid body with a fixed
point in the three classical cases (Euler-Lagrange, Euler-Poisot, and Kowalewska
cases), Kepler’s system, the motion of a massive point in the gravitational field
created by fixed attracting points, geodesics on an ellipsoid, etc. To analyze such
systems Jacobi developed a method which now bears his name, based on a search
for a complete integral of the first order partial differential equation associated with
the Hamitonian system under consideration, called the Hamilton-Jacobi equation.
Later it turned out, with many contributions by Poincaré, that complete integra-
bility is very exceptional: A small perturbation of the Hamiltonian function can
destroy it. Thus this topic fell in disrespect.
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Later Kolmogorov, Arnold, and Moser showed that certain qualitative properties of
completely integrable systems persist after perturbation: certain invariant tori on
which the quasiperiodic motion of the non-perturbed, completely integrable system
takes place survive the perturbation.

More recently it has been shown that certain nonlinear partial differential equations
such as the Korteveg-de Vries equation u + 3u,u~+ aty,, = 0 or the Camassa-Holm
equation u; — Utpr = Ugge-U + 2Ugzy Uy — 3Ug.u Mmay be regarded as infinite dimen-
sional ordinary differential equations which have many properties of completely in-
tegrable Hamiltonian systems. This started new very active research in completely
integrable systems.

32.2. Completely integrable systems. Let (M,w) be a symplectic manifold
with dim(M) = 2n with a Hamiltonian function h € C*°(M).

(1) The Hamiltonian system (M,w, h) is called completely integrable if there are n
functions fi,..., fn € C°°(M) which

e are pairwise in involution: {f;, f;} = 0 for all 4, j.

e are first integrals of the system: {h, f;} = 0 for all :.

e are non degenerate: their differentials are linearly independent on a dense
open subset of M.

We shall keep this notation throughout this section.

(2) The n + 1 functions h, fi,..., fn € C°°(M) are pairwise in involution. At each
point & € M the Hamiltonian fields Hy(z), Hy, (),...,Hy, (z) span an isotropic
subset of T, M which has dimension < n; thus they are linearly dependent. On
the dense open subset U C M where the differentials df; are linearly independent,
dh(z) is a linear combination of dfi(x),...,df,(z). Thus each z € U has an open
neighborhood V- C U such that h|V = ho (f1,..., fu)|V for a smooth local function
on R™. To see this note that the Hy, span an integrable distribution of constant
rank in U whose leaves are given by the connected components of the sets described
by the equations f; = ¢;, ¢; constant, for ¢ = 1,...,n of maximal rank. Since
{h, fi} = 0 the function h is constant along each leaf and thus factors locally over
the mapping f := (f1,..., fn) : U — f(U) C R™. The Hamiltonian vector field Hj
is then a linear combination of the Hamiltonian fields Hy,,

Hh*V71 dh Vﬁl(z fl,,fn)dfz>—z 8f (fh""f")Hfi'

whose coefﬁments ( fi,---, fn) depend only on the first integrals f1,..., f,. The
fi are constant along the flow lines of Hj, since {h, f;} = 0 implies (F th) fi=fi
and (Flf "Y*Hy, = Hy,. This last argument also shows that a trajectory of Hj, inter-
secting U is completely contained in U. Therefore these coefficients g—ﬁ( fis-oosfn)
are constant along each trajectory of Hj which is contained in U.

(3) The Hamiltonian vector fields Hy,, ..., Hy, span a smooth integrable distribution
on M according to (3.28), since [Hy,, Hy,| = Hy, s,y = 0 and (Flf]fi)*Hfj = Hy,,
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so the dimension of the span is constant along each flow. So we have a foliation of
jumping dimension on M: Each point of M lies in an initial submanifold which is
an integral manifold for the distribution spanned by the H¢,. Each trajectory of
Hj, or of any Hy, is completely contained in one of these leaves. The restriction
of this foliation to the open set U is a foliation of U by Lagrangian submanifolds,
whose leaves are defined by the equations f; = ¢;, i« = 1,...,n, where the ¢; are
constants.

32.3. Lemma. [Arnold, 1978] Let R*™ = R" x R™ be the standard symplectic
vector space with standard basis e; such that w =Y " Ne™ . Let W C R*" be
a Lagrangian subspace.

Then there is a partition {1,...,n} = I U J such that the Lagrangian subspace U
of R*™ spanned by the e; for i € I and the e,y; for j € J, is a complement to W
in R?".

Proof. Let k = dim(W N (R™ x 0)). If K = n we may take I = . If k < n there
exist n — k elements e;,,...,e;,_, of the basis e;,...,e, of R" x 0 which span a
complement U’ of W N (R™ x 0) in R® x 0. Put I = {i1,...,in—x} and let J be
the complement. Let U” be the span of the e,+; for j € J, and let U =U' @ U".
Then U is a Lagrangian subspace. We have

R"x0=(WnN@R"x0)aU, WNR"<x0)CW, U =Un(R"x0)cCU.
Thus R™ x 0 C W + U. Since R™ x 0, W, U are Lagrangian we have by (31.4.4)

WNU=WtnU+t=W+U)*Cc(R"x0)> =R"x0 thus
WNnU=Wn(R"x0)NUNR"x0)=Wn(R"x0)NU" =0,

and U is a complement of W. [

32.4. Lemma. Let (M,w) be a symplectic manifold of dimension 2n, let x € M.
Suppose that 2n smooth functions u',...,u™, fi,..., fn are given near x, that their
differentials are linearly independent, and that they satisfy the following properties:
o The submanifold defined by the equations u' = u'(x) for i = 1,...,n, is
Lagrangian.
o The functions f1,..., fn are pairwise in involution: {f;, f;} =0 for all i, j.
Then on an open meighborhood U of x in M we may determine n other smooth
functions g1, ..., gn such that

wlU =" dfi Adg.
=1

The determination of g; uses exclusively the operations of integration, elimination
(solving linear equations), and partial differentiation.

Proof. Without loss we may assume that u;(x) = 0 for all %. There exists a con-
tractible open neighborhood U of z in M such that (u, f) := (u!,...,u", fi,..., fa)
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is a chart defined on U, and such that each diffeomorphism ;(u, f) := (tu, f) is
defined on the whole of U for ¢ near [0, 1] and maps U into itself. Since ¢y maps U
onto the Lagrange submanifold N := {y € U : u;(y) =0 for i = 1,...,n} we have
Yiw = 0. Using the homotopy invariance (11.4) we have

w|U = Yjw = iw + dh(w) — h(dw) = 0 + dhw + 0,
where h(w) = fol ins} ig,*w dt is from the proof of (11.4).

Since f1,..., fn are pairwise in involution and have linearly independent differ-
entials, w|U belongs to the ideal in Q*(U) generated by dfy,...,df,. This is a
pointwise property. At y € U the tangent vectors Hy, (y),...,Hy, (y) span a
Lagrangian vector subspace L of T, M with annihilator L° C TyM spanned by
dfi(y), ,dfn(y). Choose a complementary Lagrangian subspace W C T, M, see
the proof of (31.21). Let a1, ...,a;, € T,y M be a basis of the annihilator W°. Then
Wy = sz:l wijog A df;(y) since w vanishes on L, on W, and induces a duality
between L and W.

From the form of h(w) above we see that then also h(w) belongs to this ideal, since
¥y fi = fi for all i. Namely,

n 1 n
=3 / (imsi (7. ims i, %)l )t =2 3 g
ij=170 j=1

for smooth functions g;. Finally we remark that the determination of the compo-
nents of w in the chart (u, f) uses partial differentiations and eliminations, whereas
the calculation of the components of h(w) uses integration. O

32.5. Lemma. Let (M,w) be a symplectic manifold of dimension 2n. We assume
that the following data are known on an open subset U of M.

e A canonical system of local coordinates (q*,...,q" p1,--.,pn) on U such
that the symplectic form is given by w|U = >"""_, dq" A dp;.
e Smooth functions fi,..., f, which are pairwise in involution, {f;, f;} =0

for all i,j, and whose differentials are linearly independent.

Then each x € U admits an open neighborhood V- C U on which we can determine
other smooth functions g1, ..., g, such that

n
w‘v = de’ A dgi.
i=1
The determination of g; uses exclusively the operations of integration, elimination
(use of the implicit function theorem), and partial differentiation.

Proof. If the functions ¢',...,q", fi,..., f» have linearly independent differentials
at a point « € U the result follows from (32.4). In the general case we consider the
Lagrangian subspace L C T, M spanned by Hy, (x),...,Hy, (). By lemma (32.3)
there exists a partition {1,...,n} = I U J such that the Langrangian subspace
W C T, M spanned by Hg:(x) for i € I and Hy,(x) for j € J, is complementary
to L. Now the result follows from lemma (32.4) by calling u*, k = 1,...,n the
functions ¢’ for i € I and p; for j € J. O
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32.6. Proposition. Let (M,w,h) be a Hamiltonian system on a symplectic man-
ifold of dimension 2n. We assume that the following data are known on an open
subset U of M.

e A canonical system of local coordinates (q*,...,q" p1,.-.,pn) on U such
that the symplectic form is given by w|U = >_1" | dq* A dp;.

o A family f = (f1,..., fn) of smooth first integrals for the Hamiltonian func-
tion h which are pairwise in involution, i.e. {h, f;} =0 and {f;, f;} =0 for
all i,j, and whose differentials are linearly independent.

Then for each x € U the integral curve of Hy, passing through x can be determined
locally by using exclusively the operations of integration, elimination, and partial
differentiation.

Proof. By lemma (32.5) there exists an open neighborhood V of z in U and
functions g1, ..., g, € C°°(V) such that w|V = > | df; A dg;. The determination
uses only integration, partial differentiation, and elimination. We may choose V' so
small that (f,g) := (f1,-.., fn,91,---,9n) is a chart on V with values in a cube in
R2",

We have already seen in (32.2.2) that h|V = ho (f,g) where h = ho (f,g)" ! is a
smooth function on the cube which does not depend on the g;. In fact h may be
determined by elimination since h is constant on the leaves of the foliation given
by fi; = ¢, ¢; constant.

The differential equation for the trajectories of Hy, in V is given by
oh : oh

:7_0’ gk = — =+ k:].,...,n,
g i

fk afk,

thus the integral curve F177 () is given by
Fr(FI™ (2)) = fin(@),
oh k=1,...,n. O

gk (F1™ () = g(z) — t aTck(f(x)),

32.7. Proposition. Let (M,w,h) be a Hamiltonian system with dim(M) = 2n and
let f=(f1,...,fn) be a family first integrals of h which are pairwise in involution,
{h, fi} =0 and {fi, f;} =0 for all i,j. Suppose that all Hamiltonian vector fields
Hy, are complete. Then we have:

(1) The vector fields Hy, are the infinitesimal generators of a smooth action
{:R"™ x M — M whose orbits are the isotropic leaves of the foliation with
Jumping dimension described in (32.2.3) and which can be described by

H

Uty (@) = (FI " o o FI ) ().

FEach orbit is invariant under the flow of Hy,.
(2) (Liouville’s theorem) If a € f(M) C R™ is a regular value of f and if N C
f~Y(a) is a connected component, then N is a Lagrangian submanifold and
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is an orbit of the action of R™ which acts transitively and locally freely on
N: For any point x € N the isotopy subgroup (R™), := {t € R"™ : ly(x) = x}
is a discrete subgroup of R™. Thus it is a lattice Zle 2nZv; generated by
k = rank(R"™), linearly independent vectors 2mv; € R™. The orbit N is
diffeomorphic to the quotient group R™/(R™), = T* x R"~*  a product of
the k-dimensional torus by an (n — k)-dimensional vector space.

Moreover, there exist constants (wy,...,wy,) € R™ such that the flow of the
Hamiltonian h on N is given by Flfh = Lipwr,...,twn) - 1f we use coordinates
(by mod 2m,...,bx mod 27, bgy1,...,b,) corresponding to the diffeomor-

phic description N = T* x R"* the flow of h is given by

F17" (by mod 2r, ..., b, mod 27, byy1, ..., by) =

= (by + te; mod 2w, ..., by + tc, mod 2m, b1 + teky1, ..., by + ten)

for constant ¢;. If N is compact so that k = n, this is called a quasiperiodic

flow.

Proof. The action ¢ is well defined since the complete vector fields Hy, commute,
see the proof of (3.17). Or we conclude the action directly from theorem (6.5). The
rest of this theorem follows already from (32.2), or is obvious. The form of discrete
subgroups of R™ is proved in the next lemma. [

32.8. Lemma. Let G be a discrete subgroup of R™. Then G is the lattice Zle Z v,
generated by 0 < k = rank(G) < n linearly independent vectors v; € R™.

Proof. We use the standard Euclidean structure of R"*. If G # 0 thereis 0 # v € G.
Let v; be the point in RuNG which is nearest to 0 but nonzero. Then GNRv = Zwv;y:
if there were w € G in one of the intervals (m, m + 1)v; then w — mv; € Ro; would
be nonzero and closer to 0 than v.

If G # Zv; there exists v € G \ Ru;. We will show that there exists a point v9
in G with minimal distance to the line Rvy but not in the line. Suppose that the
orthogonal projection prg,, (v) of v onto Ru lies in the intervall P = [m,m + 1]v;
for m € Z, consider the cylinder C = {z € prﬂgjl (P) : dist(z, P) < dist(v, P)} and
choose a point v2 € G\ Ry in this cylinder nearest to P. Then ve has minimal
distance to Rvy in G\ (Rvy) since any other point in G with smaller distance can
be shifted into the cylinder C' by adding some suitable muv;.

Then Zwvy 4+ Zvy forms a lattice in the plane Rv; + Rvg which is partitioned into
paralellograms Q = {ajv1 +agvy : m; < a; < m;+1} for m; € Z. If there is a point
w € G in one of these parallelograms @ then a suitable translate w — nyjv; — nowvs
would be nearer to Rv; than vs. Thus G N (Rvy + Rug) = Zvy + Zuvs.

If there is a point of G outside this plane we may find as above a point v3 of G with
minimal distance to the plane, and by covering the 3-space Rv; + Rvy + Rug with
parallelepipeds we may show as above that GN(Rv; +Rug+Ruz) = Zvy + Zvg + Zvs,
and so on. [
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33. Poisson manifolds

33.1. Poisson manifolds. A Poisson structure on a smooth manifold M is a Lie
bracket { , } on the vector space of smooth functions C'*°(M) satisfying also

(1) {f,gh}y ={f,9}h +g{f h}.

This means that for each f € C°°(M) the mapping ady = {f, } is a derivation of
(C>(M),-), so by (3.3) there exists a unique vector field H(f) = Hy € X(M) such
that {f,h} = Hy(h) = dh(Hy) holds for each h € C°>°(M). We also have H(fg) =
f Hy+ g Hy since Hyy(h) = {fg,h} = Fg,h} + gL, h} = (f Hy +g Hy)(h). Thus
there exists a unique tensor field P € D(A® T'M) such that

(2) {f.9} = Hy(g) = P(df,dg) = (df Ndg, P).

The choice of sign is motivated by the following. If w is a symplectic form on M
we consider, using (31.22):

w:TM —T*M, (W(X),Y)=w(lX,Y)
P=o"1:T"M —=TM, (4, P(p)) = P(p,9)
Hy =w~'(df) = P(df),  imw=df
= Hy(g) = (dg, Hy) = (dg, P(df)) = P(df,dg).
33.2. Proposition. Schouten-Nijenhuis bracket. Let M be a smooth man-
ifold. We consider the space T(ANTM) of multi vector fields on M. This space
carries a graded Lie bracket for the grading F(/\*+1 TM),«=-1,0,1,2,..., called
the Schouten-Nijenhuis bracket, which is given by
1) XA AXp,YiA---AY ] =
_Z DXL Y AXIA X AXpAYI ALY A Y.

@ I, ]——(df) ;

where 1(df) is the insertion operator /\kTM — /\k_lTM, the adjoint of df A( ) :
NT*M — N M.

This bracket has the following properties: Let U € T(A\"TM), V € T(A\"TM),
W e T(N“TM), and f € C°(M,R). Then

(3) U, V] = (=)D, u]

(4) U, [V, W]] = [[U, V], W] + (=)= DD, [U, W]
(5) U,V AW] = [U,V]AW + (=1)“= DV A [U, W]
(6) (X, U] = LxU,
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(7) Let P € D(N°> TM). Then the skew-symmetric product {f, g} := (df Adg, P) on
C>™(M) satisfies the Jacobi identity if and only if [P, P] =0

[Schouten, 1940] found an expression for (—1)“~*[U, V] in terms of covariant deriva-
tives which did not depend on the covariant derivative, [Nijenhuis, 1955] found that
it satisfied the graded Jacobi identity. In [Lichnerowicz, 1977] the relation of the
Schouten Nijenhuis-bracket to Poisson manifolds was spelled out. See also [Tulczy-
jew, 1974], [Michor, 1987] for the version presented here, and [Vaisman, 1994] for
more information.

Proof. The bilinear mapping \"T(TM) x A'T(TM) — NP 'D(TM) given by

(1) factors over /\kF(TM) — /\goc(M)F(TM) = I‘(/\kTM) since we may easily
compute that

(XiA - AXp,VIA-AfY; A AY = fIXIA - AX,, YT A AY ]+
+ (=DPUdf ) (X1 A AX)AYI A AY.

So the bracket [ , ] : D(A" 'TM) x T(NT'TM) — T(N*™1TM) is a well
defined operation. Properties (3)—(6) have to be checked by direct computations.

Property (7) can be seen as follows: We have

(8) {f’g} = <df/\d97P> = <dg7i<df>P> = _<dg’ [faP]> = [97 [f?P]]

Now a straightforward computation involving the graded Jacobi identity and the
graded skew symmetry of the Schouten-Nijenhuis bracket gives

7, L9, [f, [P PII] = =2({f, {9, 3} + {9, {h, F}} + {h. { [, 9} })-
Since [h, [g, [f, [P, P]]]] = {(df A dg A dh, [P, P]) the result follows. O
33.3. Hamiltonian vector fields for Poisson structures. Let (M, P) be a
Poisson manifold. As usual we denote by P : T*M — TM the associated skew sym-
metric homomorphism of vector bundles. Let X(M, P) :={X € X(M) : LxP =0}

be the Lie algebra of infinitesimal automorphisms of the Poisson structure. For
f € C®(M) we define the Hamiltonian vector field by

(1) grad” (f) = Hy = P(df) = [, P] = —[P. f/] € (M),

and we recall the relation between Poisson structure and Poisson bracket (33.1.2)
and (33.2.8)

{f,g} = Hy(g) = P(df,dg) = (df Ndg, P) = [g,f, P]].
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Lemma. The Hamiltonian vector field mapping takes values in X(M, P) and is a
Lie algebra homomorphism

H:gradP
_—

(COO(M)7{ ) }P) %(M,P).

Proof. For f € C*(M) we have:

0= [fa[P,P]] :[[f,P},P]f[P,[f,PH :2[[f’P],P]7
Lo, P=[Hy, Pl = ~[[f. P, P] = 0.

For f,g € C°(M) we get

[Hf7Hg] = [[f’P]’[g?P]]
= [g,[[f,P],PH - [[g’[fvp]]vp]
= [g’_‘CHfP] - [{f’g}7p] :0+H({fag}) U

33.4. Theorem. Let (M, P) be a Poisson manifold. Then P(T*M) C TM is an
integrable smooth distribution (with jumping dimension) in the sense of (3.23). On
each leaf L (which is an initial submanifold of M by (3.25)) the Poisson structure
P induces the inverse of a symplectic structure on L.

One says that the Poisson manifold M is stratified into symplectic leaves.

Proof. We use theorem (3.28). Consider the set V := {P(df) = H; = —[f, P] :
f e C®(M)} € X(P(T*M)) of sections of the distribution. The set )V spans the
distribution since through each point in 7*M we may find a form df. The set V is
involutive since [Hy, Hy] = H{y gy. Finally we have to check that the dimension of

P(T*M) is constant along flow lines of vector fields in V, i.e., of vector fields Hy:
P=F) P =TF")oPo(TFI")* since Ly, P =0,

— dim P(T* u, M) = constant in t.

Fl, 7 ()
So all assumptions of theorem (3.28) are satisfied and thus the distribution P(T*M)
is integrable.

Now let L be a leaf of the distribution P(7*M), a maximal integral manifold. The
2-vector field P|L is tangent to L, since a local smooth function f on M is constant
along each leaf if and only if P(df) = —df o P : T*M — R vanishes. Therefore,
P|L : T*L — TL is an injective homomorphism of vector bundles of the same
fiber dimension, and is thus an isomorphism. Then &y := (P|L)~' : TL — T*L
defines a 2-form wy, € Q?(L) which is non-degenerate. It remains to check that wr,
is closed. For each x € L there exists an open neighborhood U C M and functions
f,g,h € C>=(U) such that the vector fields Hy = P(df)|L, H,, and Hj, on L take
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arbitrary prescribed values in T, L at € L. Thus dwy = 0 € Q3(L) results from
the following computation:

wr(Hy, Hy) = (im,wr)(Hy) = or(Hy)(Hy) = df (Hy) = {g, f},
dwr(Hy, Hy, Hp) = Hp(wr(Hg, Hp)) + Hy(wr (Hp, Hy)) + Hp(wr(Hy, Hg))—
—wr([Hy, Hyl, Hy) — wi([Hg, Hp], Hy) — wr([Hn, Hy), Hy)
= {{h. g}, f} + {{f.h} 9} + {{g, f}. 1}
—{nAf. 9ty —{f A9, n}} —{g.{h, f}} =0. O

33.5. Proposition. Poisson morphisms. Let (M, Py) and (M, Py) be two
Poisson manifolds. A smooth mapping ¢ : My — My is called a Poisson morphism
if any of the following equivalent conditions is satisfied:

(1) For all f,g € C>(My) we have 9*{f,g}2 = {¢"f, ¢ g}

(2) For all f € C*°(Ms) the Hamiltonian vector fields H;*f € X(My, Py) and
H]% € X(Ms, Py) are p-related.

(3) We have N°Tpo P = Pyog: My — N\ TMs,.

(4) For each x € My we have

Typo (pl)w o(Tup)* = (P2)go(ac) ga(;v)MQ — Top(a) Moa.

Proof. For x € M; we have

{o"f, e gh(2) = (P1)a(d(f 0 ©)]a, d(g 0 ¢)l2)
= (P1)2(df | () Tops A9 p(a) Tetp)
= (P1). N (Typ)* '(df|tp(w)7dg|<p(a:))
= N°To0.(Pr)o-(df | p(2)> 49l ()
o™ {f, 9}t2(x) = {f. g}2(0(2)) = (P2) () (df | o(2) A9 ()

This shows that (1) and (3) are equivalent since df (y) meets each point of T Ms.
(3) and (4) are obviously equivalent.

(2) and (4) are equivalent since we have

Ty H f( T) = Tx@-(pl)x-d(f °op)ls = Tx‘ﬁ~(p1)x~(Tx‘P)*-df|go(a:)
( ( )) (pQ)ga(a:)'dep(ac)' U

33.6. Proposition. Let (M, Py), (Ms, P2), and (M3, P3) be Poisson manifolds
and let ¢ : My — Ms and v : My — Mgz be smooth mappings.
(1) If ¢ and v are Poisson morphisms then also 1 o ¢ is a Poisson morphism.
(2) If ¢ and ¥ o v are Poisson morphisms and if ¢ is surjective, then also v is

a Poisson morphism. In particular, if ¢ is Poisson and a diffeomorphism,
then also ="' is Poisson.
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Proof. (1) follows from (33.5.1), say. For (2) we use (33.5.3) as follows:
ATpoP,=Pyop and A*T(pop)oP,=Psotpoyp imply
A2TpoPyop=ANTpoA ' poP=AT(pop)oP,=Pso1)op,
which implies the result since ¢ is surjective. [

33.7. Example and Theorem. For a Lie algebra g there is a canonical Poisson
structure P on the dual g*, given by the dual of the Lie bracket:

[ ) ]:AQQ_)97 P:_[ ) ]*:g*_)AQ *7
{f,9}(@) = (a,[dg(a),df (a)])  for f,g € C=(g"), € g"
The symplectic leaves are exactly the connected components of coadjoint orbits with

their symplectic structures from (31.14).

Proof. We check directly the properties (33.1) of a Poisson structure. Skew sym-
metry is clear. The derivation property (33.1.1) is:

{f,gh}(a) = (a, [h(@)dg(a) + g(a)dh(), df (a))])
= (o, [dg(a), df (a)])h(a) + g(@)(a, [dh(a), df (@)])
= {f.gth+9{f,h})(a).
For the Jacobi identity (33.1.1) we compute

(8,d{g, h}|a) =
= (B, [dh(a), dg(a)]) + (o, [@*h(a)(B, ), dg(a)]) + (o, [dh(a),d?*g()(B, )])
= (B, [dh(), dg(@)]) = ((adag(a)) "o, d*h(@)(B, ) + ((adan(a)) . d*g() (B, )

= (8, [dh(a), dg(a)]) — d*h(a)(B, (adag(a)) @) + d*g(a) (B, (adan(a)) ")

and use this to obtain

{f{g,h1} (@) = (a [d{g,h}( ) df (a)]) =

= (a, [[dh(e), dg(a)), df (a)])—
—{a [Qh(a)( s (adg(ay) "), df ()]) + (e, [d*g(a)(, (adan(a))*a), df (a)])
= (&, [[dh(a), dg(a)], df ()])—

- dzh(a)((addf(a)) Q, (addg(a))*a) + d29(a)((addf(a))*a’ (addh(a))*a)'
The cyclic sum over the last expression vanishes. Comparing with (31.14) and
(31.22.2) we see that the symplectic leaves are exactly the coadjoint orbits, since

(Hf(a),dg(a)) = Hp(g)la = {f, g} (a) = (o, [dg(), df (a)])
—((adgg (o))", dg(a))
Hy(a) = —(adgp(a)) o
The symplectic structure on an orbit O = Ad(G)*« is the same as in (31.14)
which was given by wo(Cx,(y) = evix y] where (x = —ad(X)* is the fundamental
vector field of the (left) adjoint action. But then devy ((x(a)) = —(ad(X)*a,Y) =
(o, [Y, X]) = wo(Cy, Cx) so that on the orbit the Hamiltonian vector field is given by
Hey, = ¢y = —ad(Y)* = —ad(devy(a))*, as for the Poisson structure above. [
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33.8. Theorem. Poisson reduction. Let (M, P) be a Poisson manifold and
let v : M x G — M be the right action of a Lie group on M such that each
r9: M — M is a Poisson morphism. Let us suppose that the orbit space M /G is a
smooth manifold such that the projection p: M — M/G is a submersion.

Then there exists a unique Poisson structure P on M/G such that p : (M, P) —
(M/G, P) is a Poisson morphism.

The quotient M /G is a smooth manifold if the action is proper and all orbits of G
are of the same type: all isotropy groups G, are conjugated in G. See (29.21)

Proof. We work with Poisson brackets. A function f € C*(M) is of the form
f = fopfor f € C®(M/G) if and only if f is G-invariant. Thus p* : C®°(M/G) —
C>(M) is an algebra isomorphism onto the subalgebra C°°(M)% of G-invariant
functions. If f,h € C*°(M) are G-invariant then so is {f, h} since (r9)*{f,h} =
{(r9)!, (r9)*h} = {f,h} by (33.5), for all g € G. So C(M)% is a subalgebra for
the Poisson bracket which we may regard as a Poisson bracket on C*°(M/G). O

33.9. Poisson cohomology. Let (M, P) be a Poisson manifold. We consider the

mapping
6p =[P, |:T(A*'TM)— T'(A*TM)

which satisfies dp o p = 0 since [P, [P,U]] = [[P, P],U] + (—=1)*1[P,[P,U]] by the
graded Jacobi identity. Thus we can define the Poisson cohomology by

_ ker(dp : D(AFTM) — D(A*ITM))

k .
Hposson (M) = im(0p : T(AF—1TM) — T(AFTM)) "
dim(M)
(1) H;’OiSSOIl(M) = @ Hchoisson(M)
k=0

is a graded commutative algebra via U A V since im(dp) is an ideal in ker(dp) by
(33.2.5). The degree 0 part of Poisson cohomology is given by

(2) Hgoisson(M) = {f € COO(M) : Hf = {fv } = 0}7

i.e. the vector space of all functions which are constant along each symplectic leaf of
the Poisson structure, since [P, f] = [f, P] = —i(df)P = —P(df) = —H; = —{f, }
by (33.2.2), (33.2.8), and (33.1.2). The degree 1 part of Poisson cohomology is given
by

(X ex(M):[P,X]=-LxP=0} X(M, P)
a {[P.f]: feC=(M)} - {Hp: feC=(M)}

Thus we get the following refinement of lemma (33.3). There exists an exact se-
quence of homomorphisms of Lie algebras:

H = grad”
_—

(3) Hl%'oisson (M)

0 %ngoisson(M) i)C’OO(‘]M-) X(M, P) i)}LIIIDOisson(]M') 4)07
0 {3 [ ] [ ]
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where the brackets are written under the spaces, where « is the embedding of the
space of all functions which are constant on all symplectic leaves, and where ~y is
the quotient mapping from (3). The bracket on H} (M) is induced by the Lie

Poisson

bracket on X(M, P) since {H; : f € C*°(M)} is an ideal: [Hy, X] = [-[f, P], X] =
=[P X)) = [P [f, X]) = 0+ [X(f), Pl = —Hx(y)-

33.10. Lemma. [Gelfand, Dorfman, 1982], [Magri, Morosi, 1984], Let (M, P) be
a Poisson manifold.

Then there exists a Lie bracket { , 1} : QY M) x QY (M) — QY (M) which is
given by

(1) {0, = Lpoy = Lpsyp — d(P(p,9))

= Lp)¥ = Loy — dipp) ¥,
It is the unique R-bilinear skew symmetric bracket satifying
(2) {df . dg}' = d{f,g} for f,g € CF(M)
(3) {Qpaf’l/)}l = f{@ﬂ/}}l +‘C15(go)(f)7/} fOT QD,ZZJ € QI(M)
Furthermore P, : Q' (M) — X(M) is a homomorphism of Lie algebras:
(4) P({p,0}") = [P(p), P(Y)] for o,y € Q1 (M).

The coboundary operator of Poisson cohomology has a similar form in terms of the
bracket { , }' as the exterior derivative has in terms of the usual Lie bracket.
Namely, for U € T(A*TM) and o, ..., ¢r € Q' (M) we have

k
(5) (=1)*©pU) (g0, - .-, 1) = Z(—l)iﬁp(w)(U(Wo, s Pis e 1))
i=0
+ Z(—l)iHU({g@i, cpj}l, GOs e s Piy s P s Ph)

1<j

Proof. (1) is skew symmetric R-bilinear and satisfies (2) and (3) since by (33.3)
we have

{df,dg}' = ‘CP(df)dg - ‘Cp(dg)df —d(P(df,dg)) = dLu,g9 — dLy,f — d{f. g}
=d{f, g},
{e, f¢}1 = L:P(gp)(fl/)) - ﬁfp(qp)@ —d(fP(p,7))
= Lp(oy (N + FLpy () = FLp W — o(P(4)) df —
— P(p,4)df — f d(P(p,1))
= fHe 0} + L) ()¢

So an R-bilinear and skew symmetric operation satisfying (2) and (3) exists. It is
uniquely determined since from (3) we see that is local in v, i.e. if ¥|U = 0 for
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some open U then also {¢,9}*|U = 0 by using a appropriate bump functions. By
skew symmetry it also local in ¢. But locally each 1-form is a linear combination
of expressions f df’. Thus (2) and (3) determine the bracket { , }!' uniquely. By
locality it suffices to check the condition (4) for 1-forms fdf’ only:
P({fdf',gdg'}") = P(fg{df',dg'}" + f Hy (9)dg' — g Hy (f)df’)

= fg P@{f',g'}) + [ Hy(9) P(dg) — g Hy (f) P(df")

= fgHpr gy + [ Hy(g) P(dg') — g Hy (f) P(df')

=fglHp,Hyl+ fHy(9)Hy —gHy (f) Hyr

= [fHy,9Hy] = [P(fdf'), P(gdg)]-
Now we can check the Jacobi identity. Again it suffices to do this for 1-forms f df’.
We shall use:

{fdf',gdg'}' = fg{df’,dg'Y' + f Hp (9)dg' — g Hy (f)df’
= fgd{f'.g'y+ f{f 9} dg —g{d’. f}df

in order to compute

{rdf'.gdg'}' . ndh'}' = {{fgd{f'.g'y + f{f' 9} dg' — g{g'. f}df' . hdh'}!
= {fgd{f'.g'y hdh’}' + {f{f' 9} dg'. hdh'}" —{g{g’, f}df',hdh'}'
= fohd{{f",g'}.0'} + fol{f', g’} h} db' — h{l, fg} d{f', g’}
+ At gthdlg' W'y + I gHg' by dh' = b f{f g}} dg’
—glg, fYhd{f" '}y = glg', fHS Wy dl + Wl glg’, f}} df’
= fohd{{f".g'}, W'} + (folf' . {g' . h}}dh' — folg'{f', n}} dR')
+ (—gh{l', fYa{f'.g't — fR{I', g} d{f".d'})
+hf{f' gt dlg’ n'y + H{f gHg' b} di'
+ (=R I g} dg' — hf{W {f', 9}} dg)
—hglg', fYa{f' .0’} — g{g’. FHSf' R} dI’
+ (W gy’ fYdf + gh{l' {g', f}} df').
The cyclic sum over these expression vanishes by once the Jacobi identity for the
Poisson bracket and many pairwise cancellations.

It remains to check formula (5) for the coboundary operator of Poisson cohomology.
we use induction on k. For k = 0 we have

(0pf)dg) = Lu,f =19, f} = —Lu,9 = —Hs(dg) = [P, f](dg).
For k =1 we have
(0pX)(df,dg) = L, (X (dg)) — L, (X(df)) — X ({df,dg}")
= Ln,(X(dg)) — La,(X(df)) — X(d{f,g})
[P, X|(df,dg) = —(Lx P)(df,dg) = —Lx (P(df,dg)) + P(Lxdf,dg) + P(df, Lxdg)
= —X(d{g, f}) + {9, X(df)} + {X(dg), f}
= —(X(d{f,9}) — Lu,(X(df)) — Lu,(X(dg))) = —(0p)(df,dg).
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Finally we note that the algebraic consequences of the definition of dp are the same
as for the exterior derivative d; in particular, we have 6p(U A V) = (6pU) AV +
(=1)*UA(6pV). So formula (5) now follows since both sides are graded derivations
and agree on the generators of I'(A*T'M), namely on C*°(M) and on X(M). O

33.11. Dirac structures — a common generalization of symplectic and
Poisson structures. [T. Courant, 1990], [Bursztyn, Radko, 2003], [Bursztyn,
Crainic, Weinstein, Zhu, 2004]. Let M be a smooth manifold of dimension m. A
Dirac structure on M is a vector subbundle D C T'M xj; T*M with the following
two properties:
(1) Each fiber D, is maximally isotropic with respect to the metric of signature
(m,m) on TM x5 T*M given by (X, a),(X',a/))+ = a(X’) + /(X). So
D is of fiber dimension m.
(2) The space of sections of D is closed under the non-skew-symmetric version
of the Courant-bracket [(X, @), (X', o/)] = ([X, X'], Lxa’ —ix da).
If (X, ) and (X', ) are sections of D then ixa’ = —ix« by isotropy, thus
Lxad —ixda =ixda’ + %d(ixa’ —ixra) —ixsda so the Courant bracket
is skew symmetric on I'(D).
Natural examples of Dirac structures are the following:
(3) Symplectic structures w on M, where D = D¥ = {(X,0(X)) : X € TM} is
just the graph of © : TM — T*M. More generally, for a 2-form w on M the graph
D¥ of @ : TM — T*M is a Dirac structure if and only if dw = 0 (a presymplectic
structure); these are precisely the Dirac structures D with TM N D = {0}. Namely,

(X, 0(X)), (Y,0(Y)))s = w(X,Y) + w(Y, X) =0
[(X, ixw)7 (Y, iyw)] ([X, Y], ﬁxiyw - iydixw)

Lxiyw —iydixw = i[X’y]w +ivLxw —iydixw = i[X’y]w + iyixdw.

(4) Poisson structures P on M where D = D¥ = {(P(a),a) : a € T*M} is the
graph of P : T*M — TM; these are precisely the Dirac structures D which are
transversal to T M. Namely,

(P(a),a),(P(B),8))+ = P(a, B) + P(B,) = 0,
[(P(a), @), (P(B), 8)] = ([P(), P(B)], L payB — ip(zyder)
= (P({a,8}"),{a, 8}")

using (33.10). Given a Dirac structure D on M we consider its range R(D) =
proy (D) ={X € TM : (X,«) € D for some o € T*M}. There is a skew symmet-
ric 2-form ©p on R(D) which is given by ©p(X, X') = a(X') where a € T*M is
such that (X, ) € D. The range R(D) is an integrable distribution of non-constant
rank in the sense of (3.28), so M is foliated into maximal integral submanifolds L
of R(D) of varying dimensions, which are all initial submanifolds. The form ©p
induces a closed 2-form on each leaf L and (L,©p) is thus a presymplectic mani-
fold (©p might be degenerate on some L). If the Dirac structure corresponds to a
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Poisson structure then the (L, ©p) are exactly the symplectic leaves of the Poisson
structure.

The main advantage of Dirac structures is that one can apply arbitrary push for-
wards and pull backs to them. So if f : N — M is a smooth mapping and Dy,
is a Dirac structure on M then the pull back is defined by f*Dy = {(X, f*a) €
TNXxNT*N : (Tf.X,a) € Dy} Likewise the push forward of a Dirac structure Dy
on N is given by f, Dy = {(Tf.X,a) € TMxyT*M : (X, f*a) € Dy}. If D = D*
for a closed 2-form w on M then f*(D*) = Df"“. If Py and Py, are Poisson struc-
tures on N and M, respectively, which are f-related, then f,DF~ = Df<Pv = DPu

34. Hamiltonian group actions and momentum mappings

34.1. Symplectic group actions. Let us suppose that a Lie group G acts from
the right on a symplectic manifold (M,w) by r : M x G — M in a way which
respects w, so that each transformation 79 is a symplectomorphism. This is called
a symplectic group action. Let us list some immediate consequences:

(1) The space C(M)C of G-invariant smooth functions is a Lie subalgebra for the
Poisson bracket, since (r9)*{f,h} = {(r9)* f,(r9)*h} = {f, h} holds for each g € G
and f,h € C>=(M)¢.

(2) For x € M the pullback of w to the orbit .G is a 2-form of constant rank
and is invariant under the action of G on the orbit. Note first that the orbit is an
initial submanifold by (6.4). If ¢ : .G — M is the embedding of the orbit then
r9 o4 =1qior9, sothat i*w = i*(r9)*w = (r9)*i*w holds for each g € G and thus
i*w is invariant. Since G acts transitively on the orbit, i*w has constant rank (as a
mapping T(x.G) — T*(z.G)).

(3) By (6.3) the fundamental vector field mapping ¢ : g — X(M,w), given by
C(x(x) =Te(r(x, ))X for X € gand x € M, is a homomorphism of Lie algebras,
where g is the Lie algebra of G. (For a left action we get an anti homomorphism
of Lie algebras, see (6.2)). Moreover, ¢ takes values in X(M,w). Let us consider
again the exact sequence of Lie algebra homomorphisms from (31.22):

0— HO(M) —2 M) —H L x(m,w) — L HY (M) — 0

One can lift ¢ to a linear mapping j : g — C°°(M) if and only if v o { = 0. In this
case the action of G is called a Hamiltonian group action, and the linear mapping
j:g— C®(M) is called a generalized Hamiltonian function for the group action.
It is unique up to addition of a mapping o 7 for 7: g — H(M).

(4) If HY(M) = 0 then any symplectic action on (M,w) is a Hamiltonian action.
If not we may lift w and the action to the universal cover of M. But if yo( # 0
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we can replace g by its Lie subalgebra ker(yo () C g and consider the corresponding
Lie subgroup G which then admits a Hamiltonian action.

(5) If the Lie algebra g is equal to its commutator subalgebra [g, g, the linear span
of dll [X,Y] for X,Y € g, then any infinitesimal symplectic action ¢ : g — X(M,w)
is a Hamiltonian action, since then any Z € g can be written as Z = >, [X;, Y] so
that (z = Y [Cx,, (v;] € im(grad“) since v : X(M,w) — H'(M) is a homomorphism
into the zero Lie bracket.

34.2. Lemma. Momentum mappings. For an infinitesimal symplectic action,
i.e. @ homomorphism ¢ : g — X(M,w) of Lie algebras, we can find a linear lift
j:g— C®(M) if and only if there exists a mapping J : M — g* such that

H(J,X>:CX for all X € g.

Proof. Namely, for y € M we have

J:M—g' (J(y),X)=iX)y) €eR, j:g—C*(M). O

The mapping J : M — g* is called the momentum mapping for the infinitesimal
action ¢ : g — X(M,w). This holds even for a Poisson manifold (M, P) (see section
(33)) and an infinitesimal action of a Lie algebra ¢ : g — X(M, P) by Poisson
morphisms. Let us note again the relations between the generalized Hamiltonian j
and the momentum mapping J:

J:M—g*, j:g—C®M), (:9—X%X(M,P),
(1) (J, X)=j(X) e C*(M), Hjx) =¢X), Xeg,
where (, ) is the duality pairing.

34.3. Basic properties of the momentum mapping. Let r : M x G — M
be a Hamiltonian right action of a Lie group G on a symplectic manifold M, let
j:g— C°(M) be a generalized Hamiltonian and let J : M — g* be the associated
momentum mapping.

(1) For x € M, the transposed mapping of the linear mapping dJ(x) : T,M — g* is
di(x)" g —TyM,  dJ(2)" =@, 0,
since for £ € T, M and X € g we have
(dJ (), X) = (igdJ, X) = igd{J, X) = igicxyw = (02 (Cx (7)), §)-

(2) The image dJ(T, M) of dJ(x) : TuM — g* is the annihilator g5 of the isotropy
Lie algeba g, := {X € g: (x(z) = 0} in g*, since the annihilator of the image is
the kernel of the transposed mapping,

im(dJ(x))° = ker(dJ(m)T) = ker(w, o {) = ker(ev, o() = g..
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(3) The kernel of dJ(x) is the symplectic orthogonal (T, (z.G))*+ C T, M, since for
the annihilator of the kernel we have

ker(d.J(z))° = im(dJ(z) ") = im(@, 0 ¢) = {0 (Cx (2)) : X € g} = 0o (T (2.G)).

(4) For each x € M the rank of dJ(x) : T,M — g* equals the dimension of the
orbit .G, i.e. to the codimension in g of the isotropy Lie algebra g,. This follows
from (3) since

rank(dJ(x)) = codimy, ps (ker dJ(z)) = dim(ker(dJ(z))°) = dim(T,(x.G)).

(5) The momentum mapping J : M — g* is a submersion at x € M if and only if
the isotropy group G, is discrete.

(6) If G is connected, x € M is a fixed point for the G-action if and only if x is a
critical point of J, i.e. dJ(x) = 0.

(7) Suppose that all orbits of the G-action on M have the same dimension. Then
J : M — g* is of constant rank. Moreover, the distribution F of all symplectic
orthogonals to the tangent spaces to all orbits is then an integrable distribution
of constant rank and its leaves are exactly the connected components of the fibers
of J. Namely, the rank of J is constant by (3). For each x € M the subset
J=1(J(z)) is then a submanifold by (1.13), and by (1) J~'(J(z)) is a maximal
integral submanifold of F through x.

A direct proof that the distribution F is integrable is as follows: it has constant
rank, and is involutive, since for £ € X(M) we have £ € X(F) if and only if
teicyw = —w(§,(x) =0 for all X € g. For {,n € X(F) and X € g we have

i[&,n]iCxw = [,Cg, in}icxw = ‘CEiniCxw - inﬁgicxw =0-— inigdicxw — indigicxw =0.

(8) (E. Noether’s theorem) Let h € C*°(M) be a Hamiltonian function which is
invariant under the Hamiltonian G action. Then the momentum mapping J :
M — g* is constant on each trajectory of the Hamiltonian vector field Hy,. Namely,

4(JoF™, X) = (dJ o L FI/™ X) = (dJ(Hy) o F™", X) = (ip, d(J, X)) o FI;™
= {h,(J,X)} o FIf’* = —{(J,X),h} o FIf" = —(L¢ h) o FI{* = 0.

E. Noether’s theorem admits the following generalization.

34.4. Theorem. (Marsden and Weinstein) Let G1 and G2 be two Lie groups
which act by Hamiltonian actions r1 and ro on the symplectic manifold (M, w), with
momentum mappings J1 and Jo, respectively. We assume that Jo is G1-invariant,
i.e. Jo is constant along all G1-orbits, and that G5 is connected.

Then Ji is constant on the Ga-orbits and the two actions commute.
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Proof. Let (' : g; — X(M,w) be the two infinitesimal actions. Then for X; € g;
and X5 € go we have

EC?(Z <J1,X1> = i<§(2d<J1,X1> = iC§<2iC§(1w = {<J2,X2>, <J1,X1>}
= _{<J17X1>7 <J27X2>} = _ZC}{I d<J27X2> = _CC}(I <J2aX2> =0

since Jy is constant along each Gi-orbit. Since G5 is assumed to be connected,
Ji1 is also constant along each Gs-orbit. We also saw that each Poisson bracket
{(J2, X3), (J1, X1)} vanishes; by H;, x,y = C%, we conclude that [k ,(%,] =0 for
all X; € g; which implies the result if also G is connected. In the general case we
can argue as follows:

(1) ¢X, = (") Hgy o) = (1) (@7 d( 2, X2))
= () w)) 7 d{(r]") " o, Xo) = (07 d(J2, Xa) = Hgy xa) = Ko
Thus r{* commutes with each TSXp(tXQ) and thus with each r5?, since Gy is con-
nected. O

34.5. Remark. The classical first integrals of mechanical systems can be derived
by Noether’s theorem, where the group G is the group of isometries of Euclidean
3-space R3, the semidirect product R3 x SO(3). Let (M,w,h) be a Hamiltonian
mechanical system consisting of several rigid bodies moving in physical 3-space.
Then the Hamiltonian function is the sum of the kinetic energy and the potential
energy. This system is said to be free if the Hamiltonian function h describing the
movement of the system is invariant under the group of isometries acting on R?
and its induced action on phase space M C T*(R3¥). This action is Hamiltonian
since for the motion group G we have [g,g] = g, by (34.1.5). Equivalently, the
action is free, if there is no potential. Then there exists a momentum mapping
J = (Ji,Ja) : M — (R3 x50(3)* = (R®)* x s50(3)*. Its component J; is the
momentum mapping for the action of the translation group and is called the linear
momentum, the component J, is the momentum mapping for the action of the
rotation group and is called the angular momentum.

The momentum map is essentially due to Lie, [Lie, 1890], pp. 300-343. The
modern notion is due to [Kostant, 1966], [Souriau, 1966], and Kirillov [Kirillov,
1986]. [Marmo, Saletan, Simoni, 1985], [Libermann, Marle, 1987] and [Marsden,
Ratiu, 1999] are convenient references, [Marsden, Ratiu, 1999] has a large and
updated bibliography. The momentum map has a strong tendency to have convex
image, and is important for representation theory, see [Kirillov, 1986] and [Neeb,
1999]. Recently, there is also a proposal for a group-valued momentum mapping,
see [Alekseev, Malkin, Meinrenken, 1998].

34.6. Strongly Hamiltonian group actions. Suppose that we have a Hamil-
tonian action M x G — M on the symplectic manifold (M,w), and consider a
generalized Hamiltonian j : g — C°°(M), which is unique up to addition of awo 7
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for some 7 : g — H(M).

0— HO(M) —2 M) —H L x (M, w) — L HY (M) — 0

We want to investigate whether we can change j into a homomorphism of Lie
algebras.

(1) Themap g 2 X,Y — {jX,jY} —j([X,Y]) =: 3(X,Y) takes values in ker(H) =
im(«) since

H({jX,jY}) - H(j([X,Y])) = [Hjx, Hjy] = (x,y] = [(x: ¢v] = (x,y] = 0.

Moreover, 7 : A2g — H°(M) is a cocycle for the Chevalley cohomology of the Lie
algebra g, as explained in (14.14):

dj(X,Y7Z) = - Z j([X7Y]7Z) = Z ({J([X7Y])7]Z} _j([[X’YLZ]))

cyclic cyclic
cyclic
cyclic

by the Jacobi identity and since 7(X,Y) € H°(M) which equals the center of the
Poisson algebra. Recall that the linear mapping j : g — C°°(M) was unique only
up to addition of a mapping awo 7 for 7: g — H(M). But

FHTXY) ={G+ )X, [+ 7)Y} = (G +7)(X,Y])
= {iX, 3V} +0—4([X,Y]) = 7([X,Y]) = (7 +d7)(X,Y).

Thus, if v o ¢ = 0, there is a unique Chevalley cohomology class ¢ := [j] €
H? (g, HO(M)),

(2) The cohomology class ¢ = [J] is automatically zero if H2(g, H(M)) = H?(g) ®
H°(M) = 0. This is the case for semisimple g, by the Whitehead lemmas, see
[Hilton, Stammbach, 1970], p. 249.

(3) The cohomology class ¢ = [7] is automatically zero if the symplectic structure
w on M is exact, w = —df for € Q' (M), and L0 = 0 for each X € g: Then we
may use j(X) = Z'CXQ = H(CX), since i(Hjx)w = d(jX) = di<X0 = L:Cxa - icxde =
0+ i¢yw implies H;x = (x. For this choice of j we have

j(va) = {]X,]Y}’ _j([X7 Y]) = ‘CHJ'X (]Y> - iC([X=Y])9 = ‘CCXiCYH - i[<X1CY]9
= L¢yicy 0 — [ECX’iCY]Q = ficyﬁgxg =0.
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This is the case if M = T*Q is a cotantent bundle and if ¢ : g — X(T*Q,wg) is
induced by ¢ : g — X(Q). Namely, by (31.10) we have:

Lo = G|y FLY)0g = &I, (T°(FI7¥))*0g = 0.

(4) An example, where the cohomology class ¢ = [j] € H?(g, H°(M)) does not
vanish: Let g = (R%,[ , ] = 0) with coordinates a,b. Let M = T*R with
coordinates ¢,p, and w = dg A dp. Let (qp) = ady + b9,. A lift is given by
j(a,b)(q,p) = ap — bg. Then

J((a1,b1), (az,b2)) = {j(a1,b1),j(az,b2)} — j(0) = {a1p — b1q, asp — baq}
= —a1bs + agb;.

(5) For a symplectic group action r : M x G — M of a Lie group G on a symplectic
manifold M, let us suppose that the cohomology class ¢ = [j] € H?(g, H°(M))
from (34.1.1) vanishes. Then there exists 7 € L(g, HY(M)) with dr = 7, i.e.

dT(X, Y) = _T([X7Y]) = j(X7Y) = {]XJY} _]([va])
J—TXY)={({-7)X,( -1V} - (- 7)(X.Y])
={iX, Y} +0— (X, Y]) + 7([X,Y]) =0,

so that j — 7 : g — C°°(M) is a homomorphism of Lie algebras. Then the action
of G is called a strongly Hamiltonian group action and the homomorphism j — 7 :
g — C°°(M) is called the associated infinitesimal strongly Hamiltonian action.

34.7. Theorem. The momentum mapping J : M — g* for an infinitesimal
strongly Hamiltonian action j : g — C>(M) on a Poisson manifold (M, PM) has
the following properties:
(1) J is infinitesimally equivariant: For each X € g the Hamiltonian vector
fields Hj(xy = (x € X(M, P) and ad(X)* : g* — g* are J-related.
(2) J is a Poisson morphism J : (M, PM) — (g*, P9") into the canonical Pois-
son structure on g* from (33.7).
(3) The momentum mapping for a strongly Hamiltonian right action of a con-

nected Lie group G on a Poisson manifold is G-equivariant: J(z.g) =
Ad(g)*.J(z).

Proof. (1) By definition (34.2.1) we have (J(z), X) = j(X)(x); differentiating this
we get (dJ(z)(&:), X) = d(j(X)) (&) or d(J, X) = dj(X) € Q'(M). Then we have

(dJ(Cx),Y) =dj(Y)(Cx) = Hix)(5(Y)) = {5(X),5(Y)} = j[X, Y],
(ad(X)* 0 J,Y) = (J,ad(X)Y) = (J,[X,Y)),
dJ.Cx = ad(X)" o J.
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(2) We have to show that A2d.J(z).PM = P9 (J(z)), by (33.5.3).

(P o J,X AY) = (J,[X,Y]) by (33.7)
=jX, Y] ={i(X),i(Y)},
(A%dJ(x).PM X ANY) = (A%dJ(2)* (X AY), PM) = (dJ(x)* X AdJ(z)*Y, PM)
= (PM,d(J,X) Nd(J,Y))(x) = (PM,dj(X) A dj(Y))(x)
={/(X),i(Y)}(=).

(3) is an immediate consequence of (1). O

34.8. Equivariance of momentum mappings. Let J : M — g* be a momen-
tum mapping for a Hamiltonian right group action  : M x G — M on a symplectic
manifold (M,w). We do not assume here that the lift j : g — C*°(M) given by
J(X) = (J,X) is a Lie algebra homomorphism. Recall that for the fundamental
vector field mapping ¢ : g — X(M,w) we have (x = Hjx) = H;x). We also
assume that M is connected; otherwise one has to treat each connected component
separately.

For X € g and g € G we have (compare with the proof of (34.4))

(r9)*¢x = (r9)" Hyxy = (r)* (@7 1d(J, X))

= (((r)y*)") ' {(r9)*J, X) = (@~ d(J 019, X) = H{jors,x)
(r9)Cx =T(r )olxor? =C(agx by (63.2)

= H(jad9)x) = Hiad(g)-1.x)-

So we conclude that (Jor9 — Ad(g)*J, X) € HY(M) is a constant function on M
(which we assumed to be connected) for every X € g and we get a smooth mapping

(1) J:G—g",

J(g):=Jord —Ad(g)*oJ = J(x.g) — Ad(g)*J(z) € g* for each z € M,

which satifies for g1,9» € G and each x € M

(2)  J(gog1) = J(x.gog1) — Ad(gog1)"J ()

= J((x.90)-91) — Ad(g1)" Ad(g0)*J (2)
= J((2.90).91) — Ad(g1)*J (x.g0) + Ad(g1)*(J(z.g0) — Ad(go)*J(z))
= J(g1) + Ad(g91)" J(g0) = J(91) + J(g0)- Ad(g1)

This equation says that J : G — g* is a smooth 1-cocycle with values in the right
G-module g* for the smooth group cohomomology which is given by the following
coboundary operator, which for completeness sake we write for a G-bimodule V,
i.e. a vector space V with a linear left action A : G x V — V and a linear right
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action p : V x G — V which commute:

(3) CHG,V):=C®(GF=Gx...xG, V), CYG, V)=V, k>0
§:CMG, V) = (@G, V)
k

6®(g0,-- - 9%) = 90-®(g1, - -, gk) + Z(*l)i‘p(go, e s Gi-2,9i—1Gis - -, Gk)
i=1

+ (71)k+1®(907 cee 7gk—1)-gk-
It is easy to check that § o 6 = 0. The group cohomology is defined by

ker(§ : CF(G,V) — CF1(G,V))

HHGY) = 5 @V = ORGL V)

Since for v € V = C(G, V) we have dv(go) = go.v —v.go we have H*(G,V) = {v €
Vi:gw=wv.g}=Zy(G). A smooth mapping ® : G — V is a cocycle §& = 0 if and
only if ®(gog1) = 90-P(g1) + ®(g0).91, i.e. P is a ‘derivation’.

In our case V = g* with trivial left G-action (each g € G acts by the identity)
and right action Ad( )*. Any other moment mapping J' : M — g* is of the form
J' = J+ « for constant « € g* since M is connected. The associated group cocycle
is then

J+al(g) = J(2.9) + a—Ad(9)*(J(z) + @) = J(g) + a — a. Ad(g)
(4) = (J +da)(g),

so that the group cohomology class ¥ = [J] € H* (G, g*) of the Hamiltonian G-action
does not depend on the choice of the momentum mapping.

(5) The differential dJ(e) : g — g* at e € G of the group cocycle J : G — gx satifies
(dJ(e)X.Y) =j(X,)Y),

where j is the Lie algebra cocycle from (34.6.1), given by j(X,Y) = {j(X),5(Y)} —
J([X,Y]), since

{3(X),i(Y)}=) = Hjx)(§(Y))(z) = i(H s x)(2)d(],Y) = (dJ((x(x)),Y)
= gt |0 (J(z.exp(tX)),Y) = %’0 (Ad(exp(tX))*J(z) + J(exp(tX)),Y)
= (ad(X)*J(z) + dJ(e)(X),Y) = (J(x),ad(X)Y) + (dJ (e)(X),Y)

(6) If the group cohomology class 7 of the Hamiltonian group action vanishes then
there exists a G-equivariant momentum mapping J : M — g*, i.e.

J(x.g) = Ad(g)* J(z).

Namely, let the group cohomology class be given by 7 = [J] € H'(G,g*). Then
J = da for some constant a € g*. Then J; = J — «a is a G-equivariant momentum

Draft from April 18, 2007 Peter W. Michor,



34.9 34. Hamiltonian group actions and momentum mappings 387

mapping since J;(z.9) = J(z.9) — a = Ad(g)*J(x) + J(g) — a = Ad(g)*J(z) +
da(g) — a = Ad(g)"J(x) — Ad(g)"a = Ad(g)"J1(z).

For X,Y € g and g € G we have
(7) (J(9), [X,Y]) = —J(X,Y) + j(Ad(9) X, Ad(g)Y).

To see this we use the cocycle property J(gi1g2) = J(g2) + Ad(g2)*J(g1) from (2)
to get

dJ(g)(T(u*)X) = 2|, J(exp(tX)g) = £ |, (J(g) + Ad(g)" J(exp(tX)))
Ad(g)*dJ(e)X

(J(9),[X,Y]) = &, (J(9), Ad(exp(tX))Y) = &|, (Ad(exp(tX))*J(g),Y)
= &, T(gexp(tX)) = J(exp(tX)),Y)

= (Gl Jgexp(tX)g™ g) — &, J(exp(tX)),Y)

= (Ad(g)*dJ(e) Ad(g)X — dJ(e)X,Y)

= J(Ad(g)X, Ad(9)Y) — J(X,Y)

34.9. Theorem. Let J : M — g* be a momentum mapping for a Hamiltonian
right group action v : M X G — M on a connected symplectic manifold (M,w) with
group 1-cocycle J : G — g* and Lie algebra 2-cocycle 7: A>g — R. Then we have:
(1) There is a unique affine right action a9 = a% : o — Ad(g)*a + J(g) of G
on g* whose linear part is the coadjoint action such that J : M — g* is
G-equivariant.
(2) There is a Poisson structure on g*, given by

{f;h}3(a) = (@ [df (@), dh(@)lg) + 7(df (@), dh(e)),

which is invariant under the affine G-action a from (1) and has the property
that the momentum mapping J : (M,w) — (¢*,{ , 1};) is a Poisson
morphism. The symplectic leaves of this Poisson structure are exactly the
orbits under the connected component Gy of e for the affine action in (1)

Proof. (1) By (34.8.1) J is G-equivariant. It remains to check that we have a right
action:

a%a% () = a?>(Ad(g1)*a+ J(g1)) = Ad(g2)* Ad(g1)*a + Ad(g2)*J(g1)) + J(g2)
= Ad(g192)"a + J(g192) = a?'*q, by (34.8.2).

(2) Let Xi,...,X, be a basis of g with dual basis £!,...,£" of g*. Then we have
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in terms of the structure constants of the Lie algebra g

X5, X5] = el X,
k

[ 1=32 Xk (€A E)
ijk
P =, =33 ox)ng
ijk

J= %Zjijfi N

ij

PE =33 (XA + QZMW g* — A%g".

ijk

Let us now compute the Schouten bracket. We note that [P9", P8"] = 0 since this

is a Poisson structure, and [J, 7] = 0 since it is a constant 2-vector field on the vector

space g*.

[P P =[P + 7, PY 4] = [PY P +2[PY )+ [7.0] = 0+ 2[PY ] 40
=1 Yy am (€@ Xk EIAE AE™ — [€ @ Xy, €] A A€

ijklm
— [ €1 A (€ ® Xi) AE™ + [, €™ A (€ 0 Xi) A E')
LY im0k €A AET o € AE AE - 0+0)
ijklm
= > Ghm NG ANET =2 =0
ijkm
which is zero since 7 is a Lie algebra cocycle. Thus Pj—g* is a Poisson structure.

The Poisson structure P79 is invariant under the affine action since

{foa? hoa’};(a) = (a,[df (a’(a)).T(a?), dh(a? (). T (a?)])+

+ J(df (o (@)).T(a?), dh(a’(@)).T(a?))
= (o, [df (a?(@)). Ad(g)", dh(a’(a)). Ad(g)"])+
+7(df (a?(a)). Ad(9)", dh(a’(a)). Ad(g)")

= (o, Ad(g)[df (a? (), dh(a®(@))]) + j(Ad(g)df (a? (a)), Ad(g)dh(a? (@)))

= (Ad(9)"a, [df (a?()), dh(a®(a))]) + (J(9), [df (a (), dh(a (e))])+
+ J(df (¢! (@), dh(a?(a))), by (34.8.7)

= (a¥(a), [df (a?(a)), dh(a®(a))]) + 3(df (a? (@), dh(a®(ex)))

= {/:9};(a’(@)).

To see that the momentum mapping J : (M,w) — (g*, Pjg*) is a Poisson morphism

we have to show that A%dJ(z).P*(z) = Pjg*(J(x)) € A%g* for x € M, by (33.5.3).
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Recall from the definition (34.2.1) that (J,X) = j(X), thus also (dJ(z),X) =
dj(X)(x) : T,M — R.

(A%dJ(z).P¥(x), X ANY) = (P¥(x), A% dJ(z)" (X AY))
= (P*(2),dJ(2)*X AdJ(x)*Y) = (P*(x),d{J, X) Ad(J,Y))
= (PY(2),dj(X) N dj(Y)) = {j(X),j(Y)}w
=J(X.Y) + j([X,Y])(2) by (34.6.1)
= (J(@), [X, Y]) + 3(X,Y) = (PF (J(x)), X AY).

It remains to investigate the symplectic leaves of the Poisson structure P]—g*. The
fundamental vector fields for the twisted right action a7 is given by

¥ (a) = % ’0 (Ad(exp(tX))*a + J(exp(tX))) = ad(X)*a + dJ(e) X

This fundamental vector field is also the Hamiltonian vector field for the function
evyx : g* — R since

(3) HY, (f)(@) = {evx, f};(a) = (o, [X, df ()]) + J(X, df (@)
= (ad(X)"a, df (@) + (dJ (e) X, df (@) = ¢ (f)().-

Hamiltonian vector fields of linear functions suffice to span the integrable distri-
bution with jumping dimension which generates the symplectic leaves. Thus the
symplectic leaves are exactly the orbits of the Gg-action ay. O

34.10. Corollary. (Kostant, Souriau) Let J : M — g* be a momentum mapping
for a transitive Hamiltonian right group action v : M x G — M on a connected
symplectic manifold (M,w) with group 1-cocycle J : G — g* and Lie algebra 2-
cocycle 7: A%2g — R.

Then the image J(M) of the momentum mapping is an orbit O of the affine action
aj of G on g* for which J is equivariant, the corestriction J : M — O s locally a
symplectomorphism and a covering mapping of O.

Proof. Since G acts transitively on M and J is G-equivariant, J(M) = O is an
orbit for the twisted action a; of G on g*. Since M is connected, O is connected and
is thus a symplectic leaf of the twisted Poisson structure Pjg* for which J : M — g*
is a Poisson mapping. But along O the Poisson structure is symplectic, and its
pullback via J equals w, thus T J : T, M — Tj,)O is invertible for each x € M
and J is a local diffeomorphism. Since J is equivariant it is diffeomorphic to a
mapping M = G/G, — G /G ;) and is thus a covering mapping. [

34.11. Let us suppose that for some symplectic infinitesimal action of a Lie algebra
¢ : g — X(M,w) the cohomology class { = [7] € H?(g, H°(M)) does not vanish.
Then we replace the Lie algebra g by the central extension, see section (15),

OHHO(M)*)QHQHO
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which is defined by ¢ = [7] in the following way: § = H°(M) x g with bracket
[(a, X),(b,Y)] := (3(X,Y),[X,Y]). This satisfies the Jacobi identity since

[[(a, X), (0, Y)], (¢, 2)] = [G(X, ), [X, Y]), (¢, 2)] = (W([X, Y], 2), [[X, Y], Z])

and the cyclic sum of this expression vanishes. The mapping j; : § — C*(M),
given by j1(a, X) = j(X) + a, fits into the diagram

0— HOM) —2 o) —H L x(M,w) — 2 HY(M) —0

SN

0 — HO(M) F o 0

and is a homomorphism of Lie algebras since

J1([(a, X), (0, Y)]) = 1 (7(X, V), [X, Y]) = §([X, Y]) + 7(X,Y)
=X Y]) +{iX,jY} = j([X,Y]) = {X,jY}
= {.]X +a7.7Y+b} = {]1(0“’X)a.]1(b7y)}

In this case we can consider the momentum mapping

Ji: M —g* = (H(M) x g)*,
(Ji(2), (a, X)) = ji(a, X)(z) = j(X)(2) +a,
Hjax)=C(x, z€M, Xe€g, acH' (M)

which has all the properties of proposition (34.7).

Let us describe this in more detail. Property (34.7.1) says that for all (a,X) €
HO(M) x g the vector fields Hj(x)+q = (x € X(M) and ad(a,X)* € X(g*) are
Ji-related. We have

(ad(a, X)*(a,€), (0,Y)) = ((a,§), [(a, X) (b, Y)]) = (e, §), O(X,Y), [X,Y]))
aj(X,Y) 4+ (& [X,Y]) = aj(X,Y) 4 (ad(X)"¢, Y)
= ((0,03(X, ) +ad(X ) £),(b,Y)),
ad(a, X)*(o, &) = (0,a7(X, )+ ad(X)*¢).
This is related to formula (34.9.3) which describes the infinitesimal twisted right
action corresponding to the twisted group action of (34.9.1).
The Poisson bracket on g* = (H°(M) x g)* = H°(M)* x g* is given by

{fv h}g* (Oz, f) - <(Oz, f)v [(dlf(avg)v d2f(a»£))’ (dlh(av f)v d2h(av 5))]>
= ((@,€), (7(d2f(a, €), dah(ex, €)), [da f(a, €), dah(ex, §)]))
= Oéj(dgf(Oé,f), th(aag)) + <£7 [dgf(a,f),dgh(a,{-)b
which for & = 1 and connected M is the twisted Poisson bracket in (34.9.2). We

may continue and derive all properties of (34.9) for a connected Lie group from
here, with some interpretation.
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34.12. Symplectic reduction. Let J : M — g* be a momentum mapping for a
Hamiltonian right group action r : M x G — M on a connected symplectic manifold
(M, w) with group l-cocycle J : G — g* and Lie algebra 2-cocycle 7: A%g — R.

(1) [Bott, 1954] A point o« € J(M) C g* is called a weakly regular value for J if
J () € M is a submanifold such that for each x € J~'(a) we have T,J ! (a) =
ker(T,J). This is the case if « is a regular value for J, or if J is of constant rank in
a neighborhood of J~1(a), by (1.13). Let us fix a weakly regular value a € g* of J
for the following. The submanifold J~*(«) C M has then the following properties:

(2) For a weakly regular value o of J, the submanifold J='(c) is invariant under
the action of the isotropy group G, = {g € G : a’%(a) = a}. The dimension of the
the isotropy group Gy of x € J~1(a) does not depend on x € J~1(a) and is given
by

dim(G) = dim(G) — dim(M) + dim(J ' (a)).

Namely, J : M — g* is equivariant for these actions by (34.9.1). Thus J!(«)
is invariant under G, and G, C G,. For each z € J~1(a), by (34.3.4) we have
im(dJ(x)) = g2 C g*. Since T.(J~(a)) = ker(dJ(x)) we get

dim(T, M) = dim(T,J ' (a)) + rank(dJ (z)),
dim(Gy) = dim(G) — dim(z.G) = dim(G) — dim(g;) = dim(G) — rank(dJ(x))
= dim(G) — dim(M) + dim(J ().

(3) At any x € J~1(«a) the kernel of the pullback w? @ of the symplectic form w
equals Ty (x.G) and its rank is constant and is given by by

rank(w’ () = 2dim(J ! (a)) 4 dim(a$ () — dim(M).

Namely, T, J ~!(a) = ker(dJ(z)) implies

ker(w‘rl(a)) =T.(J ) NTp(J )t = To(J ) Nker(dJ (z))*
=T.(J Ha) NTy(z.G), by (34.3.3)
=T, (z.Gy),

)
rank(wjil(a)) = dim(J ' (a)) — dim(2.Gy) = dim(J 7 (@) — dim(Gy) + dim(G,)
= dim(J " (a)) — dim(G4) + dim(G) — dim(M) + dim(J " (a)) by (2)
= 2dim(J '(a)) + dim(a§ (a)) — dim(M).

(4) If « is a regular value of J : M — g* the action of G on M is locally free in a
neighborhood of every point x € J~(a), by (34.3.5), i.e. the isotropy group Gy is
discrete, since codimps(J 7 (a)) = dim(g) — dim(G).

34.13. Theorem. Weakly regular symplectic reduction. Let J : M — g*
be a momentum mapping for a Hamiltonian right group actionr : M x G — M on
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a connected symplectic manifold (M,w) with group 1-cocycle J : G — g* and Lie
algebra 2-cocycle 7: A’g — R. Let a € J(M) C g* be a weakly regular value of J.

Then the pullback 2-form w’ (@) ¢ O%(JY(a)) of w is of constant rank, invariant
under the action of G, and the leaves of the foliation described by its kernel are
the orbits of the action of the connected component G, of the isotropy group G =
{9eG:a%(a)=a} in T (a).

If moreover the orbit space M, = J~(a)/GY is a smooth manifold then there
exists a unique symplectic form w® on it such that for the canonical projection
7 J7 Y (a) — My we have Tw® = w’ (@)

Let h € C®(M)® be a Hamiltonian function on M which is G-invariant, then
h|J~Y(a) factors to h € C*(M,) with hom = h|J~*(a). The Hamiltonian vector
field grad® (h) = Hy, is tangent to J~*(«) and the vector fields Hy|J *(«) and Hj,
are m-related. Thus their trajectories are mapped onto each other:

m(FI" (2)) = FI{™ (r())

In this case we call (M, = J~(a)/G%,w®) the reduced symplectic manifold.

Proof. By (34.12.3) the 2-form w’  (®) € Q2(J1(a)) is of constant rank and the
foliation corresponding to its kernel is given by the orbits of the unit component
GY of the isotropy group G,. Let us now suppose that the orbit space M, =
J71(a)/GY is a smooth manifold. Since the 2-form w! (@) s GY-invariant and
horizontal for the projection 7 : J~1(a) — J 1(a)/G% = M,, it factors to a
smooth 2-form w® € Q2(M,) which is closed and non degenerate since we just
factored out its kernel. Thus (M,,,w®) is a symplectic manifold and 7*w® = w! @
by construction.

Now let h € C*°(M) be a Hamiltonian function which is invariant under G. By
E. Noether’s theorem (34.3.8) the momentum mapping J is constant along each
trajectory of the Hamiltonian vector field Hy; thus Hy, is tangent to J~!(a) and
G ,-invariant on J~1(a). Let h € C>°(M,) be the factored function with hon = h,
and consider Hj, € X(M,,w®). Then for z € J~!(a) we have

(Tom)* (iym. 11 (0) W) = i, ()7 w0 = dhi(@) = (Tpm)* (dh(r())).

Since (T,m)* : T;(I)Ma — Tp(J () is injective we see that iy Hp (2) W =
dh(m(x)) and hence T, 7. Hy,(v) = Hy (m(z)). Thus Hy|J~!(«) and Hj, are m-related
and the remaining assertions follow from (3.14) O

34.14. Proposition. Constant rank symplectic reduction. Let J: M — g*
be a momentum mapping for a Hamiltonian right group action r : M x G — M
on a connected symplectic manifold (M,w) with group 1-cocycle J : G — g* and
Lie algebra 2-cocycle 7 : A’g — R. Let G be connected. Let o € J(M) C g* be
such that J has constant rank in a neighborhood of J=1(a). We consider the orbit
a.G =a5(a) C g*.

(1) J~Ya.G) C M is an initial G-invariant sub-manifold.
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(2) The smooth map J~'(a) x G — J~Ha.G), (x,9) — .9 factors to a diffeo-
morphism J~1(a) xg, G =2 J71(a.G).

(3) Let v : J-Y(.G) — M be the inclusion. Then 1*w — 1*J*w” is closed, of
constant rank and G-invariant. The leaves of the foliation described by its
kernel are the orbits of the G-action restricted to J~'(a.G). Here w is the
symplectic structure on the affine orbit .G from Theorem 29.9.(2).

(4) If My == J H.G)/G iis a manifold then v*w — v* J*w” factors to a sym-
plectic form wMe-6 on M, g which is thus characterized by

Vw=mrwMes 4 (Jou)*w?

where 7 : J~Y(a.G) — M, q is the projection.

(5) The orbit spaces J 1 (a)/Gy and M, ¢ are homeomorphic, and symplecto-
morphic if one of the orbit spaces is a manifold.

(6) Let h € C®(M)C be a Hamiltonian function on M which is G-invariant,
then h|J~Y(a.G) factors to h € C®(M,) with hom = h|J Y (a.G). The
Hamiltonian vector field grad®(f) = Hy, is tangent to J~'(a.G) and the
vector fields Hy|J " («.G) and Hj, are w-related. Thus their trajectories are
mapped onto each other:

m(FI" (2)) = FI{™ (n())

Proof. (1) Let a € J(M) C g* be such that J is of constant rank on a neigh-
borhood of J™'(a). Let a.G = a§(a) be the orbit though « under the twisted
coadjoint action. Then J~(a.G) = J~!(a).G by the G-equivariance of J. Thus
the dimension of the isotropy group G, of a point x € J~!(a.G) does not depend on
x and is given by (34.12.2). It remains to show that the inverse image J ! (a.G) is
an initial submanifold which is invariant under G. If « is a regular value for J then
J is a submersion on an open neighborhood of J~!(a.G) and J~!(«.G) is an initial
submanifold by lemma (2.16). Under the weaker assumption that J is of constant
rank on a neighborhood of J~!(a) we will construct an initial submanifold chart
as in (2.13.1) centered at each z € J~!(a.G). Using a suitable transformation in
G we may assume without loss that z € J~!(a). We shall use the method of the
proof of theorem (3.25).
Let m = dim(M), n = dim(g), r = rank(dJ(z)), p = m —r = dim(J " !(a)) and
k = dim(a.G) <1 = dim(z.G). Using that g, C go, we choose a basis X1,...,X,
of g such that

o Q?;l (@),..., C?;k (@) is a basis of T, (a.G) and Xj41, ..., X, is a basis of g,,

o (¥ (x),....c¥(x) is a basis of T,,(2.G) and X;11,..., X, is a basis of g,,

By the constant rank theorem (1.13) there exists a chart (U,u) on M centered at
x and a chart (V,v) on g* centered at a such that vo Jou™!: u(U) — v(V) has
the following form:
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and we may also assume that

%, (@), (%, (@), ﬁh,...,% « is a basis of T, (g*),
C%(m),,(%(m), ﬁb,...,%u is a basis of T, (M).

Then the mapping

g*
Xy

" <%, _ n
f(y17"'7y ):(Flyflo'..oFlyk OU 1)(07"'7O7yk+17"'7y)

is a diffeomorphism from a neighborhood of 0 in R™ onto a neighborhood of « in
g*. Let (V,0) be the chart f~!, suitably restricted. We have

o g
BeaG s (FIi o...oFLY*)(8) € .G
for all 8 and all y',...,y* for which both expressions make sense. So we have
f@t ") € a.G <= f(0,...,0,4*, ... y") € .G,

and consequently a.GN V is the disjoint union of countably many connected sets of
the form {8 € V : (o*+1(B),...,9"(B)) = constant}, since .G is second countable.

Now let us consider the situation on M. Since J () is G,-invariant exactly the

vectors C%C+1 (2),....¢¥ (z) are tangent to .G C J'(a). The mapping
1 m Cé\(/jl Cg\(lk -1 k+1 m
gl ..., x™) = (FLi" o o FL3* ou™7)(0,...,0,2", ..., 2™)

is a diffeomorphisms from a neighborhood of 0 in R™ onto a neighborhood of z in
M. Let (U, @) be the chart g—!, suitably restricted. By G-invariance of J we have

1 my _ Cx,y Xy 1 k+1 m
(Jog)(z',...,2™)=(JoFL ' o---oFL " ou™")(0,...,0,2"" ", ..., 2™)

*

g CQ
= (Fli)fl o--+oFL ¥ ov ™ ovo Jou 1)(0,...,0,2" ! .. a™)

*

g I
= (Fli}l{l 0'~~OF1§},§" ov™1(0,...,0,2F ... 2",0,...,0)

= f(zb, ..., 2® 2F 2T 0,...,0)
and thus

gzt ... 2™ € T Ha.G) =
= (Jog)(z',...,a™) = f(z',... " 2 . 2",0,...,0) € .G
— f(Ogr,z" 1, ... 2" Ogn-r) € a.G.
Consequently, (J~(a.G)) N U is the disjoint union of countably many connected

sets of the form {z € U : (a**'(z),...,a"(z)) = constant}, since a.G is second
countable. We have proved now that J~!(a.G) is an initial submanifold or M.

Draft from April 18, 2007 Peter W. Michor,



34.15 34. Hamiltonian group actions and momentum mappings 395

(2) The induced map J~!(a) xg, G — J (a.G), [(z,9)] — z.g is a bijective
submersion, and thus a diffeomorphism.

(3) Let x € J71(a) and X,Y € g. Then

(7) ('w)a(Cx (@), Cy (7)) = wo (Hx (2), Hjy (2))
— {jX,jY}z) by (31.22).

= —{evyx,evy} (@) by (34.9.2)
=Wl (C(a), ¢ (a)) by (34.9.3)

where w” is the symplectic structure from (34.9.2) on the affine orbit o.G.

Let &1,& € T,J Y(a.G). By (2) we may (non-uniquely) decompose &; as & =
ni +Cx, (z) € TpJ 7 Ha) + Ty (2.G), where i = 1,2. By (34.3.3) and (7) we have

(w)a(€r, &) = @l @, m) + (7T w)a(Cx, (2), Cx, ()

where we use also the notation from Theorem (34.13). Thus

ker (t*w — o J*w” )y = Ty(2.G) + ker w;‘g_l(a) =T,(x.G)
by (34.12.3). Therefore, t*w — v J*w” is closed, G-invariant and the leaves of
the foliation described by its kernel coincide with the orbits of the G-action. By
(34.12.2) this form is also of constant rank.

(4) follows immediately from (3).

(5) By (2) the orbit spaces in question are homeomorphic and diffeomorphic if one
of them is a manifold. In the latter case they are also symplectomorphic because
of the formula in (4).

(6) Hamiltonian reduction follows similarly as in Theorem (34.13). O

34.15. Example: Coadjoint orbits. Let G be a Lie group acting upon itself by

1

inversion of left multiplication, i.e., x.g = ¢~ x. Consider T*G with its canonical

symplectic structure wg from (31.9). The cotangent lifted action by G on T*G =
G'xg* (trivialized via left multiplication) is given by (x, «).g = (¢~ ', ). According

to (34.6.3) this action is strongly Hamiltonian with momentum mapping given by
(J(z,a), X) = (a,(x (@) = (- Ad" (7)., X)

where X € g. The G action is free whence all points of g* are regular values for J.
Let O C g* be a coadjoint orbit. Then J~}(0) = G x (—0) and t*wg — (J o t)*wo
is basic with respect to the projection J=1(0) — J~1(0)/G = —O. (Here ¢ :
J7HO) — G x g* is the inclusion and wo is the coadjoint orbit symplectic form
from (31.14).) The reduced symplectic space is thus given by (-0, —wo) = (O, wo).

Considering the action by G on itself given by right multiplication exhibits (O, —wo)
as a symplectic reduction of (T*G,wg).
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34.16. Example of a symplectic reduction: The space of Hermitian matri-
ces. Let G = SU(n) act on the space H(n) of complex Hermitian (n X n)-matrices
by conjugation, where the inner product is given by the (always real) trace Tr(AB).
We also consider the linear subspace ¥ C H(n) of all diagonal matrices; they have
real entries. For each hermitian matrix A there exists a unitary matrix g such that
gAg™!
(we will call it chamber) for the group action is here given by the quadrant C' C ¥

is diagonal with eigenvalues decreasing in size. Thus a fundamental domain

consisting of all real diagonal matrices with eigenvalues \y > Ay > --- > \,,. There
are no further identifications in the chamber, thus H(n)/SU(n) = C.

We are interested in the following problem: consider a straight line ¢ +— A + tV of
Hermitian matrices. We want to describe the corresponding curve of eigenvalues
t— At) = (M1(t) > -+ > Au(t)) of the Hermitian matrix A 4+ tV as precisely as
possible. In particular, we want to find an odinary differential equation describing
the evolution of eigenvalues. We follow here the development in [Alekseevsky, Losik,
Kriegl, Michor, 2001] which was inspired by [Kazhdan, Kostant, Sternberg, 1978].

(1) Hamiltonian description. Let us describe the curves of eigenvalues as trajecto-
ries of a Hamiltonian system on a reduced phase space. Let T*H (n) = H(n)x H(n)
be the cotangent bundle where we identified H(n) with its dual by the inner prod-
uct, so the duality is given by («, A) = Tr(A«). Then the canonical 1-form is given
by 0(A,a,A',a') = Tr(aA’), the symplectic form is w4 q)((A", '), (A”,a")) =
Tr(A’a” — A”a’), and the Hamiltonian function for the straight lines (A +t«, ) on
H(n) is h(A,a) = 1 Tr(a?). The action SU(n) > g — (A — gAg~!) lifts to the ac-
tion SU(n) 3 g — ((A, @) — (gAg~1, gag™')) on T* H(n) with fundamental vector
fields (x(A4,a) = (A, o, [X, A4],[X,qa]) for X € su(n), and with generating func-
tions jx (4, a) = 0(Cx(4,a)) = Tr(a[X, A]) = Tr([4,a]X). Thus the momentum
mapping J : T*H(n) — su(n)* is given by (X, J(A,a)) = jx (A4, a) = Tr([4, o] X).
If we identify su(n) with its dual via the inner product Tr(XY'), the momentum
mapping is J(A,a) = [A4, a]. Along the line ¢t — A + ta the momentum mapping
is constant: J(A + ta,a) = [4,a] =Y € su(n). Note that for X € su(n) the
evaluation on X of J(A + ta, o) € su(n)* equals the inner product:

(X, J(A+ta,a)) = Tr(%(A—!— ta), Cx (A + ta)),

which is obviously constant in ¢; compare with the general result of Riemannian
transformation groups (30.1).

According to principles of symplectic reduction (34.12) we have to consider for a
regular value Y (and later for an arbitrary value) of the momentum mapping J the
submanifold J=1(Y) C T*H(n). The null distribution of w|J~(Y) is integrable
(with constant dimensions since Y is a regular value) and its leaves are exactly the
orbits in J~(Y") of the isotropy group SU(n)y for the coadjoint action, by (34.13).
So we have to consider the orbit space J~1(Y)/SU(n)y. If Y is not a regular
value of J, the inverse image J~1(Y) is a subset which is described by polynomial
equations since J is polynomial (in fact quadratic), so J~1(Y) is stratified into
submanifolds; symplectic reduction works also for this case, see [Sjamaar, Lerman,
1991], [Bates, Lerman, 1997], or [Ortega, Ratiu, 2004].
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(2) The case of momentum Y = 0 gives billiard of straight lines in C. IfY =0
then SU(n)y = SU(n) and J=1(0) = {(A,a) : [A,a] = 0}, so A and a com-
mute. If A is regular (i.e. all eigenvalues are distinct), using a uniquely deter-
mined transformation g € SU(n) we move the point A into the open chamber
C° C H(n), so A = diag(a; > a2 > -+ > a,) and since o commutes with A
so it is also in diagonal form. The symplectic form w restricts to the canonical
symplectic form on C° x ¥ = C° x ¥* = T*(C?). Thus symplectic reduction gives
(J7H0) N (T*H(n))reg)/SU(n) = T*(C°) C T*H(n). By [Sjamaar, Lerman, 1991]
we also use symplectic reduction for non-regular A and we get (see in particular
[Lerman, Montgomery, Sjamaar, 1993], 3.4) J=1(0)/SU(n) = T*C, the stratified
cotangent cone bundle of the chamber C' considered as stratified space. Namely,
if one root €;(A) = a; — a;4+1 vanishes on the diagonal matrix A then the isotropy
group SU(n) 4 contains a subgroup SU(2) corresponding to these coordinates. Any
matrix o with [A, o] = 0 contains an arbitrary hermitian submatrix corresponding
to the coordinates ¢ and ¢ 4+ 1, which may be brougth into diagonal form with the
help of this SU(2) so that ¢;(a)) = o; — @;41 > 0. Thus the tangent vector o with
foot point in a wall is either tangent to the wall (if o; = a;+1) or points into the inte-
rior of the chamber C. The Hamiltonian & restricts to C° x £ 3 (A,a) — £ 3, a2,
so the trajectories of the Hamiltonian system here are again straight lines which
are reflected at the walls.

(3) The case of general momentum Y. If' Y # 0 € su(n) and if SU(n)y is the
isotropy group of Y for the adjoint representation, then by the references at the
end of (1) (concerning the singular version of (34.14) with stratified orbit space)
we may pass from Y to the coadjoint orbit O(Y) = Ad"(SU(n))(Y) and get

JTHY)/SU(n)y = JHO(Y))/SU(n),

where the (stratified) diffeomorphism is symplectic.

(4) The Calogero Moser system. As the simplest case we assume that Y/ € su(n)
is not zero but has maximal isotropy group, and we follow [Kazhdan, Kostant,
Sternberg, 1978]. So we assume that Y’ has complex rank 1 plus an imaginary
multiple of the identity, Y’ = v/—1(cl,, +v®v*) for 0 # v = (v*) a column vector in
C". The coadjoint orbit is then O(Y”) = {/—1(cl, + w @ w*) : w € C", |w| = |v|},
isomorphic to $?"~1/S! = CP™, of real dimension 2n — 2. Consider (A4’, ) with
J(A’,a') =Y’, choose g € SU(n) such that A = gA’g~! = diag(a; > as > --- >
an), and let & = ga/g ™. Then the entry of the commutator is [A, a];; = a;;(a;i—a;).
So [A,a] =gY'g =Y = /—1(cl,, + gv ® (gv)*) = V—1(cl,, + w ® w*) has zero
diagonal entries, thus 0 < w'w® = —c and w' = exp(y/—16;)/—c for some 6; But
then all off-diagonal entries V;; = v—1lw'w! = —/~1c exp(v/—1(6; — 0;)) # 0,
and A has to be regular. We may use the remaining gauge freedom in the isotropy
group SU(n)a = S(U(1)") to put w'® = exp(v/—160)\/—c where § = > 6,. Then
Y;j = —cy/—1 for i # j.

So the reduced space (T*H(n))y is diffeomorphic to the submanifold of T*H (n)
consisting of all (A,a) € H(n) x H(n) where A = diag(a; > az > -+ > ay),
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and where « has arbitrary diagonal entries a; = a4 and off-diagonal entries

=Y;/(a; — aj) = —cv/—1/(a; — a;). We can thus use ai,...,an,a1,...,q, as
coordinates. The invariant symplectlc form pulls back to w4 4 ((Aa’), (A", ")) =
Tr(A'a” — A"d") = 3 (alaf — a} o). The invariant Hamiltonian h restricts to the
Hamiltonian

h(A, o) = Za+ Z

1#]

This is the famous Hamiltonian function of the Calogero-Moser completely in-
tegrable system, see [Moser, 1975], [Olshanetskii, Perelomov, 1977], [Kazhdan,
Kostant, Sternberg, 1978|, and [Perelomov, 1990], 3.1 and 3.3. The correspond-
ing Hamiltonian vector field and the differential equation for the eigenvalue curve
are then

1o}
=Y o423 S

%stﬁz

>

a; =2 ,

J#i (ai B aj)3
2 2
a; —a;) =2 —_— =2 _
L) DT e D B et

kik#j
Note that the curve of eigenvalues avoids the walls of the Weyl chamber C.

(5) Degenerate cases of non-zero momenta of minimal rank. Let us discuss now
the case of non-regular diagonal A. Namely, if one root, say £12(A) = a1 — as
vanishes on the diagonal matrix A then the isotropy group SU(n)a contains a
subgroup SU(2) corresponding to these coordinates. Consider a with [A,«a] =Y
then 0 = aj2(a; — az2) = Yi2. Thus « contains an arbitrary hermitian submatrix
corresponding to the first two coordinates, which may be brougth into diagonal
form with the help of this SU(2) C SU(n)a so that e12(a) = a3 — ag > 0. Thus
the tangent vector o with foot point A in a wall is either tangent to the wall (if
a1 = ag) or points into the interior of the chamber C' (if a3 > as). Note that then
Y11 =Yoo =Yi2 =0.

Let us now assume that the momentum Y is of the form Y = v/—1(cl,,_2 + v ®v*)
for some vector 0 # v € C"~2. We can repeat the analysis of (4) in the subspace
C"2, and get for the Hamiltonian (where I; o = {(4,7) : i # j} \ {(1,2),(2,1)})

2

h(A Oé) ZO( +* Z @fiaj)z,

( 71)611 2

0
Hh_zal +2 Z Z——aj38a2

(i,4)€I1,2

i=2 Y (fia])?)

Uiigreh a1
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(6) The case of general momentum Y and regular A. Starting again with some
regular A’ consider (A’,a’) with J(A’,a') = Y’, choose g € SU(n) such that
A=gAg! =diag(as > az >+ >ay), and let @« = go/g~ ! and Y = gY'g~! =
[A,a]. Then the entry of the commutator is Y;; = [4,a];; = a;j(a; — a;) thus
Y:;; = 0. We may pass to the coordinates a; and «; := a4 for 1 < i < n
on the one hand, and Y;; for ¢ # j on the other hand, with the linear relation
Y;; = —Y;; and with n — 1 non-zero entries Y;; > 0 with i > j (chosen in lexico-
graphic order) by applying the remaining isotropy group SU(n)a = S(U(1)") =
{diag(eV=101 ... eV=10n) . 30, € 2xZ}. This choice of coordinates (a;, i, Yij)
shows that the reduced phase space J~1(O(Y))/SU(n) is stratified symplecto-
morphic to T*C° x ((O(Y) N su(n)4)/SU(n)a), see [Hochgerner 2006a,b] and
[Hochgerner, Rainer, 2006]. In these coordinates, the Hamiltonian function is as
follows:

1 1 Yi;Y;i
h(4,a) = %Tr(az)zizaf*§zm7
i v J

i#j
Yi;Yji 1 dY5;.Yji +Yij.dYji
dh:Zaidai—l—Z(a__a_):s(dai—daj)—iz (0 —a)? ;
i i#j S Y i#] v
YijYji Yji
(7) => aido; +2) @ _aA)gdai -3 o _a})deij.
i L it Y

The invariant symplectic form on T'H (n) pulls back, in these coordinates, to the
symplectic form which is the product of the following two structures. The first
one is wia,q) ((A'a’), (A", &) = Tr(A'a” — A”) = Y (aja; — aj ) which equals
Zi da; A da;. The second one comes by reduction from the Poisson structure on
su(n) which is given by

Ay(U, V) =Te(Y[U,V]) = > YVinUnpVom = Youn VapUpm)

m,n,p
Ay = > Ay (dYij,dYu)dy,, © Oy,
i#5, k£l
= Z Z(Ymnénzéjk(slm - Ymn(;nkélléjm)ay” ® 3Ym
i#j,k#l m,n
= > (Yubjk — Yjidu)dy,, @ Oy,
i#£j,k#l

Since this Poisson 2-vector field is tangent to the orbit O(Y") and is SU (n)-invariant,
we can push it down to the stratified orbit space (O(Y) N su(n)%)/SU(n)a. The
latter space is the singular reduction of O(Y") with respect to the SU(n) 4-action.
There it maps dY;; to (remember that Y;; = 0)

Ay(dyij) = Z(leégk - ij(sli)aYkl = Z(Ykiank - ijaylm)
kAl k
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So the Hamiltonian vector ﬁeld is

Hy :Zaiaal Z Yo ]'L Oa; —Z(aiyj;j)Q;(Yki dy,. — Yik Ov,,)

175_7 i#]
YiiYs Y. Yk Y Vi
— —_92 1] ]'L ) Jt=J _ 9 J a )
Zozz i ; (a; — a; Qo g; <(ai —a;)? (aj—ap)?) "

The differential equation thus becomes (remember that Y;; = 0):

di = Oy
. Yi; Y Y;;]2
dp= 23 St _ o\ Ml
' XJ: (ai —a;)? XJ: (ai —a;)?
. Y,V Y, Yij
Vi = ji¥ge  Yij¥e; .
g EJ: <(a,» —a;)?  (a; — ak)2>

Consider the Matrix Z with Z;; = 0 and Z,; =Y, /(a; — aj)Q. Then the differential
equations become:

—22 - Y =[2,v7].

This is the Calogero-Moser mtegrable system with spin, see [Babelon, Talon, 1997],
[Babelon, Talon, 1999], and [Hochgerner, 2006a,b]

(8) The case of general momentum'Y and singular A. Let us consider the situation
of (6), when A is not regular. Let us assume again that one root, say e12(4) =
a1 — ag vanishes on the diagonal matrix A. Consider a with [4,a] = Y. From
Yi; = [4,alij = aij(a; — a;) we conclude that Y;; = 0 for all ¢ and also Y72 = 0.
The isotropy group SU(n)4 contains a subgroup SU(2) corresponding to the first
two coordinates and we may use this to move « into the form that a2 = 0 and
e12(a) > 0. Thus the tangent vector a with foot point A in the wall {e;2 = 0} is
either tangent to the wall when oy = a9 or points into the interior of the chamber
C when a3 > as. We can then use the same analysis as in (6) where we use now
that Y12 =0.

In the general case, when some roots vanish, we get for the Hamiltonian function,
vector field, and differential equation'

h(A,a) = 1 Tr(a Za +f Z _ylE
) ( L .2’

{(m:ai(o#aj(o)} )

Y' 2
S e L
(60 @ tas(o) (3~ %)
Y Yik YmYm
LD DD DY e L TR DR B
(i-d):0; (0)#ai <o> B 4 (jok):ay (0)#ar(0) i a
=2 Y (aiiaj)g, V=2,

Jjra;(0)#a;(0)
where we use the same notation as above. It would be very interesting to investigate
the reflection behavior of this curve at the walls.
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34.17. Example: symmetric matrices. We finally treat the action of SO(n) =
SO(n,R) on the space S(n) of symmetric matrices by conjugation. Following the
method of (34.16.6) and (34.16.7) we get the following result. Let ¢t — A’ + ta’
be a straight line in S(n). Then the ordered set of eigenvalues a;(t),...,a,(t) of
A’ 4+ ta' is part of the integral curve of the following vector field:

Y32
Hh:Zai8a1.+2 Z m&xi—’_

(4,5):a;(0)#a:(0)

Y,Y; Y,V
- Z Z ﬁaﬁm + Z Z j_iéz)gaYki

(irj):as (0)#a;(0) k (G.k):a; (0)#ar(0) (a;

Y2 . )

. 2 ) y

hi =2 - Z (a;i — ;)3 Y =[2Y], where Z;; = _47}
(4,9):a;(0)#a; (0)

where we also note that Y;; = Z;; = 0 whenever a;(0) = a;(0).
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List of Symbols

(a,b) open interval or pair

[a,b] closed interval

a:J"(M,N)— M the source mapping of jets

B:J(M,N)— N the target mapping of jets

I'(E), also '(E — M) the space of smooth sections of a fiber bundle

C field of complex numbers

C:TM xp TM — TTM connection or horizontal lift

C*(M,R) the space of smooth functions on M

d usually the exterior derivative

(E,p,M,S), also simply E  usually a fiber bundle with total space E, base M,
and standard fiber S

FI¥, also FI(t, X)  the flow of a vector field X

H skew field of quaternions

I, short for the k& x k-identity matrix Idgs.

K : TTM — M the connector of a covariant derivative
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Lx Lie derivative

G wusually a general Lie group with multiplication 4 : G x G — G, we use
gh = (g, h) = pg(h) = u"(g)

J7(E)  the bundle of r-jets of sections of a fiber bundle £ — M

JT(M,N) the bundle of r-jets of smooth functions from M to N

j"f(x), also j f  the r-jet of a mapping or function f

Ky 2 TTM — TTM the canonical flip mapping

{:GxS— S wusually aleft action

M usually a manifold

N natural numbers > 0

Ny nonnegative integers

Vx, spoken ‘Nabla’, covariant derivative

p: P — M or (P,p, M,G) a principal bundle with structure group G

77 J"(M,N) — JY(M,N) projections of jets

R field of real numbers

r: Px G — P usually a right action, in particular the principal right action of a
principal bundle

TM  the tangent bundle of a manifold M with projection wp; : TM — M

Z integers
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